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PREFACE

In investigating the highly different phenomena in nature, scientists have
always tried to find some fundamental principles that can explain the variety
from a basic unity. Today they have not only shown that all the various kinds
of matter are built up from a rather limited number of atoms, but also that
these atoms are constituted of a few basic elements of building blocks. It seems
possible to understand the innermost structure of matter and its behavior
in terms of a few elementary particles: electrons, protons, neutrons, photons,
etc., and their interactions. Since these particles obey not the laws of classical
physics but the rules of modern quantum theory of wave mechanics established
in 1925, there has developed a new field of “quantum science” which deals
with the explanation of nature on this ground.

Quantum chemistry deals particularly with the electronic structure of atoms,
molecules, and crystalline matter and describes it in terms of electronic wave
patterns. It uses physical and chemical insight, sophisticated mathematics, and
high-speed computers to solve the wave equations and achieve its results. Its
goals are great, and today the new field can both boast of its conceptual frame-
work and its numerical accomplishments. It provides a unification of the nat-
ural sciences that was previously inconceivable, and the modern development
of cellular biology shows that the life sciences are now, in turn, using the same
basis. “Quantum biology” is a new field which describes the life processes
and the functioning of the cell on a molecular and submolecular level.

Quantum chemistry is hence a rapidly developing field which falls between
the historically established areas of mathematics, physics, chemistry, and
biology. As a result there is a wide diversity of backgrounds among those
interested in quantum chemistry. Since the results of the research are reported
in periodicals of many different types, it has become increasingly difficult
for both the expert and the nonexpert to follow the rapid development in
this new borderline area.

The purpose of this serial publication is to try to present a survey of the
current development of quantum chemistry as it is seen by a number of the
internationally leading research workers in various countries. The authors have
been invited to give their personal points of view of the subject freely and
without severe space limitations. No attempts have been made to avoid

xi



xii Preface

overlap—on the contrary, it has seemed desirable to have certain important
research areas reviewed from different points of view.

The response from the authors and the referees has been so encouraging
that a series of new volumes is being prepared. However, in order to control
production costs and speed publication time, a new format involving camera-
ready manuscripts is being used from Volume 20. A special announcement
about the new format follows.

In the volumes to come, special attention will be devoted to the following
subjects: the quantum theory of closed states, particularly the electronic
structure of atoms, molecules, and crystals; the quantum theory of scattering
states, dealing also with the theory of chemical reactions; the quantum theory
of time-dependent phenomena, including the problem of electron transfer
and radiation theory; molecular dynamics; statistical mechanics and general
quantum statistics; condensed matter theory in general; quantum biochemistry
and quantum pharmacology; the theory of numerical analysis and
computational techniques.

As to the content of Volume 20, the Editors would like to thank the authors
for their contributions, which give an interesting picture of part of the current
state of art of the quantum theory of matter: from computational methods
of optimizing the electronic energy and molecular conformations, over
coupled-cluster expansion methods for the study of the open-shell correlation
problem and the calculation of lifetimes of metastable states by means of
the method of complex scaling, to a survey of the current state of surface
structural chemistry.

It is our hope that the collection of surveys of various parts of quantum
chemistry and its advances presented here will prove to be valuable and
stimulating, not only to the active research workers but also to the scientists
in neighboring fields of physics, chemistry, and biology who are turning to
the elementary particles and their behavior to explain the details and innermost
structure of their experimental phenomena.

PER-OLOV LOWDIN



ANNOUNCEMENT OF NEW FORMAT

Starting with Volume 20, the Advances in Quantum Chemistry published
by Academic Press assumes a new format. As before, all contributions will
be by invitation only, but all authors will be asked to submit their manuscripts
in photoready form in a format specified by the publisher. This procedure
will eliminate copyediting, typesetting, and proofreading, and, in this way,
will hopefully reduce the publication time to 6-8 months.

The text prepared by the author(s) should be single-spaced within a frame
which measures 14 X 21 centimeters, and fonts of the type Courier 12, Times
12, Symbol 12, etc. should be used for the running text and the equations.
The final text is conveniently prepared on 85% blue-line paper supplied by
the publisher by means of a high-quality typewriter or printer. More detailed
instructions are available from the publisher.

After going over to the new format, we further plan to publish two volumes
of the Advances per year: one regular volume in the same style as before, and
one thematic volume concerned with one specific subject, for example,
computational methods in quantum chemistry, theoretical organic chemistry,
quantum pharmacology and drug design, density functional theory, and
relativistic quantum chemistry.

There has further been established an Editorial Board and an Advisory
Editorial Board (the latter on a rotating basis) of eminent specialists in the
field to suggest authors to be invited to make contributions both to the regular
and thematic volumes and to help with questions such as publication policies.
The names are listed in the front of this volume.

The Editors will be happy to answer inquiries about the Advances sent to:
the Editorial Office of the Advances in Quantum Chemistry, Florida Quantum
Theory Project, 362 Williamson Hall, University of Florida, Gainesville,
Florida 32611. Telephone: (904) 392-1597, Telex: 510 601 6813 QTP UF UD;
Bitnet: advances.orange.qtp.ufl.edu; FAX telephone: 904-392-8722.
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THE STATE OF SURFACE STRUCTURAL CHEMISTRY
THEORY, EXPERIMENT AND RESULTS

M. A. Van Hove
S.-W. Wang

D. F. Ogletree

G. A. Somorjat

Materials and Chemical Sciences Division
Lawrence Berkeley Laboratory
University of California at Berkeley
Berkeley, California 91720

1. INTRODUCTION
EXPERIMENTAL TECHNIQUES FOR SURFACE
STRUCTURE DETERMINATION

b

2.1. Electron Diffraction Techniques

2.2, Fine Structure Techniques

2.3.  Surface Topography Techniques

2.4. Ion Scattering

2.5.  Complementary Techniques

3. THE THEORY OF MODERN TECHNIQUES FOR

SURFACE STRUCTURE ANALYSIS
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3.1.  General Four-Step Description of
Electron-Diffraction Techniques

3.2.  Structural Information

3.3.  Theoretical Aspects of Individual Techniques

3.4. Formalism for Individual Processes

3.5. Unifying and Distinguishing Features

4. THE THEORY OF SURFACE CHEMISTRY AND BONDING

4.1.  The Extended Hiickel Theory and Applications

4.2,  The SCF Xa Scattered Wave Method

4.3. SCF-Xa-SW Calculations

4.4. Results of the Xa-Method

4.5.  The Hartree-Fock-Slater Method and Its Applications

4.6.  The ab initio Quantum Chemical Calculation

4.7.  Conclusion

5. RESULTS OF SURFACE CRYSTALLOGRAPHY

5.1. Ordering Principles

5.2.  Notation for surface lattices
5.3. Numbers and types of solved surface structures
5.4.  Major trends among surface structures

6. FUTURE NEEDS AND DIRECTIONS OF SURFACE STUDIES

1. INTRODUCTION

The atomic and molecular structures of clean solid surfaces and of
monolayers of adsorbed molecules are at the heart of most problems in surface
science. The surface chemical bond can be investigated by determining the bond
distances and bond angles of surface atoms with respect to their neighbors.
Changes of surface structure with temperature, adsorbate coverage and surface
composition are important ingredients of surface phenomena, including catalysis,
corrosion, surface phase transformations (reconstruction, sintering, crystal

growth and evaporation) and lubrication.



The State of Surface Structural Chemistry 3

During the last ten years profound changes have occurred in surface science
that resulted in the rapid improvement of our understanding of surface structure.
Electron, atom and ion scattering techniques proved to be very sensitive to the
surface monolayer structure and composition. High intensity photon fluxes can
also be employed in ways to obtain high surface structure sensitivity.

Low energy electron diffraction (LEED) has produced most of the
information on surface structure, while other techniques increasingly contribute
to the data base. From these studies we learned that clean and flat solid surfaces
often restructure; atoms often ‘“‘relax’ to shorten the first interlayer distance or
seek new equilibrium positions that alter the long range order of the surface
(reconstruction). Atoms of more open, rough surfaces relax more readily and
often exhibit periodic steps of one atom in height. The surface composition of
polyatomic solids (alloys, oxides, sulfides, etc.) can be very different from that in
the bulk, resulting in altered atomic surface structures. Adsorbed atoms and
molecules often form ordered two-dimensional layers. The structure and bonding
in these layers changes with coverage and temperature.

The two-dimensional world of surface structural chemistry is rich, diverse,
and full of surprises that reflect our incomplete knowledge of bonding and
chemical interactions in the surface phase. This review attempts to summarize
much of the knowledge that was gained in recent years.

We first discuss the various experimental methods of surface structure
determination. Next we discuss the theoretical questions that arise when
experimental data are analyzed to obtain surface chemical bond distances and
angles, in particular the problem of electron propagation in solids, and the
progress that has been made in answering these questions. A number of
important techniques in addition to LEED rely on a proper understanding of
electron propagation in solids to enable surface structure determination. This is
followed by a discussion of the application of theoretical quantum chemistry to
the calculation of the structure and bonding of chemisorbed atoms and molecules.
Various calculational methods are reviewed, along with the results that have been
obtained. The last section of this review surveys the surface structural results

that have become available, ranging from clean surfaces to reconstructed
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surfaces, multi-component systems and chemisorbed atoms and molecules. In
conclusion we indicate the needs and possible directions for future studies of

surface structural chemistry.

2. EXPERIMENTAL TECHNIQUES FOR SURFACE
STRUCTURE DETERMINATION

Most quantitative information on surface structure and chemical bonding
comes from studies of the solid-vacuum interface. In large part this is because
the most powerful probes of surface structure rely on the propagation of electron,
1on or atom beams. New developments such as the scanning tunneling
microscope (STM), which can also investigate the solid-gas and solid-liquid
interface, and new optical techniques, which can potentially investigate all types
of surfaces and interfaces, may greatly extend our understanding of surface
structural chemistry in the future. At this time, however, the solid-vacuum
interface is the focus of most active investigations in surface structural chemistry.
In this chapter we review the major experimental methods used in the study of
surface structure and their application, along with recent experimental
developments.

The majority of the known surface structures have been solved by
comparing experimental data with theoretical predictions based on models of the
surface. A theoretical description of the interaction of the probe with the surface
is used to calculate spectra for a given model geometry (see part 3). Different
geometries are tried, and structural parameters within a given model are varied,
until a good fit is obtained between the experimental data and the theoretically
calculated spectra. This basic approach has been used to interpret results f[rom
low-energy electron diffraction (LEED) and other electron diffraction techniques,
as well as from helium diffraction and ion scattering.

Structural information has also been obtained by matching the observed
frequencies of surface vibrational and electronic excitations with spectra

calculated from structural models (see part 4). This approach has been applied
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to the frequencies of electronic states as measured by angle-resolved ultra-violet
photo-emission (ARUPS) and to the {requencies of vibrational excitations as
measured by high-resolution electron energy-loss spectroscopy (HREELS).

There has been an ongoing search for a way to “image’ surface structure
directly from experimental results without fitting experimental data to
theoretical calculations for model systems. So far this search has not been
successful, although certain techniques yield more direct information for some
special cases. Structure sensitive techniques such as scanning tunneling
microscopy (STM) and field ionization microscopy (FIM) do give results that can
be interpreted directly, but these results do not provide complete information on
atomic coordinates in the near-surface region. Extended fine-structure techniques
provide direct information on bond-lengths in many cases, but this is sometimes
insufficient to fully determine the surface structure.

Most surface structural studies combine results from several different surface
science techniques applied to the same system. For an approach based on model
calculations to be successful, it is necessary to construct reasonable structural
models of surfaces. The application of techniques which cannot give explicit
information on the arrangement of atoms in the near-surface region is often
necessary to develop good surface structural models.

A wide range of techniques have been developed to study surfaces in
vacuum, and many techniques are commonly referred to by acronyms. Table I
lists acronyms and brief descriptions of most common techniques used in surface

science.

2.1. Electron Diffraction Techniques

The majority of known surface structures have been solved with electron
diffraction techniques. Low energy electrons (below ~ 400 eV) interact strongly
with atoms through both elastic and inelastic processes. Inelastic scattering in
solids limits electrons with energies below a few hundred eV to a mean free path
of ~2-20 A. Elastic interactions are strong enough that multiple scattering is

important in this energy range, so elastically scattered electrons are sensitive to
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TABLE I. Surface Science Techniques

Acronym Name Description
AD Atom or Helium Monoenergetic beams of thermal en-
Diffraction ergy neutral atoms are elasticly scat-

tered off of ordered surfaces and
detected as a function of scattering
angle. This gives structural informa-
tion on the outermost layer of the
surface. Atom diffraction is extreme-

ly sensitive to surface ordering and

defects.
AEAPS Auger Electron Ap- The EAPFS cross-section is moni-
pearance Potential tored by Auger electron intensity.
Spectroscopy Also known as APAES.
AES Auger Electron Spec- Core-hole excitations are created,
troscopy usually by 1-10 KeV incident elec-

trons, and Auger electrons of charac-
teristic energies are emitted through
a two-electron process as excited
atoms decay to their ground state.
AES gives information on the near-

surface chemical composition.

AFM Atomic Force Micros- Similar to STM. An extremely deli-
copy cate mechanical probe is used to scan
the topography of a surface, and a
STM-type tunneling-current probe is
used to measure the deflection of the
mechanical surface probe. This is
designed to provide STM-type im-

ages of insulating surfaces.
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TABLE I (continued)

Acronym Name Description
APAES Appearance Potential See AEAPS.
Auger Electron Spec-
troscopy
APXPS Appearance Potential The EAPFS excitation cross-section
X-ray Photoemission is monitored by fluorescence from
Spectroscopy core-hole decay (also known as
SXAPS).
ARAES Angle-Resolved Auger Auger electrons are detected as a
Electron Spectroscopy function of angle to provide informa-
tion on the spatial distribution or en-
vironment of the excited atoms (see
AES).
ARPEFS Angle-Resolved Electrons are detected at given an-

Photo-Emission Fine

Structure

gles after being photoemitted by po-
larized synchrotron radiation. The
interference in the detected photoem-
ission intensity as a function of elec-
tron energy ~ 100-500 eV above the
excitation threshold gives structural

information.

(continued)
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TABLE I (continued)

Acronym Name

Description

ARPES Angle-Resolved
Photo-Emission Spec-

troscopy

ARUPS Angle-Resolved Ultra-
violet Photoemission

Spectroscopy

ARXPD Angle-Resolved X-ray
Photoemission

Diffraction

ARXPS Angle-Resolved X-ray
Photoemission Spec-

troscopy

A general term for structure sensitive
photoemission techniques, including
ARPEFS, ARXPS, ARUPS, and
ARXPD.

Electrons photoemitted from the
valence and conduction bands of a
surface are detected as a {unction of
angle. This gives information on the
dispersion of these bands (which is
related to surface structure), and also
structural information from the

diffraction of the emitted electrons.

Similar to ARXPS and ARPEFS.
The angular variation in the pho-
toemission intensity is measured at a
fixed energy above the excitation
threshold to provide structural infor-

mation.

The diffraction of electrons photoem-
itted from core-levels gives structural

information on the surface.

(continued)
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TABLE I (continued)

Description

Acronym Name

CEMS Conversion-Electron
Mbssbauer Spectros-
copy

DAPS Dis-Appearance Po-

tential Spectroscopy

A surface-sensitive version of
Mdssbauer spectroscopy. Like
Mé&ssbauer Spectroscopy, this tech-
nique is limited to some isotopes of
certain metals. After a nucleus is ex-
cited by ray absorbtion, it can under-
go inverse fB-decay, creating a core-
hole. The decay of core-holes by
Auger processes within an electron
mean free path of the surface pro-
duces a signal. Detecting emitted
electrons as a function of energy
gives some depth-profile information,
because of the changing electron

mean free path.

The EAPFS cross-section is moni-
tored by variations in the intensity of
electrons elasticly back-scattered

from the surface.

(continued)
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TABLE I (continued)

Acronym Name

Description

EAPFS Electron Appearance
Potential Fine-

Structure

ELNES Electron energy-Loss
Near-Edge Structure

ELS Electron Energy Loss
Spectroscopy

ESCA Electron Spectroscopy

for Chemical Analysis

A fine-structure technique (see EX-
AFS). Core-holes are excited by
monoenergetic electrons at ~ 1 KeV.
The modulation in the excitation
cross section may be monitored
through adsorption, fluorescence, or

Auger emission.

Similar to NEXAFS, except monoen-
ergetic high-energy electrons ~ 60-
300 KeV excite core-holes.

Monoenergetic electrons ~ 5-50 eV
are scattered off a surface the energy
losses are measured. This gives in-
formation on the electronic excita-
tions of the surface and adsorbed
molecules (see HREELS). Sometimes
called EELS.

Now generally called XPS.

{continued)
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TABLE I (continued)

Acronym Name

Description

ESDIAD Electron Stimulated
Desorption Ion Angu-

lar Distribution

EXAFS Extended X-ray Ad-
sorption Fine-

Structure

Electrons break chemical bonds in
adsorbed atoms or molecules, causing
ionized atoms or radicals to be eject-
ed from the surface along the axis of
the broken bond by Coulomb repul-
sion. The angular distribution of
these ions gives information on the
bonding geometry of adsorbed

molecules.

Monoenergetic photons excite a
core-hole. The modulation of the ad-
sorption cross-section with energy ~
100-500 eV above the excitation
threshold yields information on the
radial distances to neighboring
atoms. The cross-section can be mon-
itored by fluorescence as core-holes
decay or by the attenuation of the
transmitted photon beam. EXAFS is
one of many "fine-structure” tech-
niques. This is not intrinsicly surface
sensitive (see SEXAFS).

(continued)
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TABLE I (continued)

Acronym Name

Description

EXELFS Extended X-ray Ener-
gy Loss Fine Struc-
ture

FIM Field-Ionization Mi-
croscopy

A fine-structure technique similar to
EXAFS, except that 60-300 KeV
electrons rather than photons excite
core-holes. Like EXAF'S, this tech-
niques is not explicitly surface sensi-

tive.

A strong electric field ~
volts/angstrom is created at the tip
of a sharp, single crystal wire. Gas
atoms, usually He, are polarized and
attracted to the tip by the strong
electrostatic field, and then ionized
by electrons tunneling from the gas
atoms into the tip. These ions, ac-
celerated along radial trajectories by
Coulomb repulsion, map out the
variations in the electric-field
strength across the surface with
atomic resolution, showing the sur-

face topography.

(continued)
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TABLE I (continued)

Acronym Name Description
FTIR Fourier-Transform Broad-band IRAS experiments are
Infra-Red spectros- performed, and the IR adsorption
copy spectrum is deconvoluted by using a
doppler-shifted source and Fourier
analysis of the data. This technique
is not restricted to surfaces.
HEIS High-Energy Ion High-energy ions, above ~ 500 KeV,
Scattering are scattered off of a single crystal

HREELS High-Resolution Elec-
tron Energy Loss

Spectroscopy

surface. The "channeling” and
"blocking" of scattered ions within
the crystal can be used to triangulate
deviations from the bulk structure.
HEIS has been used in particular to
study surface reconstructions and the

thermal vibrations of surface atoms
{see also MEIS, ISS)

A monoenergetic electron beam, usu-
ally ~ 2-10 eV, is scattered off a sur-
face and energy losses below ~ 0.5
eV to bulk and surface phonons and
vibrational excitations of adsorbates
are measured as a function of angle
and energy (also called EELS).

(continued)
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TABLE I (continued)

Description

Acronym Name

INS Ion Neutralization
Spectroscopy

IRAS Infrared Reflection

Adsorption Spectros-
copy

Slow ionized atoms, typically He+,
are incident on a surface where they
are neutralized in a two-electron pro-
cess which can eject a surface elec-
tron, a process similar to Auger em-
ission from the valence band. The
ejected electrons are detected as a
function of energy, and the surface
density of states can be determined
from the energy distribution. The
interpretation of the data is more
complicated than for SP’I or UPS.

Monoenergetic IR photons are
reflected off a surface, and the at-
tenuation of the IR intensity is meas-
ured as a function of frequency. This
yields a spectrum of the vibrational
excitations of adsorbed molecules.
Recent improvements in the sensi-
tivity of this technique allow IRAS
measurements to be made on single

crystal surfaces.

(continued)
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TABLE I (continued)

Description

Acronym Name

IRES Infra-Red Emission
Spectroscopy

ISS Ton-Scattering Spec- .
troscopy

LEED Low Energy Electron
Diffraction

The vibrational modes of adsorbed
molecules on a surface are studied by
detecting the spontaneous emission
of infra-red radiation from thermally
excited vibrational modes as a func-

tion of energy.

Ions are inelasticly scattered from a
surface, and the chemical composi-
tion of the surface is determined
from the momentum transfer to sur-
face atoms. The energy range is ~ 1
KeV to 10 MeV, and the lower ener-
gies are more surface sensitive. At
higher energies this technique is also
known as Rutherford Back-
Scattering (RBS).

Monoenergetic electrons below ~ 500
eV are elasticly back-scattered from
a surface and detected as a function
of energy and angle. This gives in-
formation on the structure of the

near surface region.

(continued)
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TABLE I (continued)

Description

Acronym Name

LEIS Low-Energy Ion
Scattering

LEPD Low Energy Positron
Diffraction

MEED Medium Energy Elec-

tron Diffraction

Low-energy ions, below ~ 5 KeV, are
scattered from a surface, and the ion
"shadowing” gives information on
surface structure. At these low ener-
gies the surface atom ion scattering
cross-section is very large, resulting
in large surface sensitivity. Accuracy
is limited because the low energy ion
scattering cross-sections are not well

known.

Similar to LEED with positrons as
the incident particle. The interac-
tion potential for positrons is some-
what different than for electrons, so
the form of the structural informa-

tion is modified.

Similar to LEED, except the energy
range is higher, ~ 300-1000 V.
LEED calculational methods break
down in this energy range. New
methods are being developed for
glancing angle scattering, which em-

phasizes forward scattering.

(continued)
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TABLE I (continued)

Description

Acronym Name
MEIS Medium-Energy Ion
Scattering

Neutron Diffraction

NEXAFS Near-Edge X-ray Ad-
sorption Fine Struc-

ture

Similar to HEIS, except that incident
ion energies are ~ 50-500 KeV.

Neutron diffraction is not an explicit-
ly surface-sensitive technique, but
neutron diffraction experiments on
large surface-area samples have pro-
vided important structural informa-
tion on adsorbed molecules, and also

on surface phase transitions.

A core-hole is excited as in fine-
structure techniques (see EXAFS),
except the fine-structure within ~ 30
eV of the excitation threshold is
measured. Multiple scattering is
much stronger at low electron ener-
gies, so this technique is sensitive to
the local 3-dimensional geometry,
not just the radial separation
between the source atom and its
neighbors. The excitation cross-
section may be monitored by detect-
ing the photoemitted electrons or the
Auger electrons emitted during core-

hole decay.

(continued)
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TABLE I (continued)

Description

Acronym Name

NMR Nuclear Magnetic
Resonance

NPD Normal Photoelectron
Diffraction

RBS Rutherford Back-
Scattering

NMR is not an explicitly surface-
sensitive technique, but NMR data
on large surface-area samples has
provided useful data on molecular

adsorption geometries.

Similar to ARPEFS with a somewhat

lower energy range.

Similar to ISS, except the main focus
is on depth-profiling and composi-
tion. The momentum transfer in
back-scattering collisions between
nuclei is used to identify the nuclear
masses in the sample, and the small-
er, gradual momentum-loss of the in-
cident nucleus through electron-
nucleus interactions provides depth-

profile information.

{continued)
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TABLE I (continued)

Acronym Name

Description

RHEED Reflection High Ener-
gy Electron

Diffraction

SEELFS Surface Electron En-
ergy Loss Fine Strue-
ture

SERS Surface Enhanced Ra-

man Spectroscopy

Monoenergetic electrons of ~ 1-20
KeV are elasticly scattered from a
surface at glancing incidence, and
detected as a function of angle and
energy for small forward-scattering
angles. Back-scattering is less impor-
tant at high energies, and glancing
incidence is used to enhance surface

sensitivity.

A fine structure technique similar to
EXELFS, except the incident elec-
tron energies are ~ 100-3000 eV.
SEELFS is surface sensitive because

of the lower excitation energy.

Some surface geometries (rough sur-
faces) concentrate the electric fields
of incident light sufficiently to
enhance the Raman scattering cross-
section so that it is surface sensitive.
This gives information on surface vi-
brational modes, and some informa-

tion on geometry via selection rules.

{continued)
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TABLE I (continued)

Acronym Name Description
SEXAFS Surface Extended X- A surface-sensitive version of EX-
ray Adsorption Fine- AFS, where the excitation cross-
Structure section fine-structure is monitored by
detecting the photoemitted electrons
(PE-SEXAFS), Auger electrons emit-
ted during core-hole decay (Auger-
SEXAF'S), or ions excited by pho-
toelectrons and desorbed from the
surface (PSD-SEXAFS).
SHG Second Harmonic A surface is illuminated with a high-
Generation intensity laser, and photons are gen-

erated at the second-harmonic fre-
quency through non-linear optical
process. For many materials only
the surface region has the appropri-
ate symmetry to produce a SHG sig-
nal. The non-linear polarizability
tensor depends on the nature and
geometry of adsorbed atoms and

molecules.

(continued)
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TABLE I {continued)

2

Description

Acronym Name

SIMS Secondary Ion Mass
Spectroscopy

SPI Surface Penning Ioni-
zation

SPLEED Spin-Polarized Low

Energy Electron

Diffraction

lIons and ionized clusters ejected from
a surface during ion bombardment
are detected with a mass spectrome-
ter. Surface chemical composition
and some information on bonding
can be extracted from SIMS ion frag-

ment distributions.

Neutral atoms, usually He, in excited
states are incident on a surface at
thermal energies. A surface electron
may tunnel into the unoccupied elec-
tronic level, causing the incident
atom to become ionized and eject an
electron, which is then detected. This
technique measures the density of
states near the Fermi-level, and is

highly surface sensitive.

Similar to LEED, except the incident
electron beam is spin-polarized. This
is particularly useful for the study of
surface magnetism and magnetic ord-

ering.

(continued)
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TABLE I (continued)

Description

Acronym Name

STM Scanning Tunneling
Microscopy

SXAPS Soft X-ray Appear-
ance Potential Spec-
troscopy

TEM Transmission Electron
Microscopy

The topography of a surface is meas-
ured by mechanically scanning a
probe over a surface with Angstrom
resolution. The distance from the
probe to the surface is measured by
the probe-surface tunneling current.
Also known as Scanning Electron
Tunneling Microscopy (SETM).

Another name for APXPS.

TEM can provide surface informa-
tion for carefully prepared and
oriented bulk samples. Real images
have been formed of the edges of cry-
stals where surface planes and sur-
face diffusions have been observed.
Diffraction patterns of reconstructed
surfaces, superimposed on the bulk
diffraction pattern, have also provid-

ed surface structural information.

{continued)
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TABLE I (continued)

Acronym Name

Description

TDS Thermal Desorption
Spectroscopy

TPD Temperature Pro-

grammed Desorption

UPS Ultra-violet Photoem-

ission Spectroscopy

WF Work Function meas-

urements

An adsorbate-covered surface is heat-
ed, usually at a linear rate, and the
desorbing atoms or molecules are
detected with a mass spectrometer.
This gives information on the nature
of adsorbate species and some infor-

mation on adsorption energies.

Similar to TDS, except the surface
may be heated at a non-uniform rate
to get more selective information on

adsorption energies.

Electrons photoemitted from the
valence and conduction bands are
detected as a function of energy to
measure the electronic density of
states near the surface. This gives

information on the bonding of adsor-
bates to the surface (see ARUPS).

Changes in the work-function during
the adsorption of atoms and
molecules provide information on
charge-transfer and chemical bond-

ing.

(continued)
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TABLE I (continued)

Acronym Name

Description

X-ray Adsorption
Near-Edge Structure

XPS X-ray Photoemission
Spectroscopy
XRD X-Ray Diffraction

Another name for NEXAFS.

Electrons photoemitted from atomic

core levels are detected as a function

of energy. The shifts of core level en-
ergies gives information on the chem-
ical environment of the atoms (see

ARXPS, ARXPD).

X-ray diffraction has been carried out
at extreme glancing angles of in-
cidence where total reflection assures
surface sensitivity. This provides
structural information that can be
interpreted by well-known methods.
An extremely high x-ray flux is re-
quired to get useful data from single
crystal surfaces. Bulk x-ray
diffraction is used to determine the
structure of organo-metallic clusters,
which provide comparisons to
molecules adsorbed on surfaces. X-
ray diffraction has also given struc-
tural information on large surface-

area samples.
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the three-dimensional geometry of the near-surface region. Electron scattering
also depends on the chemical identity of the scattering atoms, so electron
diffraction techniques are sensitive to both chemical composition and structure
throughout the near-surface region. Therefore low-energy electrons are an ideal
probe of surface structural chemistry. The main difficulty with electron
diffraction methods is that the strong electron-surface interaction makes data
analysis difficult -- it is not possible in most cases to “invert” diffraction data to

obtain the original surface structure.

2.1.1. Low energy electron diffraction

In a conventional LEED experiment a focused beam of monoenergetic
electrons is reflected off an ordered single crystal surface and the elastically
backscattered electrons are detected. Several types of information can be
extracted from LEED patterns. First, the symmetry of the LEED pattern is
related to the symmetry of the surface, so changes in surface symmetry because
of reconstruction or chemisorption are immediately detected. Second,
imperfections and deviations in long-range order change the shape of diffiraction
beams. This can be used to study the process of ordering in phase transitions or
the growth of ordered domains within overlayers. Finally, the integrated
intensity of diffraction beams depends on the detailed bonding structure of the
surface. This information is most important for the study of surface chemical
bonding. The intensity of LEED beam is a function of the incident electron beam
energy and angles of incidence on the surface.

The intensity of a given diffraction beam can be measured as the incident
electron energy or beam voltage is varied, producing an intensity-voltage or I-V
curve; or as the angle of the incident electron beam relative to the surface is
varied, producing an I-8 or rocking curve; or as the crystal is rotated around its
own normal at a given angle of incidence, producing an I-¢ curve. For structure
determination LEED data are most often recorded in the form of I-V curves with
the incident electron beam at normal incidence or lying in a mirror plane of the
surface. This form of data are usually simpler to work with both experimentally

and theoretically.
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One advantage of LEED is that the diffraction process filters out effects due
to local defects or deviations from long-range order. The contribution of defects
to I-V curves is proportional to the first power of the number of defects, while the
contribution of the part of the surface with long-range order is proportional to
the square of the number of atoms involved, so the LEED beam integrated
intensity reflects the equilibrium geometry of the ordered surface structure.

LEED has been used to determine the structure of a wide variety of
surfaces, including clean and reconstructed surfaces of metals and
semiconductors, and atomic and molecular physisorption and chemisorption on
many different substrates (see part 5). As the theoretical and experimental tools
of LEED have improved, the structure of systems with larger and more complex
unit cells have been determined. Successful LEED structure determinations have
been carried out for systems with several molecules adsorbed in unit cells up to
16 times larger than the substrate unit cell,/1/ and for reconstructed surfaces
where the structural rearrangement involves several surface layers./2/

There are still a number of surface systems where the structure cannot be
determined by LEED for theoretical and experimental reasons. High Miller-index
surfaces, such as stepped or kinked surfaces, have layers separated by very small
distances normal to the surface. The calculational tools normally used for LEED
break down in this case, and no new approach has yet been developed to solve
this problem. Experimental difficuities restrict the study of insulator surfaces,
because of charging problems, and of molecular crystal surfaces, because of beam
damage problems.

A reliable LEED structure determination requires a large data base, usually
a number of different I-V curves collected at more than one angle of incidence.
Electron beam damage to the surface must be prevented during data acquisition.

Over the last decade both the speed and accuracy of data acquisition and the
sensitivity of the LEED experiment have been significantly improved. In most
structure determination experiments the LEED patterns are displayed on a
phosphor screen. LEED I-V curves are then measured by photometric or
photographic means. Fast data acquisition systems have been developed that
record LEED patterns with video cameras interfaced to computers and generate
I-V curves during the experiment./3,4/ The sensitivity of LEED is also being

greatly increased with the development of instruments that can detect single
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diffracted electrons, which completely solves the problem of electron beam
damage./5,6,7/ Such instruments should be able to extend the range of LEED
structure determination to delicate systems such as molecular crystals and
physisorption systems, and to systems without long-range order, where the
diffracted intensity is much lower than for ordered systems.

There are variations of LEED that use positrons (low energy positron
diffraction, or LEPD)/8/ or spin-polarized electrons as a probe./9/ The latter
technique is especially useful as a probe of magnetic ordering in surfaces. Spin-
polarized LEED, or SPLEED, has been used to study surface magnetism and
phase transitions on nickel.

At higher energies the surface sensitivity and the importance of multiple
scattering is reduced. Diffraction techniques in this energy range have primarily
been applied to the study of defects and deviations from long range order, as in
the use of reflection high-energy electron diffraction (RHEED) to monitor
epitaxial growth on surfaces. The higher-energy diffraction techniques have only
infrequently been used for surface structure determination/10/ due to theoretical

complications, but new approaches are promising./11/

2.1.2. Diffuse low energy electron diffraction

Conventional LEED experiments are done on systems with long range order.
This is not a fundamental restriction. The energy-dependent variation in
diffracted intensity at a given point in the Brillouin zone is primarily determined
by the local scattering geometry at the surface. Long range order gives rise to
sharp diffraction beams which reflect this intensity dependence. If angle resolved
intensity data are collected from a system with definite local geometry but
without long range order, the local geometry can still be determined by LEED
calculations./12/ This “diffuse” LEED experiment will be difficult to interpret
unless there is one predominant local scattering geometry. Unlike the
conventional LEED experiment, the diffraction process does not filter out the

contributions of defects and impurities from the contribution of the equilibrium
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structure in the diffuse LEED experiment. If the scattering from different kinds
of sites is superimposed in the experimental data it will be difficult to construct a
reasonable model of the surface.

There are a number of “‘lattice-gas’’ chemisorption systems, where atoms or
molecules are adsorbed in well-defined sites on the surface, as determined by
vibrational spectroscopy, but where there is no long range order. The adsorption
sites and bond lengths for such systems can be determined by diffuse LEED

calculations, as has been done for oxygen on the tungsten (100) surface./13/

2.1.3. Photoelectron diffraction

The interference and diffraction of photoemitted electrons can provide
structural information, as in angle-resolved photo-electron fine structure
(ARPEFS) spectroscopy, angle-resolved x-ray photoelectron spectroscopy
(ARXPS), and angle-resolved x-ray photoelectron diffraction (ARXPD). The
main advantage of photoemission over LEED is that the initial state of the
photoemitted electron is a simple spherical wave, and can be controlled to
emphasize particular structural features, especially in chemisorption systems.
Because the initial state is simple, in some high-energy cases the data analysis can
be more straight forward than a full LEED multiple-scattering calculation.

In photoelectron diffraction experiments monoenergetic photons excite
electrons from a particular atomic core level. Angular momentum is conserved,
so the emitted electron wave-function is a spherical wave centered on the source
atom, with angular momentum components [ &- 1, where ! is the angular
momentum of the core level. If the incident photon beam is polarized, the
orientation of the emitted electron wave-function can be controlled. These
electrons then propagate through the surface and are detected and analyzed as in
LEED experiments. A synchrotron x-ray source normally produces the intense
beams of variable energy polarized photons needed for photoelectron diffraction.

In angle-resolved photoemission fine-structure (ARPEFS) experiments
electrons are detected at a given angle as a function of energy. Structural
information is obtained from the variation in intensity due to interference
between different scattering paths for electrons over an energy range of ~ 100-

500 eV. In this energy range the interference effects are dominated by single
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scattering, so the scattering amplitude can be readily calculated for a model
system. A Fourier transform of the interference pattern will show the
distribution of different scattering path-lengths that contribute to the detected
intensity. This can be a guide to the proper surface structure, but this result
must be confirmed by a calculation of the interference for a model geometry./14/
ARPEFS has been used to solve several surface structures, including sulfur on
nickel./15/ Long-range order is not required for ARPEFS experiments. In spite
of the name, ARPEFS is not a normal “fine-structure” technique (see below).
The variations in the detected intensity as a function of energy are orders of
magnitude larger than the fine-structure modulation in core-level excitation
cross-sections.

Photoelectron diffraction is most useful for systems where the photoexcited
atoms all have the same local geometry, as in a chemisorption problem. If there
are source atoms in different local geometries, there will be interference between
multiple sets of scattering paths, and the resulting interference spectrum will be
harder to interpret. For these cases LEED experiments are probably better, with
diffuse LEED used for disordered systems.

2.2.  Fine Structure Techniques

There are a large number of “fine structure” techniques, all based on the
same physical principle. In all of these techniques an electron is ejected from an
atomic core-level by incident photons or other particles. The different names
refer to different experimental arrangements for the excitation and detection of
core-holes.

As the excitation energy is varied the energy of the emitted electron varies.
The emitted electron wave can be scattered back to the source atom from
neighboring atoms, where it interferes with the source wave-function with a
phase that depends on the electron energy, interatomic distance and the identity
of the neighboring atom. This energy dependent interference changes the
coupling of the incident excitation to the final state, producing a modulation or

“fine-structure’’ in the excitation cross section.
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Fine structure experiments are often carried out with synchrotron sources,
since the initial electron state is better defined for photoemission than for
electron excitation. When core-hole decay is detected by Auger or secondary
electron emission, the technique is surface sensitive. Core-hole decay can also be
detected by fluorescence, or by adsorption of the incident photon beam. These
methods are not intrinsically surface sensitive, but they are useful when the
source atoms are exclusively located at the surface.

If there are different local geometries for source atoms, the different fine
structures will be superimposed in the experimental spectrum, which will then be
more difficult to interpret. Fine structure techniques are particularly useful when

a chemisorbed atom is used as the source atom.

2.2.1. Near-edge fine structure techniques

In the “near-edge fine structure’ region emitted electrons have energies up
to ~50 eV and multiple scattering effects are predominant. An emitted electron
wave can scatter several times and still return with a significant amplitude to the
source atom. Therefore the variation in the observed cross-section depend not
only on interatomic bond distances, but also on bond angles, so the full three-
dimensional geometry around the source atom can be determined. The
theoretical analysis of near-edge fine structure data is very similar to LEED data
analysis.

A few structures have been solved by x-ray adsorption near-edge fine
structure (XANES), including oxygen on Ni(100)./16/ This technique is also
known as near-edge x-ray adsorption fine structure (NEXAFS).

A variation of XANES or NEXAFS has been used to determine the structure
of molecules chemisorbed on surfaces. In this approach photoemitted electrons
excite molecular orbitals in the chemisorbed molecules. By varying the
polarization of the incident photons, molecular orientation can be determined
from selection rules for excitation. The bond lengths can be determined from a
quasi-empirical correlation between bond-length and the shift in the molecular
orbital excitation energy. This technique has been used to study the

chemisorption of several hydrocarbon molecules on different metal surfaces./17/
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2.2.2. Extended fine-structure techniques

For emitted electrons above ~50 eV, the “extended fine structure” region,
the modulation of the excitation cross section is dominated by single
backscattering between near-neighbor atoms and the source atom. A Fourier
transform of the extended fine structure as a function of momentum transfer
gives the distribution of radial distances between the source atom and
neighboring atoms. With empirical or theoretical correction for scattering phase
shifts, which have been calibrated using results from bulk structures known from
x-ray diffraction, this gives chemical bond lengths with an accuracy of better than
0.05 A.

There are a large number of extended fine-structure results available. These
techniques, after LEED, have provided the largest amount of quantitative
information on surface structure and chemical bonding. The extended fine
structure techniques give quantitative information on surface structure without
the need for complex model calculations. In simple systems and when combined
with qualitative data from other experiments, knowledge of bond lengths may be
sufficient to completely describe the surface geometrical structure. These
techniques are most useful in multi-component or chemisorption systems, where
atoms of a particular chemical species have only one local geometry. By
selectively exciting an appropriate core level, near-neighbor bond lengths are
determined. In systems with non-equivalent atomic sites, such as reconstructed
surfaces, the extended fine structure will be complicated by a superposition of
radial distribution functions for the different sites. Additional data will be
needed to solve these structures. Data interpretation is generally simpler with
photon excitation, since the polarization and orientation of final-state electrons
can be controlled by using single crystal samples and polarized photons from a
synchrotron source. One important advantage of extended fine structure
techniques is that they do not require long range order or single crystal
substrates, so they can be directly applied to many systems of technological
importance.

A number of different experimental methods are available to observe fine
structure. In extended x-ray adsorption fine structure (EXAFS) experiments x-ray

photons excite core levels and the cross section is determined by x-ray absorption
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or fluorescence from excited atoms. When Auger or secondary electrons emitted
from the excited atoms are detected, the process, now called surface EXAFS
(SEXAFS), is surface sensitive. SEXAFS experiments have also been done by
detecting ions emitted from surfaces in photon stimulated desorption SEXAFS
(PSD-SEXAFS).

There are analogous processes using electrons instead of photons to excite
atomic core levels. Diffraction effects may perturb the cross section fine structure
when electrons are used to excite core levels or monitor cross section. This is not
a problem for systems without long range order. For cases involving long range
order it is desirable to integrate over detector angles, and also electron beam
incidence angles where this is practical, to average out multiple-scattering effects
in the initial and final electron states. In electron appearance potential fine
structure spectroscopy (EAPFS) incident electrons at ~1 KeV excite shallow core
holes, and the cross section is monitored by soft x-ray fluorescence in soft x-ray
appearance potential spectroscopy (SXAPS-EAPFS), Auger electron appearance
potential spectroscopy, (AEAPS-EAPFS), or by the variation in elastic
backscattering in disappearance potential spectroscopy (DAPS-EAPFS), which is
also referred to as surface electron energy loss fine structure (SEELFS). With
excitation by high energy electrons (60-300 KeV) and detection by fluorescence
the process is called extended x-ray energy loss fine structure (EXELFS), or
electron energy loss near-edge spectroscopy (ELNES) in the near edge region.

This last process, like EXAFS, is not inherently surface sensitive.

2.3. Surface Topography Techniques

Field ion microscopy (FIM), atom diffraction (AD) and scanning tunneling
microscopy (STM) provide atomic scale information on surface topography.
These techniques produce good qualitative images of surfaces. It is difficult to get
atomic coordinates directly, but knowledge of the surface topography can lead

directly to structural models of a surface.
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2.3.1. Field ion microscopy

Field ion microscopy (FIM) is the oldest of these techniques, developed in
the 50’s./18/ A sharp, single crystal metal tip with a radius of ~1000 A is
maintained at ~ 10 kV in a low pressure (~ <10 torr) gas, usually helium.
Gas molecules are polarized and attracted to the tip by the strong,
inhomogeneous electrostatic fields. The field strength near the tip is several V/A.
Valence electrons in a gas atom can tunnel into the metal surface as the ncutral
atom approaches the tip, creating an ion which is repelled by the high field
around the tip. The ions project an image of the high field regions of the tip onto
a phosphor screen. If the tip is cooled, individual surface atoms can be imaged.
Pairs of atoms separated by as little as 1.5 A have been resolved.

A field-ion microscopy image is a two-dimensional projection of the
outermost surface layer. This image provides a qualitative image of the surface,
but very little information on distances normal to the surface. Although the
direct information on the surface chemical bond is limited, FIM has added
greatly to the qualitative understanding of surface structure. Because of the high
field strengths required, application of the FIM has been limited to refractory
metals, although some chemisorption systems on these metals have been
studied./19/

2.3.2. Atomic beam diffraction

A thermal energy atomic beam (20-200 meV) has a wavelength on the order
of inter-atomic distances. The atomic beam diffracts from a contour of the
surface potential corresponding to the beam energy. This contour is located 3-4 A
above the ion cores in the outermost layer of the surface. Atomic beam
diffraction patterns are normally interpreted using model surface scattering
calculations, where the scattering is described as a Van der Waals interaction.

The low energy probe of atomic diffraction does not damage even delicate
physisorbed overlayers, and it is sensitive to hydrogen, which is an important
component of many surface systems of current interest. Electron scattering

techniques are relatively insensitive to hydrogen because of its small scattering
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cross section. The position of hydrogen chemisorbed on Pt(111) was determined
using helium diffraction./20/ Finally, atom diffraction is extremely sensitive to
surface order and defects, and it has been very useful in the study of disorder and
kinetic processes on surfaces. Because neutral atoms scatter well outside the ion
cores of the surface atoms, structural details can be lost and no information on

subsurface structure can be obtained.

2.3.3. Scanning tunneling microscopy

The scanning tunneling microscope (STM) is one of the most recently
developed surface sensitive techniques./21/ In STM a metal probe is brought
close enough to the surface under study for the electron wave functions to
overlap. A fixed potential difference between probe and surface is maintained and
the probe approaches the surface until a given tunneling current is observed. The
probe is mechanically scanned over the surface, and a feedback loop adjusts the
vertical spacing to maintain a constant tunneling current. STM has achieved a
horizontal resolution of ~ 2 A and a vertical resolution of ~ 0.1 A under
optimum conditions. By changing the probe-surface potential difference it is
possible to map out different surface profiles of wave function overlap. The STM
is very flexible and can be applied to all kinds of surfaces. Unlike electron
techniques it is not limited to the solid-vacuum interface, although the best
resolution has been obtained in vacuum.

The STM can give a direct qualitative image of surface topography. An
early STM experiment confirmed the LEED result that the ‘“missing row’’ model
correctly describes the 2x1 reconstruction of the gold (111) surface./22/ Because
the tunneling current is a complicated function of the electronic and geometric
structure of the tip and surface, so it is difficult to relate a constant tunneling
current contour to the geometrical structure of the surface, especially if more

than on type of atom is involved. Information on the surface electronic structure
is available, however. The lateral resolution of STM images is not good enough

to provide accurate information on chemical bond lengths and angles. As the
experimental and theoretical tools develop, scanning tunneling microscopy should

provide increasingly useful information on surface structure.
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2.4. Ion Scattering

At high energies (~ 1 MeV) the interaction of ions with surfaces can be
described by classical Rutherford scattering. This simple interaction has been
used to study surface structure by directing ion beams along bulk crystal axes at
solid surfaces. The “channeling’ and “blocking” of these beams is very sensitive
to deviations from bulk structure. lon scattering has been used in particular to
study relaxation and reconstruction at crystal surfaces. Measurements of surface
relaxation have provided accurate structure determinations, as in the case of
reconstructed Au(110)./23/ However, if a surface structure involves a large
departure from the bulk crystal structure, it can be difficult to solve from ion
scattering results.

In any case, because ion scattering is strongly affected by the thermal
vibrations of surface atoms, experimental data must be compared to Monte-Carlo
simulations for model surfaces to achieve quantitative results. The available data
base for structure-fitting is rather small compared to electron spectroscopies, so
the sensitivity to structural parameters is sometimes limited. But when the
surface structure is close to the bulk structure, ion channeling data can be

strongly sensitive to small variations in structural parameters.

2.5. Complementary Techniques

There are a number of other surface probes that are sensitive to the local
geometry of the surface or give important information on surface composition,
but which do not give direct information on atomic coordinates in the surface
region. These techniques provide vital information needed to construct reasonable
models of surface structure, which are needed to interpret data from quantitative
techniques such as LEED and SEXAFS.
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2.5.1. Chemical composition

Chemical composition is the most basic information needed to describe a
surface, and a pre-requisite for structure determination. Auger electron
spectroscopy is the most generally used techniques for measuring surface
composition, and it is sensitive to all elements except hydrogen and helium.
Thermal desorption spectroscopy (TDS) is a simple and particularly useful
technique for chemisorption studies -- it gives a general idea of the chemical
identity of adsorbates, and some information on the type of binding to the
surface. Secondary-ion mass spectrometry (SIMS) is another way to get
information on surface chemical composition -- its interpretation is generally
more complicated, but SIMS is sensitive to hydrogen, and also gives some

information on the molecules present on the surface.

2.5.2. Electronic spectroscopy

One group of techniques is sensitive to electronic structure at the surface,
and can probe the electronic band structure and density of states near the Fermi
level. This electronic information is useful for understanding the bonding
mechanisms responsible for chemical process operating at the surface. Structural
information can also be obtained by comparing experimentally observed
electronic structure with theoretical calculations of electronic structure for model
systems (see part 4).

Ultra-violet photoemission spectroscopy (UPS) probes the density of states,
and ion neutralization spectroscopy (INS) and surface Penning ionization (SPI)
provide similar information with probes of ions and metastable atoms,
respectively. Angle-resolved UPS can determine the valence band structure. X-
ray Photoelectron Spectroscopy (XPS) provides information on chemical shifts of
the atomic core levels, and this can also help in understanding chemical bonding

at the surface.
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2.5.3. Vibrational spectroscopy

Another class of techniques monitors surface vibration frequencies. High-
resolution electron energy loss spectroscopy (HREELS) measures the inelastic
scattering of low energy (~ 5eV) electrons from surfaces. It is sensitive to the
vibrational excitation of adsorbed atoms and molecules as well as surface
phonons. This is particularly useful for chemisorption systems, allowing the
identification of surface species. Application of normal mode analysis and
selection rules can determine the point symmetry of the adsorption sites./24/
Infra-red reflectance-adsorption spectroscopy (IRRAS) is also used to study
surface systems, although it is not intrinsically surface sensitive. IRRAS is less
sensitive than HREELS but has much higher resolution.

2.5.4. Optical techniques

Non-linear optical techniques, such as second harmonic generation (SHG),
have recently been used as surface probes. Bulk materials with inversion
symmetry do not generate second harmonic signals, while surfaces and interfaces
cannot have inversion symmetry, so the total SHG signal will come from the
surface region for many systems. The components of the non-linear polarizability
tensor have been used to determine the orientation of chemisorbed molecules.
/25/ Optical techniques are not limited to solid-vacuum interfaces like charged
particle techniques, so their further development can expand the range of surface

structural studies to solid-solid, solid-liquid, solid-gas and liquid-gas interfaces.

2.5.5. Electron-stimulated desorption

Observation of the ion angular distribution after electron stimulated
desorption of chemisorbed species (ESDIAD) can provide direct quantitative
information on the orientation of adsorbed molecules on surfaces. Electrons
incident on the surface can excite chemical bonds into non-bonding states,
causing molecular decomposition. The excess energy can be converted into

kinetic energy, which accelerates an jonic fragment of the molecule along the axis
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of the broken bond. The angular distribution of desorbed ions can be related to
the orientation of the bonds in the unperturbed adsorbed molecules. This
technique gives direct information on the number and symmetry of sites for

chemisorption, and approximate information on bond angles.

3. THE THEORY OF MODERN TECHNIQUES FOR
SURFACE STRUCTURE ANALYSIS

Although the wide range of experimental techniques described in part 2 have
made significant contributions to understanding surface structure and bonding,
many of these techniques do not yield explicit information on atomic coordinates
in the near surface region, the information required to characterize the surface
chemical bond. Other techniques can provide some of this information in certain
cases, but can only be applied to a limited range of surface systems, for example
ion channeling studies have provided important information on the
reconstructions of solid surfaces, but are much more difficult to apply to most
chemisorption systems. Optical techniques are being developed which have the
potential to contribute direct, quantitative information on surface structure,
including surface x-ray diffraction and non-linear optical probes, but these have
not yet reached the stage of routine use.

Almost all of the existing quantitative data on surface structure was
obtained through experimental techniques that involve the propagation and
scattering of electrons in solids. This class of surface probes includes the whole
range of ‘“fine-structure’” techniques, in addition to LEED and angle-resolved
photoemission experiments. This chapter will provide a theoretical description of
these techniques and the methods of analyzing the experimental data to

determine surface structure.
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3.1.  General Four-Step Description of

Electron-Diffiraction Techniques

The most promising techniques for obtaining detailed surface structural
information about molecular adsorbates rely on electron diffraction in one way or
another. These include LEED,/27,28,29/ IV-HREELS, /30/ EAPFS, /31/
SEELFS,/32,33/ EXELFS,/34,35/ ARUPS, ARXPS, ARPEFS,/36,37,38/ PE-
SEXAFS, SEXAFS, EXAFS, and NEXAFS (XANES). These and other
techniques have been discussed above in part 2, and were summarized in Table L.
Among these techniques, LEED has been the most productive.

We shall in the following discuss the surface sensitive techniques involving
electron diffraction from a common viewpoint. These techniques can all be fit
within a four-step description, which will be very useful for comparison. Various
techniques are illustrated in terms of this description in Figure 1, and the four

steps are defined below.

3.1.1. Step 1: incoming particle

Either a photon or an electron impinges on the surface. This photon or
electron may be polarized to yield additional surface information. The electron,
part of a well-collimated and monoenergetic electron beam, may be multiply
scattered by surface atoms before reaching step 2. Multiple scattering is most
marked at kinetic energies below about 200 ¢V and can make the process

particularly sensitive to the surface structure at these lower energies.

3.1.2. Step 2: primary event

A variety of processes may take place at this stage, distinguishing the
different techniques -- photoelectron emission, Auger electron emission, ion

emission, energy loss due to core-hole, plasmon or phonon excitation, as well as
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elastic electron scattering. Thus, in the primary event, the incoming particle
generates an outgoing particle. More than one type of particle may be emitted
simultaneously, e.g. an electron and a photon in SEXAFS.

From the point of view of obtaining surface structure information, the
nature of this primary process is important in two ways. First, the process may
be atom-specific, giving chemical selectivity, as in photoelectron emission and
Auger electron emission. Second, the process can affect the characteristics of the
outgoing particles, especially in terms of angular distribution, and in terms of the
exact location within the surface where this primary process takes place. The
angular distribution can give direct evidence of the molecular orientation with
respect to the surface; this happens, for instance, when an electron is emitted
from a valence orbital.

In terms of location, the primary process may be concentrated at one atom,
as in an electron-atom scattering in LEED or in electron emission from core
levels. It may also be delocalized over many atoms, as in photoelectron emission
from a delocalized valence band level. The latter case is again of value to obtain
molecular orientations directly. The polarization of the incident electron may
also be used to determine molecular orientations, through its effect on the

primary process.

3.1.3. Step 3: secondary event

Part of the outgoing electron wave resulting from step 2 will back-scatter
from neighboring atoms to the site of emission or initial scattering. If the kinetic
energy of the outgoing electrons does not exceed a few hundred eV this results in
detectable interference between the outgoing and back-scattered electron waves,
which modulates the probability of the primary emission or scattering process.
Such modulation is usually called “fine structure” and is the basis of techniques
like SEXAF'S (EXAFS) and EAPFS (EXELFS, SEELFS), as well as in NEXAF'S
(XANES). Note that the electrons responsible for this fine structure are rarely
collected themselves -- other outgoing electrons or photons (or even ions) are

normally detected experimentally.
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Two energy regimes are of importance here. At electron kinetic energies
above about 50 eV, single back-scattering from neighboring atoms is usually
predominant . By contrast, at lower energies electrons can also be multiply
scattered by several nearby atoms before returning to the location of the primary
process. The single scattering regime modulates the outgoing particle current in
a simple oscillatory manner. The near-neighbor interatomic distances can be
extracted relatively easily by Fourier transformation given appropriate scattering
phase shifts (¢f. SEXAFS). When multiple scattering is significant, a multiple-
scattering computer simulation is required. This makes the analysis more

complex, but gives access to bond angles as well as bond lengths (cf. NEXAFS).

3.1.4. Step 4: outgoing particle

Photons, ions or electrons are detected outside of the crystal. On their way
out, electrons may be multiply scattered by surface atoms, especially at the lower

energies, which again gives added sensitivities to the surface structure.

3.2, Structural Information

Two modes of electron detection are commonly used, which affect the kind
of structural information that can be extracted.

In the angle resolved mode, which selects electrons traveling in well-defined
directions, emphasis is laid on the properties of plane-wave diffraction within the
surface -- this provides access to all interplanar distances (not only between
atomic planes parallel to the surface) and thus, to the complete three-dimensional
crystallographic structure (as for example in LEED and in ARPES). Significant
structural information can come from steps 1 and 4.

In the angle integrated mode, electrons emitted in many different directions
are accumulated simultaneously. To an appreciable extent this averages out the
structure-dependent effects of step 4, and therefore emphasizes the information
arising from the primary and secondary events of steps 2 and 3, such as the

radial distances determined in fine-structure techniques like SEXAFS.
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Energy vs. time diagrams
for the event sequences in surface crystaliography techniques that use electron scattering/diffraction.

Legend:
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In several techniques an additional process associated with one of the four
steps generates the detected particles, e.g. Auger emission in Auger-SEXAF'S or
ion emission in PSD-SEXAFS. This additional process does not normally provide
structure sensitivity, but produces particles that are more conveniently detected.
We shall include such processes in the discussion of step 4.

In any of the steps 1, 3 and 4, multiple scattering of electrons can play an
important role in the techniques of interest here. On the one hand, multiple
scattering provides a greater sensitivity to various aspects of structure; on the
other hand, it complicates the theoretical treatment, i.e. it complicates the
extraction of the structural information. For the following discussion it will be
useful to first describe in more detail a couple of important features of electron
scattering by individual atoms in a surface.

At low kinetic energies (10 eV), electrons are scattered strongly but
somewhat isotropically by each atom (Figure 2), generating multiple scattering in
all directions. As the kinetic energy rises, back-scattering weakens considerably,
while forward-scattering remains strong, and multiple scattering remains
important only for small scattering angles. This effect is already noticeable
around 100 eV and becomes more and more pronounced towards KeV and MeV
energies as scattering concentrates in an ever narrower forward cone. This gives
the appearance of a more kinematic behavior, i.e. multiple scattering effects
becomes less obvious. The reason is that only small momentum transfers occur,
which also provides little structure sensitivity. Thus, with rising energy, little
back-scattering and therefore, little back-and-forth scattering between any pair of
atoms can occur, although multiple forward-scattering along a chain of atoms
can be significant. As we shall describe more explicitly in section 3.5.1 one often
disregards multiple forward-scattering and talks of a kinematic or single-

scattering situation.

3.3.  Theoretical Aspects of Individual Techniques

We shall now individually discuss the various techniques in terms of the
above four-step description. In all these techniques the flux of outgoing particles

is measured as a function of the energy (or sometimes direction) of either the
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incident or outgoing particles. The flux (intensity) exhibits variations as a
function of energy (or angle), from which the surface structure is extracted. In
some cases, the outgoing particles are not energy-analyzed but measured

collectively. This is done to enhance weak signal-to-noise ratios, as in SEXAFS.

3.3.1. EXAFS

Extended X-ray absorption fine structure (EXAFS) was the first technique in
which “fine structure” was used to obtain structural information./39,35,40/ An
incoming photon, penetrating the surface in step 1, undergoes an absorption
process creating a core-hole excitation at an atomic site as the primary event
(step 2), cf. Figure la. This is accompanied by the photo-emission of electrons
which back-scatter from near-neighbor atoms as the secondary event (step 3).
Interference by the back-scattered electrons modulates (i.e. produces fine
structure in) the overall absorption cross-section as their kinetic energy varies in
step with the incident photon energy. The fine structure can be observed in the
loss of intensity from the incident photon beam (‘“‘absorption EXAFS”) or instead
in the intensity of fluorescence as the core-holes decay (‘“‘fluorescence EXAFS”).
EXAFS is not intrinsically surface sensitive, and provides surface information
only for high-surface-area materials, such as exfoliated graphite or highly
dispersed particles, or when the signal comes from atoms which are only present

at the surface,/39/ or when total reflection provides surface selectivity.

3.3.2. SEXAFS

To obtain surface sensitivity with EXAFS, thereby creating surface extended
x-ray absorption fine structure (SEXAFS), one may monitor instead the outgoing
Auger electrons (Auger-SEXAFS), outgoing ions ejected during core-hole decay
(PSD-SEXAFS), or outgoing photoelectrons (PE-SEXAFS) instead of a photon
signal. Surface sensitivity comes from the short escape depths of electrons and
ions./31,41,42,43/ The electron kinetic energies involved in step 3 are sufficiently
high (> 50 ¢V) that single back-scattering prevails over multiple back-scattering.

Coupled with angle-integrated detection, this allows a simple Fourier transform
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approach to obtain near-neighbor distances (although theoretical or empirical
atomic scattering phase-shifts need to be included). Polarization of the incoming
photons can be used to obtain additional information about bond directions if
valence levels are involved, since the excitation cross-sections include simple
selection rules that depend on bond orientations. Chemical selectivity is provided
by monitoring only Auger electrons or photoelectrons due to a particular
chemical element. One may selectively investigate the structure in the immediate
neighborhood of atoms of a particular element. The outgoing particles are
normally energy-integrated to provide a measurable signal.

SEXAFS-type fine-structure can be obtained with photo-electrons in the
low-energy region ( ~ 100-300 eV). To that end, one must reduce the effect of
multiple scattering in step 4 until the effects of step 3 dominate. This can be
accomplished with polycrystalline surfaces and with angle-integrated detection, as

has been done recently in PE-SEXAFS./44/

3.3.3. NEXAFS and XANES

If in step 3 of EXAFS or SEXAFS, the electron kinetic energy is held within
about 50 eV of the excitation edge, one reaches the ‘“‘near-edge” regime where
multiple back-scattering becomes important in the secondary process cf. Figure
1b. This technique is referred to as near-edge x-ray absorption fine structure
(NEXAFS) or x-ray absorption near-edge structure (XANES)./45,46,47,48/
Compared to EXAFS and SEXAFS, this multiple scattering gives more complete
sensitivity to bond lengths and bond angles in the neighborhood of the atom
where the primary process takes place. But model calculations are generally
needed to extract this information. As with (S)EXAFS, polarization of the
incoming photon can also give direct access to bond directions. Furthermore,
combining an empirical correlation between carbon-carbon bond lengths and

resonance energies, it appears to be possible to obtain these bond lengths./48/
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3.3.4. ARPES, ARUPS and ARXPS

In angle-resolved photoelectron emission spectroscopy (ARPES), incoming
photons give rise to the primary event of photoemission (step 2), cf. Figure 1c.
This can involve excitation from delocalized electron orbitals (as in angle-resolved
ultraviolet photoemission spectroscopy (ARUPS)/49,50/ from valence levels) or
from deeper-lying localized orbitals (as in angle-resolved x-ray photoemission
{ARXPS) from atomic core-levels)./51/ If the photoemitted electrons have kinetic
energies in the range 10-200 eV, they undergo multiple scattering (similar to that
encountered in LEED) in the third and fourth steps, of the four-step process.
This yields sensitivity to the surface within a photo-electron mean free path
length of the photoexcited atom, which can be chosen with chemical selectivity.
Compared to ARUPS, ARXPS is a more convenient approach for the extraction
of structural information, since core-level excitations are more easily described
than valence-level excitations. Angle-resolved detection is normally used to
obtain the most complete structural information, which is interpreted in a
procedure very similar to that of LEED with full simulation of the electron

emission intensity as a function of energy or angle.

3.3.5. ARXPS and ARXPEFS

If, starting with angle-resolved x-ray photoelectron spectroscopy
(ARXPS),/51/ the emitted electron kinetic energy is increased to a few hundred
electron volts, the back-scattering of photoemitted electrons to the source atom is
considerably reduced, cf. Figure 1b and d. Then the secondary event of step 3
becomes negligible compared to the events of step 4. At the same time, step 4
simplifies to include predominantly single scattering by neighboring atoms, (for
convenience, we neglect the multiple forward-scattering in this description, since
it yields little structure sensitivity). In this case, electrons reach the detector
either directly from the photoemitting atom or after single scattering by atoms
that are near the photoemitting atom (again, x-rays, as opposed to ultraviolet

radiation, provide the most convenient core-level emission). The interference
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between these different outgoing electron paths modulates the detected intensity
as a function of the angle of detection: this measurement mode is used in
ARXPD.

Similarly, “fine-structure’’ arises as a function of the emitted-electron
kinetic energy in the measurement of angle resolved photoemission extended fine
structure (ARPEF'S)./37,36,38/ This ‘“fine-structure” is different from that of
SEXAFS, EXAFS, etc., since it does not originate from back-reflection to and
interference at the electron source atom. It yields the surface structure
information relatively easily through Fourier-transformation if angle-resolved
detection is used (suitable scattering phase-shifts must be available, however).
The full three-dimensional structural information can be so obtained. Sensitivity
to a particular structural feature may be emphasized through appropriate

selection of the detection angle and and the polarization of the incident photons.

3.3.6. Extended Appearance Potential Fine Structure (EAPFS)

In EAPFS,/31/ incident electrons excite core-level electrons into states
above the Fermi level Eg in the primary process cf. Figure le-g. This requires a
minimum incident energy for any given core-level, namely Ep — E,, where E; is
the core-level energy (hence the designation “Appearance Potential”’). The choice
of core-level provides chemical selectivity. The excited electron can then undergo
back-reflection from neighboring atoms as the secondary step. This yields fine
structure as a function of the incident energy that can be used to obtain
structural information by Fourier transformation. Since the incident electrons
can undergo multiple scattering prior to the core-level excitation, amorphous
materials are preferred to minimize any disturbing LEED-like modulations due to
such scattering.

There are three main detection modes for EAPFS within the appearance
potential spectroscopy (APS) technique./31/ First, one may monitor soft-x-ray
emission due to the decay of the core hole left by the primary process. This is
called SXAPS-EAPFS (Figure le). Second, it is also possible to monitor Auger
electrons due to the same core-hole decay, as in AEAPS-EAPFS and AMEFS-
EAPFS, cf. Figure 1f. Third, one may measure the remaining total intensity of
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the elastically scattered electrons in DAPS-EAPFS (DA = Dis-Appearance) cf.
Figure 1g. Angle-integrated detection removes most of the structural sensitivity
of step 4 (especially with amorphous materials). Normally one collects all
emitted electrons in these experiments, i.e. energy-integration is used. However,
in the Auger-Monitored Extended Fine Structure version (AMEFS-EAPES)/52/
energy resolution is used, which achieves chemical sensitivity at the cost of a

lower signal/noise ratio, cf. Figure 1f.

3.3.7. LEED, MEED, RHEED and Electron Microscopy (EM)

In low-energy electron diffraction (LEED) only elastic scattering events are
considered, i.e., no energy loss is allowed./27,28,29/ This situation is sometimes
referred to as ELEED (Elastic LEED). In LEED, the different steps of the
general four-step process are equivalent to each other, in the sense that each step
describes possible elastic electron-scattering events in a multiple-scattering chain
(which of these scattering events is termed the primary event becomes arbitrary).
Figure 1h schematically shows possible scatterings in LEED. The four-step
description makes vividly clear that multiple scattering plays a large role in
LEED, especially when compared to other techniques described here. This
multiple scattering, together with angle-resolved detection, gives LEED a high
sensitivity to all details of the surface structure: layer spacings, bond lengths and
bond angles throughout the surface to a depth determined by the energy-
dependent electron mean free path. To obtain structural information from
LEED, the multiple scattering must be simulated on a computer for each
plausible geometry until the correct geometry is found by trial-and-error.

At increasingly higher energies, LEED becomes in turn medium-energy
electron diffraction (MEED),/53,54,55/ reflection high-energy electron diffraction
(RHEED)./56/ and electron microscopy (EM)./57,58/ cf. Figure 1i. Multiple
scattering remains important, although the mean distance between successive
scatterings increases gradually towards hundreds of Angstroms. On the other
hand, to an increasing degree the only significant scattering events at these
energies occur near the forward direction. A perfectly ordered surface yields

sharp diffracted electron beams, unlike the other techniques which we describe in
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this chapter. Any kind of disorder of defects generate diffuse intensities between
the sharp diffraction beams. The diffuse intensity contains information not only
about deviations from long-range order, but also about the short-range order or

local geometry, including chemical bond lengths and bond angles.

3.3.8. ILEED, HREELS and ELS

If at least one of the scattering events in a LEED multiple-scattering chain
involves an energy loss, one speaks of inelastic low-energy electron diffraction
(ILEED),/59,60/ (multiple losses are possible but infrequent). The lost energy
can be transferred to surface vibrations (e.g. molecular vibrations or phonons),
as is the case in high-resolution electron loss spectroscopy (HREELS)/61,62,63/
or to electronic excitations (e.g. single-electron excitations or plasmons), as is the
case in electron loss spectroscopy (ELS)./64,65/ In ILEED, the primary event of
the four-step process is the inelastic electron scattering. It is not necessarily
localized at an atomic site (as illustrated for convenience in Figure 1jk) instead,
it is quite often delocalized over many atoms, as with dipole scattering in
HREELS or plasmon excitation ELS. In HREELS cf. Figure 1j, multiple
scattering is at last as important as it is in LEED, and angle-resolved detection is
also used. HREELS can therefore yield potentially the same structural
information as LEED, e.g. when intensities are measured as a function of incident
energy, at the cost of having to describe an additional inelastic process in the
theory./63/ This approach may be called IV-HREELS, since LEED-like IV curves
are used. HREELS is however mostly used in a mode where the multiple
scattering effects are virtually constant, namely by scanning the energy loss over
a small range at fixed incident energy./61,62/ Then all that matters is the
occurrence of sharp energy losses at values corresponding to frequencies of surface
vibration. This gives a loss spectrum similar to that familiar in infra-red
adsorption spectroscopy (IRAS) in the gas phase and at surfaces. This is also the
approach with ELS, cf. Figure 1k, although here the wide scan of energy loss
allows multiple scattering to significantly modulate the heights of the peaks
corresponding to individual excitations. Under these circumstances the structural
information is obtained indirectly through the measured vibrational and

excitational properties of the surface, rather than through the diffraction effects.
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3.3.9. Surface Extended Energy Loss Fine Structure (SEELFS)

Another electron-based energy-loss technique is SEELFS./32,33/ Compared
to HREELS and ELS, higher electron energies are used, so that a core-hole
excitation-edge and the associated fine structure become available, cf. Figure 11.
There is a great similarity between SEELFS and EAPFS. However, in SEELFS
the energy-loss is kept small compared to the incident energy, thus, one has a
single-electron final-state problem in SEELFS rather than a two-electron final-
state problem as in EAPFS. By keeping the incident energy fixed in SEELFS and
by angle-integrating the detection, variable diffraction effects in steps 1 and 4 are
minimized. This yields fine structure that can be Fourier-analyzed to yield bond
lengths around chemically-selected atoms. Complication can arise however, when
several spherical waves with different angular momenta are needed to describe
the electrons of step 3. This produces in effect several overlapping fine structures,
which may not be easy to isolate. Nevertheless, experimental evidence suggests
that normally one of the angular momentum components is sufficiently dominant

to avoid these complications.

3.3.10. Extended X-Ray Energy Loss Fine Structure (EXELFS)

By substantially increasing the electron kinetic energy in ILEED and
SEELFS to 60-300 KeV, one reaches a situation that can resemble EXAFS, with
electrons replacing the EXAFS photons, cf. Figure 11. Chemical selectivity. is
obtained by choosing an appropriate core excitation edge. And surface sensitivity

on the atomic scale exists mainly for high-surface-area materials, as with EXAFS.

3.3.11. Electron Energy Loss Near-Edge Structure (ELNES)

ELNES/66/ is the near-edge equivalent of EXELFS, with the same high-
energy (60-300 KeV) electrons as incident particles. If focuses on final energies
within about 30 eV of an absorption edge, so that the fine structure arising in

step 3 behaves very much as in NEXAFS, cf. Figure 11. Here multiple scattering
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is important, giving full structural information in the immediate vicinity of a
selected chemical element. However, there is no simplifying dipole selection rule

in the primary process, since electrons replace the photons.

3.3.12. Angle-Resolved Auger Electron Spectroscopy (ARAES)

One may directly monitor Auger electrons emitted following core-hole
excitation induced by an incident electron or photon beam, using angle resolved
detection, cf. Figure 1m./67,68/ Thus the core-hole excitation together with the
Auger process constitutes our step 2. At the lower energies used in ARAES (~
20-200 eV), multiple scattering is often important as in LEED, especially in step
4. Thus step 3, as in LEED, is not distinguished by convenient fine-structure, but
is much more complex due to multiple scattering. In addition, to obtain
structural information, the complicated atomic Auger process must be modeled
accurately. This has only been done in a few special cases involving atomic
orbitals (as opposed to solid state orbitals)./69,70/ As a result, the Auger
transition probabilities into the various outgoing spherical waves in step 2 are
generally unknown. So far these probabilities have been fit to experiment, with
limited success in terms of structural determination. The orientation of adsorbed
molecules appears to be accessible with the photon-excited version of this
technique, by using photon polarization and symmetry selection rules./71/
Otherwise the angle-resolved detection of ARAES can yield the same relatively

complete three-dimensional structural information as does LEED.

3.4. Formalism for Individual Processes

In section 2.3 we have decomposed various surface-sensitive techniques into
a small set of more elementary processes. In this section we shall present
appropriate formalisms that describe these individual processes. Namely, we
shall discuss the theoretical treatment of the propagation of electrons in the
surface region, as well as the treatment of elastic and inelastic electron-atom

scattering, photoelectron emission and of Auger electron emission. These parts
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can then be easily recombined to provide a complete theoretical description of
each surface-sensitive technique. Some general features of particular interest will
be highlighted in section 3.5.

3.4.1. Overview of process formalisms

We shall deal mainly with the propagation and scattering of electrons
through solid surfaces. The most appropriate formalism to describe these
processes will depend very much on the situation, as computational efficiency is
at a premium. Spherical-wave and plane-wave expansions are frequently used,
often side by side within the same theory. Spherical waves are convenient to
describe the scattering or emission of electrons by an individual atom. An
important quantity will then be the complex amplitude of each spherical wave
leaving that atom.

Plane waves are often used when two conditions are satisfied: 1) many (but
not necessarily all) atomic layers of the surface have a two-dimensional
periodicity, and 2) either a plane-wave incident electron beam is present or
angle-resolved electron detection is applied. Computation based on the plane-
wave expansion are often much more efficient than those based on the spherical-
wave expansion. This explains their frequent use even in problems that do not
involve strict two-dimensional periodicity, as with disordered overlayers on an
otherwise periodic substrate.

The fate of scattered or emitted electron waves depends on the occurrence of
multiple scattering from atom to atom. With strong atomic scattering, a large
number of scattering paths must be considered: this applies especially at low
energies and with angle-resolved detection, e.g. in LEED and ARPES. At
higher energies fewer scattering paths are important, because the atomic
scattering is relatively weaker (except for forward-scattering). Paths involving
mostly forward-scattering dominate in angle-resolved techniques such as
ARPEFS, MEED, RHEED, and EM. By contrast, single back-scattering to the
emitting atom dominates in angle-integrated fine structure techniques such as
(S)EXAF'S, EAPFS and SEELFS. The individual formalisms strongly reflect

these different circumstances.
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3.4.2. Electron propagation

The interference effects resulting from electron propagation are responsible
for providing the desired structural information in all the techniques discussed
here. The extraction of structural information, therefore, requires a knowledge of
the electron wavelengths and of any phase shifts that may occur in electron
emission and electron-atom scattering. Failure to understand these processes can
result in quite erroneous results.

The well-known muffin-tin model of the electron atom interaction potential
has in most cases proved to be an adequate compromise between accuracy and
computational efficiency, at least for electron kinetic energies exceeding ~ 20
eV./27,28,29/ The muffin-tin potential is spherical inside the muffin-tin spheres.
This ““ion core” usually provides the dominant contribution to electron scattering
and emission, to be discussed shortly.

The interstitial region between these spheres is represented by a constant
potential valve (the muffin-tin constant or muffin-tin zero). This is the region of
unscattered electron propagation, in which simple plane-wave or spherical-wave
behavior describes the electron wave-field. The plane-wave description is
computationally advantageous when dealing with multiple scattering by periodic
lattices, since such lattices diffract any plane wave into other well-defined plane
waves. This approach is often useful even with non-periodic overlayers adsorbed
on an otherwise periodic substrate.

The spherical-wave description has its own great advantages. It is best
adapted to the scattering and emission by the spherical ion cores and it does not
require the presence of any structural periodicity. In particular, it is well suited
to the treatment of multiple scattering between different atoms within any
cluster of atoms, in particular within a periodic unit cell as in LEED. It is also
convenient for the treatment of fine structure arising from back-scattering by
nearby atoms, as in (S)EXAFS, NEXAFS, EAPFS, etc. (i.e. in step 3 in our
four-step description).

For energies lower than ~ 20 eV, the muffin-tin model is often inadequate
outside the muffin-tin spheres. In the case of surfaces, this applies especially to
low-energy studies of adsorbed molecules. For instance, HREELS is normally

performed at kinetic energies around 5-10 eV (to benefit from a strong reflection
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coefficient from the substrate). HREELS is therefore highly sensitive to the
potential in the molecular bonding regions and couples strongly with weakly
bound and relatively delocalized electron states. Also, NEXAFS is often
measured down to energies of about 10 eV above an emission edge, giving similar
sensitivity to bonding details. No satisfactory alternative treatment to the
muffin-tin model has yet been applied in the surface context, mainly because
excessive computational efforts would be involved (however this problem has been
dealt with in the case of low-energy electron scattering by gas-phase
molecules/72/ ).

3.4.3. Single electron-atom scattering

Electron-atom scattering is central to all techniques under discussion here.
As we have mentioned, electron-atom scattering at surfaces has been treated
almost exclusively by means of the muffin-tin model.

The formalism of electron-atom scattering has been extensively dealt with
elsewhere./27,28,29/ We shall only recall its main features here. Because of the
assumed spherical symmetry, the partial-wave scattering approach is convenient.
Namely, an incoming spherical wave h{?(kr) Y/(r), (—1<m<I) can scatter only
into the outgoing spherical wave h{\(kr) Y'(r) (here h{!) and h{® are Hankel
functions of the first and second kinds, k = 27/h(2mE)*, E is the kinetic energy
and r = | r|). This occurs with amplitude £ (¢ is an element of the diagonal

atomic t-matrix), which is related to the phase shifts 6, through

A 1. id)
= STm _k' Sln&, C‘ ! (1)

The phase shifts §, are calculated by standard partial-wave scattering theory. It
involves the electron-atom interaction potential of the muffin-tin model. There
are a variety of ways to obtain this potential, which consists of electrostatic and
exchange parts (spin dependence may be included, especially when the spin
polarization of the outgoing electrons is of interest). One usually starts from
known atomic wave functions within one muffin-tin sphere and spherically

averages contributions to the total charge density or potential from nearby
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atoms. The exchange term may be treated as non-local (e.g. Hartree-Fock) or
local (e.g. X,). The muffin-tin constant with respect to the vacuum zero level is a
by product of this approach, however in practice this constant is normally
adjusted a posteriori to take into account surface-related work function changes.

The t-matrix of Eq. (1) will be useful in describing the scattering of a plane
wave by an atom. Expansion of the plane wave ¢’*T, with |k | =k, into

spherical waves yields the total scattered wave

elk"l‘

e’ + f(6) (2)

r

at large values of kr. The atomic scattering amplitude f(#) depends on the

scattering angle & through the well-known relation

f(0) = —4nY; (21 + 1), P/(cosb) (3)
[

where the functions Pj(cosf) are Legendre polynominals. The scattering
amplitude f(8) can be used to illustrate the nature of electron scattering in solids.
A large scattering amplitude implies strong multiple scattering. To discuss this
issue, we need to first include the effect of atomic thermal vibrations. It has been
found adequate for this purpose to replace the scattering amplitude f(#) by a
statistical average over certain atoms, even in the presence of multiple scattering.
In the case of diffraction by a periodic lattice, the average is preformed over
atoms that are equivalent by two-dimensional periodicity, and in the case of
back-scattering by shells of vibrating neighbors, around equivalent source atoms.
In either case, one ends up multiplying f(f#) by a Debye-Waller attenuation factor

e™M with
M=%|8|?<(Ar)*> (1)

where s is the linear momentum transfer and <(Ar)?> is the mean-square

atomic displacement.
Note that the product e~ f(8) can be expressed in terms of effective phase

shifts in direct analogy with Egs. (1) and (3), then 6, is replaced by an effective
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6(T) in those relations. These so-called “temperature-dependent’ phase shifts
8(T) are commonly used in multiple scattering theory, because the effect of
thermal vibrations is felt again and again at each scattering in a chain of
scatterings.

The product e f(6), shown as | f(8)| in Figure 2, has a marked lobe
structure in its angular dependence. There 1s always a pronounced lobe of strong
scattering amplitude in the forward-scattering direction (6 = 0). This lobe
becomes narrower (more forward-focused) with increasing kinetic energy,
becoming quite narrow (a few degrees) at energies above 1000 eV. High
temperatures also favor a narrow forward scattering lobe since the Debye-Waller
factor attenuates forward-scattering less than large angle scattering. In addition,
there is usually a lobe centered on the back-scattering direction (§ = 7). At low
energies (~10 eV) this lobe is wide and comparable in strength to the forward
lobe, yielding nearly isotropic scattering. But at higher energies the back-
scattering lobe rapidly loses strength, while also becoming narrower. Finally
there are one or more side-scattering conical lobes which are usually of a strength
comparable to or smaller than the back-scattering lobe. These become more
numerous and narrower with increasing energy. Between lobes there may be
directions with vanishing scattering amplitude, when accidental cancellation of

partial scattered waves occurs.

3.4.4. Multiple electron scattering

We have just described electron scattering by a single atom. The main
feature to remember is the pronounced forward scattering within a more or less
narrow forward cone, which occurs especially at the higher energies. The
implications for multiple scattering are as follows.

At low energies {~10 eV) the scattering is relatively isotropic and relatively
strong, so that scattering in any direction is likely to be followed by scattering
from another atom that finds itself in the electron path. In fact, several
successive scatterings are quite possible, especially with heavy (high-Z) atoms,
which scatter most strongly. This includes the possibility of repeated back-and-

forth scattering between two or more atoms, which is, when the interference is
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constructive, similar to a negative-ion resonance in a molecule. With such strong
multiple scattering, a perturbation expansion in terms of the number of
scatterings will often fail to converge and a self-consistent solution is then
necessary.

At higher energies, back-scattering and side-scattering become increasingly
less probable, leaving mainly forward-scattering, which itself remain quite strong.
Even for very high energies, e.g. in HEED or EM at E ~ 10-1000 KeV, multiple
scattering is still important. But now all scattering paths remain bundled within
a few degrees of the incidence direction.

These facts explain many differences between surface-sensitive techniques.
Those techniques which use low kinetic energies, such as LEED, ELS, HREELS,
ARAES, ARPES and NEXAFS, require a rather complete multiple scattering
treatment. Some perturbation theories do apply to them but close attention to
multiple forward-scattering as well as to several back-scattering events remain
essential. Techniques using higher energies split up in two groups. The fine-
structure techniques, such as (S)EXAFS, EAPFS, SEELFS and EXELFS, rely
almost exclusively on the (weak) back-scattering from neighboring atoms to the
emitting atom. Forward-scattering, though strong, is largely irrelevant in this
situation (this is enhanced by angle-integrated detection, which averages over
many exit directions). Other high-energy techniques are much more sensitive to
maultiple forward scattering events, e.g. MEED, HEED, EM and ARPEFS
(partly because of their angle-resolved detection mode in the forward direction).

We shall next describe several formalisms used to calculate the effects of
multiple scattering. We start with the most accurate formalism in common
usage and then introduce simplifications and specializations.

Within the muffin-tin model of spherical scatterers, all multiple scattering
can be properly included with the Green function formalism. We already have
given the t-matrix for scattering by a single atom. It is now necessary to describe
the propagation of the scattered spherical waves in the “near-field” region
(without asymptotic forms). Consider the propagation of a wave of angular
momentum quantum number L = ({,m) from an atom at location r; to an atom
at location r ;. This wave can be expressed in terms of spherical waves

L'= (l’,m') incident on atom j with amplitudes given by the Green function
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‘s . 8 0 ' ,
Gy = —dmi =7k i a(L,L\ L)Wk v =1 ;1) Y, (r;—x ) (5)

Here k¥ = | k| and L; = (!;,m,) extends over all values of I, and m, compatible
with L and L', namely such that | I —1| <1, <!+ and m + m = M,. This
compatibility is manifest as non-zero values of the Clebsch-Gordon {(or Gaunt)

coefficients

a(L,L'L,)) = £ Y(Q) Y Q) Y] (@) dQ (6)

With the t-matrix and the Green function we can represent any multiple-
scattering path explicitly. For instance, scattering by atom 1 to atom 2, then

back to atom 1 and on to final scattering by atom 3 yields a scattering amplitude
of

t3 GSltl Gl‘.! t2 G?ltl (7)

where one should read from right to left (in the fashion of matrix multiplication)
and where the superscripts on the f-matrices allow the different atoms to have
different scattering properties. When strong multiple scattering occurs, the
contributions from all such scattering paths should be included. This can be done
self-consistently by replacing the infinite series due to longer and longer
scattering paths by a matrix inversion./73/ The result is the following expression,

for diffraction by a set of N atoms labeled 1 =1,2, .. .  N:

T! I g2 ... —pgW ! i
T2 __t2GZI I L. __t2G2N t2
o il S : ®)
TN -lNGNl --tNGN2 .. 1 tN

Here ¢!, T, G*/ and I are matrices indexed by L = (I,m) and L' = (I',m'); I is the
unit matrix. A multicenter expansion is used, i.e. the spherical waves are

centered on the respective atoms. The quantity TZ'L: is the total amplitude of the
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spherical wave Y} that leaves atom 7 after spherical waves Y+ have initially

impinged on every atom of the cluster and multiple scattering within the cluster
has been taken into account. The scattered wave accumulated over all terminal
atoms 1 is obtained by simple addition of the T* values with proper consideration
of the relative amplitudes and phases of the initial wave incident of the cluster.

The dimension of the large matrix to be inverted in Eq. (8) is N({,,,,+1)?,
where I, is the largest value of ! included. This dimension critically affects the
required computing effort. The number of spherical waves used, (/,,,,+1)? is
typically 16 to 64 at LEED energies (I, is ~ inversely proportional to the
electron wavelength). The value of N is in general the number of atoms in the
cluster needed to adequately account for all multiple paths involving any given
surface atom. At 20 eV this might be several hundred atoms, as defined by a
sphere around the given atom and whose radius is a few times the electron mean
free path. Thus, matrix dimensions in Eq. (8) of the order of 10* would be
required within this formalism. This is the situation for NEXAFS, ELNES and
diffuse LEED. A similar single-center expansion approach has also been
formulated for this problem./74,75/ It involves a new ‘“‘wallpapering”’ scheme
that bypasses the larger matrix inversion of Eq. (8); instead it builds up the
cluster scattering properties as seen from a central atom in a shell-by-shell
iteration, each step of which involves the inversion of a smaller matrix. However,
the single-center expansion gives rise to much larger values of {, (proportional
now to the radius of the cluster instead of the muffin-tin radius) which still
results in large computation times.

Simplifications can be brought about whenever the surface structure has
symmetries. Point-group symmetries help moderately to reduce the matrix
dimensions. On the other hand, two-dimensional periodicity can help drastically
by reducing the number N to the number of atoms within a single two-
dimensional unit cell with a depth perpendicular to the surface of a few times the
electron mean free path. For surface crystallography this is, however, not yet
sufficient, because surface structural determination requires repeating such
calculations for hundreds of different geometrical models of the surface structure.

Great computational advantage can ensue from using the plane-wave
expansion between atomic layers. This occurs when such a representation

converges, which requires sufficiently large spacings between the layers. Various
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calculational methods based on plane waves have been developed over the years,
such as the Bloch-wave, Layer Doubling and Renormalized Forward Scattering
methods. These have been extensively described previously in the context of
LEED,/27,28,29/ but their use in other techniques merits further discussion here.
In conventional LEED, the two-dimensional surface periodicity clearly defines a
finite set of outgoing plane waves (corresponding to the discrete diffracted beams
defined by the two-dimensional reciprocal lattice). Most other techniques do not
share this feature -- no sharp electron beams emerge from the surface in
photoemission, SEXAFS, diffuse LEED, etc. However, the use of angle-resolved
detection is equivalent to defining a finite set of plane waves. This situation has
been described as inverse LEED or time-reversed LEED./76/ The detector
essentially singles out an emerging plane wave, which, when time is reversed, acts
like a plane wave incident on the surface. This plane wave scatters through the
periodic layers as does normal LEED, via the set of plane waves familiar in
LEED, until they reach the original source of electrons. The source can be a
photoemitting atom, for instance. The calculation need not proceed in this time-
reversed manner, however, given the source of emission in the form of amplitudes
of outgoing partial waves (which can be corrected for intra-layer multiple
scattering), one can deduce the resulting amplitudes of the above-mentioned set
of plane waves as they leave the source. From then on multiple scattering
through the lattice proceeds as in conventional LEED using the finite set of
outgoing plane waves defined by the direction of detection.

Some techniques also involve a well-defined incident electron beam, even
though the primary process at some point imparts an arbitrary parallel
momentum to the electrons. This happens, for example, with energy loss in
HREELS and ILEED, with diffuse scattering in LEED and with Auger emission in
ARAES. In these cases the direction of the electrons leaving the surface has an
arbitrary relationship to the incident beam direction. Up to the primary process,
however, conventional LEED can be applied in the plane-wave representation, at
least in the ordered part of the surface, using the finite set of plane waves defined

by the direction of incidence.
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3.4.5. Approximations in multiple scattering

We shall now describe a series of approximations of increasing simplicity
which have been developed to reduce computational effort required to describe
multiple scattering. These approximations are usually tailored to specific
circumstances and are used only in those particular circumstances in order to
maintain the highest possible accuracy.

We have mentioned the preponderance of forward scattering of electrons by
atoms. Perhaps the earliest method used to exploit this feature was
Renormalized Forward Scattering in LEED./27/ This plane-wave method is a
perturbation expansion in terms of the number of back-scatterings between
atomic layers. It expressly does not count forward scatterings in the expansion.
Instead, all forward scattering events that may occur between successive back-
scattering events are explicitly included. This approach is very economical and
converges well except at the lowest energies ( ~ 10 ¢V) where multiple scattering
is too strong (as with all plane-wave methods, a sufficiently large interlayer
spacing is also required). More recently this ideas has been applied to
conventional LEED within the spherical-wave representation under the name
Reverse Scattering Perturbation./77/ Most recently, this idea has been adapted
to a shell-by-shell treatment (as opposed to a layer-by-layer treatment),/78/
similar to the “wallpapering” scheme mentioned above. One then considers
spherical waves leaving an atom or cluster and reflecting back from shells of
neighboring atoms, including multiple scattering. This approach is particularly
useful when long-range order is absent or unimportant, as in NEXAFS/78/ and
in one part of a diffuse LEED theory./79/

This diffuse LEED theory consists of three parts:

1) multiple scattering of the incident electrons through the ordered region of
the surface, yielding to a conventional LEED treatment;

2) scattering by a defect site, e.g. an isolated disordered adsorbate,
including multiple scattering from shells of neighboring atoms back to the defect
site;

3) multiple scattering on the way out from the defect site to the detector

through the ordered region of the surface, which corresponds to the inverse LEED

problem.
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Another method based on the number of back-scatterings by atomic layers
is Beam Set Neglect in LEED,/80/ which is particularly appropriate for
adsorbates on simple substrates. This method takes advantage of the fact that
some sets of diffraction beams only affect the intensities of other beams through
multiple scattering of third- or higher-order, therefore such sets of beams may be
neglected. The method is very efficient both large superlattice unit cells (which
create large number of of beams, most of which may be neglected) and also yields
an efficient solution to the diffuse LEED problem./79/

As the electron energy increases, back-scattering rapidly becomes weaker
and multiple scattering occurs primarily within a narrow cone in the forward
direction. This is exploited in the chain method developed for MEED and
RHEED./53,54/ In these techniques, grazing incidence is normally used to obtain
surface sensitivity and sufficient reflection. These factors favor scattering along
chains of atoms oriented parallel to the surface in the direction defined by the
incident beam. The chain method uses this as a basis to calculate MEED and
RHEED intensities exactly (allowing application to LEED as well). But when
back-scattering and side-scattering are very weak, they-can be selectively and
efficiently neglected in favor of the multiple forward-scattering that occurs within
the chains of atoms.

We next turn to the high-energy fine-structure techniques:
EXAFS/SEXAFS, EAPFS, SEELFS, EXELFS and ARPEFS. All but one of
these involve single scattering back to a source atom, resulting in interference
modulation of the primary process (Auger emission, etc.). The exception is
ARPEFS, where the source atom emits photoelectrons which are scattered only
once by neighboring atoms directly towards the detector {not counting multiple
scattering which is insensitive to the structure). The structural information
stems from the interference at the detector between the waves directly traveling
from the source atom to the detector and the waves scattered emitted from the
source atom and scattered into the detector by different neighboring atoms.
Furthermore, angle-resolved detection is used in ARPEFS unlike the other fine-
structure techniques. The common feature of all these techniques is high electron
energies and a diffraction geometry which de-emphasizes forward scattering
(although forward scattering effects have been observed)./47/ Under these

circumstances substantial simplifications can be considered. First, single
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scattering by neighboring atoms may be assumed. Second, one may ignore the
finite radius of curvature of the spherical waves reaching the neighboring atoms,

yielding the ‘“plane-wave’ or “small-atom’ approximation. Third, the radial
ikr

spherical functions may be given their asymptotic form

These simplifications lead to the following relative intensity modulations for
ARPEFS:

I-1,
% = x(k)
= XJ: c:::yj | f(m) +r1;(7l’)f(0) ] coslkr ; (1—cosa ;) + ¢ ;] (9)

Here k is the electron momentum, «; is the scattering angle at the neighboring
atom situated at position r j, | f(e;)| is the corresponding scattering amplitude
and ¢ ; the corresponding phase shift (i.e. the phase of f(a;)), while 7 is the angle
between the polarization direction and the direct emission path to the detector,
and f; is the angle between the polarization direction and the initial path of an
electron scattered from site j. (A Debye-Waller factor and an inelastic damping
factor may be added to Eq. (9)). This expression may involve many terms j, one
for each neighboring atom which contributes. Neverless the expression remains
simple to analyze in many circumstances. Namely, by suitable choice of the
energy, which affects f(a;), and polarization direction, most terms can be made
negligible. Then it becomes relatively easy to extract the structural information
in the form of the path length differences r ; (1—cosa ;). With the energy scans of
ARPEFS, Fourier transformation of the k-dependent data is sufficient, although
some care with data manipulation is required. In particular, the phase shifts ¢ ;
have to be known from theory. There is also controversy about whether the
plane-wave approximation is adequate in ARPEFS.

With the other fine-structure techniques (EXAFS, SEXAFS, EAPFS, etc.),
the above mentioned approximations lead to the following general relationship

for the intensity modulation at the detector: /41,42,43/
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N.
xk) =3 —;’2— sin(2kr; + 26 + ;) | [4m)| (10)
i Krj

Here §; is the phase shift of the central atom for a partial wave of angular
momentum [, while N; is the number of identical atoms at a distance r;. (Here
again a Debye-Waller and an inelastic damping factor may be added; also a
polarization dependence may be included for EXAFS and SEXAFS.) Fourier
transformation can yield the distances r; with proper care. In this case the phase
shifts are usually obtained from EXAFS results for bulk materials where the
phase shifts are determined from the interatomic distances known from x-ray
diffraction. Alternately, the phase shifts may be computed as is done in LEED.
Note that multiple forward scattering in not included in Eq. (10).

3.4.6. Photoelectron emission

The first step in photoemission (and some other techniques) involves photon

propagation through the surface region to the location of the electron excitation.

3.4.7. Photon propagation

The propagation of electromagnetic waves in bulk solid materials and in
molecules is well understood. This understanding is appropriate for bulk
EXAFS, for instance, but not necessarily for surface studies. The situation of a
solid surface has only been studied recently in terms of atomic-scale phenomena,
as is required by techniques such as photoemission. Although photons typically
penetrate to a depth of about 1 um into the metal surfaces of interest, the only
important photon-induced excitations occur within the electron escape depth of
about 5 to 10 A. Therefore, the shape of the electromagnetic fields should be
known in this near-surface region of a few atomic layers.

It has been found that for photon energies near and below plasmon energies (
~ 20 eV) and near other excitations, the electromagnetic fields are quite
structured, both as a function of depth from the surface and as a function of

energy./81/ For any quantitative structural studies, this situation is to be
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avoided. However, at all other photon energies, the fields are quite uniform and
well described by the macroscopic bulk dielectric theory./82,83/ There remains,
neverless, the unanswered question of where exactly to locate the boundary
between solid and vacuum, especially in the case of adsorbed layers: at the
substrate-overlayer interface, or at the overlayer-vacuum interface or elsewhere.
It has been estimated that this uncertainty leads to errors which do not exceed
approximately 20% in absolute emission cross-sections and which do not vary
when the polar incidence angle with respect to the surface normal is kept
constant./82/

To summarize, for photon energies above the plasmon energies (and away
from other excitation energies), the electromagnetic fields can be described

adequately with macroscopic dielectric theory.

3.4.8. Photoemission matrix elements

The cross-section for photoexcitation from an initial state ¥; to a final state

Yy is: /81/

do_ _ 2me” 2k s (r) 3,2
ddw ke | A, |*mhw | Ji(r)A(r)d®r | (11)

where jf’ = ¢;(P)V¢i(r) - ¢,-(r)V¢;(r)

is the transition current density and A(r) is the vector potential of the photon
field. Assuming that A(r) is spatially constant within the surface, one obtains the
following dipole matrix element, written in the single particle model using the

electron potential V(r):

do 2me? 2rh2k .
= < e, VV(r)| ¢¥;> 12
dQdw he  mhw(E; — E;)? | <;1ey VV(r) | 9> | (12)

E being the kinetic energy of the emitted electron.
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In the case of photoexcitation from a bound state ¥; of a single atom o with
a muffin-tin potential, one obtains/82/ the following amplitudes for out going

spherical waves L = (I,m):
Mg == (=) [ [ BRI (11 =Rq1) = Gi( 1t ~Rq1)]

X Yir —Rp) — - £ L _— A9V(r) ¢r) (13)

where the 6 are the phase shifts of atom «, the j are Bessel functions and the
R/ are the normalized radial parts of the solutions to Schrddinger’s equation
inside atom « at energy E;. If 1; is an atomic core state with quantum number
[, then the photoemission dipole selection rule (implicit in Eq. (13)) implies that
I ={ 4 1. Usually, one of the two outgoing values of  is by far dominant, as is
the case in the gas phase.

Once M} has been computed, one knows the electron waves leaving the
source atom and one can proceed to calculate the electron propagation through
the surrounding medium, as described in preceding sections (this is the inverse
LEED problem). It should be recalled that in this subsequent propagation,
scattering by the source atom itself may occur. This is usually treated as if the
source atom had already completely relaxed to its initial condition, i.e. as if the
hole left by the emitted electron had already been filled. This assumption does
not appear to impair the ability to perform structural determination with

photoelectrons.

3.4.9. Auger electron emission

The transition matrix element needed to describe Auger electron emission
corresponds to the process in which an electron is ejected as a result of the filling
of a deeper lying empty level by another electron. This process can be localized
on one atom or involve neighboring atoms, especially if valence and conduction

levels are involved. The Auger matrix element is/84/
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e2
M= <9, | == | 1> (14)

where ¥, ¥, ¥, andy, are respectively the wave functions of the core hole being
filled, the emitted Auger electron and the initial state wave-functions of the two
participating electrons. It is rather difficult to evaluate this matrix element,
especially in the solid state. In the gas-phase atomic state, some results have
been tabulated./69/ However, the difficulty of obtaining reliable values for the
solid state is such that few attempts have been made./67,68/ In addition, there
are no selection rules that limit the number of excited partial waves. Therefore,
in ARAES the amplitudes of the outgoing partial waves have usually been left as
adjustable parameters; and their relative phases have been neglected by assuming
incoherent emission into the different partial waves. This inconvenient situation
is a major cause for the infrequent use of ARAES in surface structural
determination. While some success has been achieved in understanding the
angular dependence of AES (and to a limited extent some structural
determination has resulted),/67,68,71/ rather more accuracy is needed to achieve
structural results that can compete with other techniques.

Note that in AEAPS-EAPFS, the Auger process is not the primary process
which is modulated by fine structure since the energies involved in the Auger
process are constant. Given the angle-integrated defection mode in EAPFS, the

Auger step, therefore, need not be described in any detail.

3.4.10. Inelastic electron-electron scattering

The matrix element for inelastic electron-electron scattering is given by the

following golden-rule expression (spin-averaged): /85/

4n°N,
<pr> ='—h—c' Y, &E +E.—E,—E)
ky kg >k

X {% |_<kgky| V, k> |2

+ ol e<kaky | Vo K> 1% (15)
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Here < - - - > indicates an average over the possible magnetic quantum numbers
of the core-hole; E, is the core-hole binding energy; v, represents the quantum
numbers of the core electron, and k|, k, and E';, F, correspond to the
momentum and energies of the electrons in the final state. The + and —
subscripts indicate the symmetry of the wave-functions under exchange of the
spatial coordinates of the two electrons; /N, is the number of scattering sites, and
kg is the Fermi momentum. The above expression is applicable in particular to
the primary process of EAPFS. No strict selection rules emerge in this situation,
but a ‘“‘pseudo-selection rule’” does exist:/85/ for nodeless core wave-functions,
both final state electrons in the dominant channel have angular momentum
increased by one over that of the core state, at least for incident energies which
do not exceed the ionization threshold by 500 eV. In addition, it is found that the
dipole component in a partial-wave expansion of the Coulomb interaction
dominates the matrix elements.

Phase shifts calculated following the above formalism are incorporated into
the Fourier-transformation of the experimental EAPFS oscillations, together
with phase shifts for back-scattering from nearby atoms./31/ This allows the
bond length to be determined with an accuracy on the order of 0.02 A.

At the high energies E of SEELFS/32,33/ and ELNES,/66/ the final state
has only a single “active’ electron (the incident electron). One obtains then, for

momentum transfer g, a differential cross-section/33/

d’N(Eq) .. 1 I 1
~— — Im——— 16
dEdq ¢ é(E,q) (16)

where € = €, + i€, is the longitudinal dielectric function. Moreover, a dipole
approximation is valid when the momentum transfer ¢ is sufficiently small. Asa
result, one obtains a situation very similar to that of (S)EXAFS. By utilizing
phase shifts calculated for (S)EXAFS, one may then determine/32/ near-neighbor
bond distances with a quoted accuracy of 0.05 A.
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3.4.11. Electron-phonon scattering

We are concerned here with HREELS,/61,62/ where the probe electrons lose
a small amount of energy (< 0.5 eV) to atomic vibrations in the surface. Two
regimes are commonly discussed. In the case of “‘small-angle inelastic
scattering’’, also called ‘‘dipole scattering”, the energy is lost to a long-
wavelength phonon with small momentum transfer. The scattered electrons are
made to reappear outside the surface by a LEED-type scattering, which supplies
the large momentum transfer required for reflection, thus, these electrons emerge
within a few degrees of LEED beam directions.

The second case is that of ‘“‘impact scattering”, where the lost energy is
transferred to a vibrational mode by a localized impact (distances in the
Angstrom range). Impact scattering can occur with small as well as with large
scattering angles, but is often overshadowed by dipole scattering at the smaller
angles. LEED-type elastic scatterings can occur in addition to impact scattering,
but are not essential to obtain a measurable effect. However, they are
unavoidable and must therefore be understood./30/

Dipole scattering does not require an atomistic theory. A phenomenological
theory suffices, which includes a response function dependent on dielectric
constants. The cross-section for dipole scattering based on these assumptions is
given in Egs. 3.7 and 3.9 of Ibach and Mills./61/ These formulae include plane-
wave reflection coefficients from the surface, which are solutions of the standard
LEED problem. Since dipole scattering involves essentially only forward
scattering, it is not necessary in practice to adopt the spherical-wave picture of
our step 2 (cf. section 3.4.3), the plane-wave approach is adequate in this
situation.

In the case of impact scattering, an atomistic description is essential, since a

short-range interaction is operative. The cross-section is then (Eqgs. 3.77-79 of
Ibach and Mills/61/ )

ds 2mE, cosQOM, 2
4o . owl M 17
dQ h  cosb,, ATM (7
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where

M =(n, +1)* (—2—]\,;7)‘/' % (18)

Here m and h are the electron mass and Planck’s constant, §;, and 4, the polar
angles of incidence and emergence, A the surface area and n, the number of
vibrational quanta present (following the Bose-Einstein statistics); N is the

number of unit cells of the surface, w, the frequency of the vibrational mode and

géL the partial derivative of the atomic scattering amplitude with respect to all
8

the nuclear displacements occurring in the vibrational mode. The latter quantity
can be related to the corresponding partial derivative of the atomic scattering
potential V(r). If R;, is the nuclear displacement of atom ¢ in vibration mode o,

one obtains in the Green function language (Egs. 3.80-81 of Ibach and Mills/61/ )

Ok, 1(¢ +cT,6) YUBD G 4 g1 K, >

3R, dR;_
VR in
= <k“, I gpza_a(l'_—{z_k)' | T/)S.E p=> (19)

ta

Here V({R}) is the scattering potential for the ensemble of scatters at locations
R; G is the free-space electron propagator and T, the t-matrix for multiple
scattering of the electron by the surface.

Eq. (17) clearly exhibits the different steps of the HREELS process: i) is
the LEED wave-function of the electron before the inelastic event; g, is the
photo-electron propagator of the electron following the inelastic event (this

includes all multiple scattering paths ending at the detector). Both d)ﬁ";'b)n and gpp
v
aRia

properties of the surface. Given the low energies in most HREELS experiments

contains the vibrational

provide the sensitivity to surface structure, while

(~ 5-10 €V), the multiple scattering is extremely important and complex. Only a

full multiple scattering calculation can properly simulate the diffraction effects.
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Nevertheless, as a function of loss energy, the widely used loss peak structure
appears./61,62/ This often leads to a relatively simple vibrational mode

assignment in the case of adsorbates.

3.5. Unifying and Distinguishing Features

In this section, we shall emphasize some aspects of electron diffraction that
are common to or differ among the various experimental techniques mentioned so

far.

3.5.1. Single vs. multiple scattering

A clarification of terminology is necessary here. In essence, we shall describe
why multiple-forward scattering can often be neglected, leaving only single
(back-) scattering. We recall from section 3.2 the relative predominance of
forward scattering of electrons by atoms over scattering into other directions,
especially at higher energies (this is reinforced by the Debye-Waller factor). It is
important to realize that, as a result, multiple forward scattering is always
present. For instance, in SEXAFS, where one traditionally speaks of single
scattering from shells surrounding the emitting atom, there is in reality also
multiple forward scattering from one atom to the next in a radial direction,
whether outbound or inbound relative to the source atom. This forward
scattering often takes the form of focusing of electrons beyond the scattering
atom. In this case, the main effect of forward scattering, as far as structure
information is concerned, is to change the effective wavelength of the electron,
which can be modeled as a changed inner potential. Otherwise, forward
scattering does not produce a position-dependent phase change (since e™T =1 for
forward-scattering where the momentum transfer s vanishes, whatever the
atomic position r).

This shows how SEXAFS can be described kinematically with a suitable
inner potential. Since in SEXAFS the phase shifts are usually empirically

determined from other experiments, this corrected inner potential is already
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implicitly built into the phase shifts. Consequently, the multiple forward
scattering need not be explicitly accounted for and one can use a single-scattering
theory in an effective sense.

For the same reason, LEED I-V curves for clean unreconstructed surfaces
often have recognizable Bragg peaks, despite strong multiple scattering. These
Bragg peaks occur at energies that may be explained kinematically with a
suitably adjusted inner potential, which can differ considerably from the muffin-
tin constant of a multiple-scattering theory: the difference is due again to the

effects of forward scattering./28/

3.5.2. Range of multiple scattering

Multiple scattering samples the environment of any surface atom and gives
sensitivity to bond angles in addition to bond lengths within that environment.
An important question is therefore how large that environment is. The
determining factors are, primarily, the mean free path and, to a lesser degree, the
atomic scattering amplitude. At kinetic energies of a few eV the mean free path
can be large (> 10 A) which results in a large sampled environment. The
sampling radius may then be on the order of 20 A in metals, for instance,
including many tens of neighboring atoms.

As the energy is raised, the mean free path goes through a minimum near
50-100 eV and slowly increases again, while the scattering amplitude steadily but
slowly decreases, especially in non-forward directions and when the Debye-Waller
factor is counted in. Then the sampled environment becomes generally smaller.

We must now distinguish between different techniques. In fine-structure
techniques (such as SEXAFS, EAPFS, etc.), weak back-scattering combined with

the usual -—1-2- radial decay of spherical waves limits the range of scattering to a
r

few shells of nearby atoms. In techniques like LEED and ARPES, including
ARPEFS and ARXPD, multiple forward scattering can occur along electron
paths that leave any atom toward the detector or, in the case of LEED, that

arrive toward any atom from the source. Such nearly straight paths extend the
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sampling range relative to the fine-structure techniques. Therefore, the range of
multiple scattering which matters in these techniques is mainly determined by
the mean free path.

It is clear that the larger the range of multiple scattering, the more complex
the corresponding calculations become. But it has been found, in the context of
LEED calculations, that one may markedly cut the effective range of multiple
scattering in the less dense materials, especially in molecular overlayers./86/
This approximation is valid because relatively few neighboring atoms are
available to interfere with the primary kinematic process near a given atom. For
example, in a typical organic molecule, each atom has at most four near-
neighbors, compared with a maximum of 12 within a metal lattice. One may
approximate the calculation by including only nearest neighbors in the muitiple
scattering process. This approach has been used successfully in LEED structural
determination of adsorbed molecules in the method called ‘‘near-neighbor

multiple scattering”./86/

3.5.3. Long- vs. short-range order

We address here the question whether LEED samples only long-range order,
as is often stated, rather than short range order, as do most other techniques
described here. This is an important question, because many surfaces will not
take on long-rang order, and this might prevent the application of LEED. We
shall argue that LEED remains applicable. In the case of LEED we should make
the following distinction: on the one hand, there is sensitivity to the long-range
order, determined by the periodic lattice which produces the diffraction beams,
and on the other hand, there is short-range sensitivity to local geometry,
determined by the range of multiple scattering as discussed above. This
distinction becomes clearest in the case of diffuse LEED from disordered surfaces.
Then, the difiracted intensity can be expressed approximately /79/ as the product
of a kinematic structure factor representing the long-range arrangement of the
surface and an effective form factor representing the short-range structure,
including the sampling by multiple scattering in the neighborhood of any atom.

This factorization into structure and form factors is exact in the limit of

dilute identical defects in an otherwise periodic lattice, and only approximate for
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dense defects since multiple scattering between defects is neglected. Such a
“defect” may be a vacancy or a step in an otherwise periodic surface, or a
molecule in an adsorbed layer that has no long range periodicity despite long-
range periodicity in the substrate (a “lattice gas”). The error made in the
approximation mentioned above can be shown to be small in most cases of
interest, since it involves higher-order multiple scattering events, which are
relatively weak, as well as long range multiple-scattering paths, which are also
relatively weak. Therefore, the main contributions to LEED intensities are due
to short-range structure, through the effective form-factor, and to long-range
structure, through the kinematic structure-factor, and these terms can be
separated out.

This factorization into structure- and form-factors can be applied to ordered
surfaces as well (the traditional application of LEED), it then decouples long-
range order from short-range order. It is particularly valuable for large unit
cells, because one may then simply ignore the long-range order, and also the large
number of beams that give rise to very large computational eflorts in the more
exact traditional formalisms (where all beams are considered coupled). This
approach has been implemented and tested in the Beam-Set Neglect method
mentioned previously,/80/ in which most beams are ignored and only selected
sub-sets of beams are included in the calculation. This BSN method has enabled
the study of large adsorbed molecules, e.g. benzene, including cases of several
molecules per unit cell, with a much reduced computational effort compared to
previous methods. In fact, the computational effort in this approach may even be
chosen to be independent of the unit cell size, instead of being proportional to its
second or third power. The same BSN method has also been programmed and

tested for the case of disordered overlayers./79/

3.5.4. Various forms of disorder

Many kinds of disorder are known at surfaces. ‘“Clean, well-ordered”
surfaces present, among others, point defects (impurities, dislocations, etc.) and
line defects {steps, crystallite boundaries, etc.). Surfaces with adsorbates or

reconstruction-induced superlattices can have a variety of additional defects, e.g.
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out-of-phase, rotated or mirrored domains, disordered regions, isolated ad-atoms,
etc. Also, different adsorption geometries can occur at substrate defects and at
domain boundaries. With adsorbed molecules (including adsorbed clusters),
internal degrees of freedom of the molecules can lead to further disorder, e.g.
rotational disorder, while chemical reactions can produce a variety of coadsorbed
species.

Different surface-sensitive techniques respond differently to the various kinds
of disorder. The measurement of LEED beams is unique in largely filtering out
all defects that are unrelated to the superlattice periodicity that defines the
beams. Other techniques (including diffuse LEED) generally include contributions
from all defects, for instance from adsorbates located at undesired steps and
crystallite boundaries. Then only a reduction of the defect concentration can
remove defect contributions from the experimental data. Rotational disorder of
adsorbed molecules does not matter for techniques which measure only bond
lengths, and not bond orientations. Thus, NEXAFS is more sensitive to such
disorder than SEXAFS.

In the presence of a variety of chemical species, one may distinguish between
the species by various means, e.g. by selection of Auger lines in SEXAFS, or
core-levels in ARPEFS, or vibrational frequencies in HREELS.

3.5.5. Layer spacings vs. bond lengths

As mentioned earlier, the electron diffraction techniques under discussion in
this paper divide into two categories, depending on whether they are primarily
sensitive to layer spacings and bond orientations or to bond lengths. The cause
of this difference is the source of the structural information. In SEXAFS and
EAPFS, for example, the structural information comes primarily from step 3 of
the 4-step description, as electrons emitted from the source atom back-scatter
from neighboring atoms. Angle-integrated detection is used, which tends to
remove all directional information from propagation eflects (step 4) and,
therefore, leaves only radial information, mainly bond lengths. By contrast,
angle-resolved techniques, such as LEED and ARPES, emphasize the behavior of

plane waves. In these techniques a lot of the information comes from
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propagation effects (steps 1 and 4 of the 4-step description). These plane waves
carry structural information through the phase of the interference function e*s™
where s is the momentum transfer between two plane waves. Therefore, only the
projection of the atomic position vector r onto the direction of s is relevant, and
this projection can be viewed as a layer spacing. When many beams are involved
and multiple scattering occurs, many values and directions of s are used
simultaneously, such that layer spacings in many orientations are accessible.

This gives sufficient information to completely determine a surface structure.

3.5.6. Bond angles vs. bond directions

We have pointed out two methods to obtain bond angles or bond directions.
One uses the sensitivity of electron multiple scattering, as in LEED and
NEXAF'S, and the other uses variable polarization of of incident photons,
together with selection rules, as in SEXAFS. The first method gives access to
bond angles, i.e. the angle between two inter-atomic bonds. The second method
gives access to bond directions, i.e. the absolute orientation of a bond with
respect to a laboratory coordinate system. The bond angle is the chemically
more relevant quantity, which can only be obtained from the bond direction with
additional information of assumptions. For example, the direction of the bond
between atoms A and B only provides the bond angle between atoms A, B and C

if the bond direction BC is also measured or is known from previous work.

4. THE THEORY OF SURFACE CHEMISTRY AND BONDING

The goal of theoretical surface chemistry is to understand the surface
chemical bond, and from this to be able to describe and predict the properties of
atoms and molecules adsorbed on surfaces. The primary properties of interest
include adsorption sites and geometries, bond lengths and angles, the electronic

structure of adsorbed species, adsorption energies, diffusion energies, and the
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frequencies of vibrational excitations. Other properties that may be derived
relate to reaction pathways, kinetics, rates and selectivities as a function of the
nature of surface on which the reaction proceeds. Significant progress has been
made toward this goal in the last decade using both semiempirical and ab initio
calculational methods.

The basic approach of chemical theory to surface science is to model a
surface with a cluster of a finite number of atoms, with one or more “adsorbate”
atoms or molecules bonded to various sites on the cluster. In parallel with the
chemical theory there is also the solid state physics approach. This starts from
an ‘“‘extended’’ surface surface model, where an array of atoms perfectly periodic
in two dimensions represents both the substrate and any adsorbates. Many
theoretical techniques have been developed for the extended-surface model. We
can only refer the interested reader to the literature/87,88,89,90,91,92,93,94/
and remark that the relative merits of the cluster and extended-surface
approaches are still very much under active debate. It is clear that certain
properties, such as bonding, are very localized in character and are well
represented in a cluster. On the other hand, there are properties that have a
delocalized nature, such as adsorbate-adsorbate interactions and electrostatic
effects, for which an extended surface model is more appropriate.

The cluster approach is, like the extended-surface approach, characterized
by many different calculational schemes. A recent review stresses electronic
aspects of bonding. In this review we have chosen to concentrate on geometric
aspects. We shall discuss a number of major techniques in order of increasing
computational complexity: the extended Hiickel theory, self-consistent Xa
scattered wave calculations, and self-consistent ab initio Hartree-Fock and
valence bond methods. In that order these techniques allow increasing accuracy.
However, the cluster size must decrease simultaneously due to calculational

complexity, ultimately reducing the degree of analogy with surfaces.
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4.1.  The Extended Hiickel Theory and Applications

The most widely used semiempirical quantum chemistry technique for
theoretical chemisorption studies is the Extended Hiickel Theory (EHT). The
method was first proposed by Hoffmann/95/ in its nonrelativistic form, and by
Lohr and Pyykk5/96/ and also Messmer/97/ in its relativistic form, based on the
molecular orbital theory for calculating molecular electronic and geometric
properties. For a cluster the molecular orbitals are expanded as linear

combinations of atomic orbitals

b= 3 GCij ¢5- (20)

j=1

On minimizing the total energy, one obtains a set of secular equations

n

[Ht] —_ GSU] O’J¢J =0 for ] = 1,2,...,'”. (21)
i=1
Here ¢ and j span the n atomic orbitals in the basis set of valence orbitals (core
electrons are neglected) and the coefficients C;; are chosen to diagonalize the
Hamiltonian matrix. The quantity S;; is the overlap integral between orbital ¢
and orbital 7. EHT approximates the off-diagonal matrix elements H;J- by the
Wolfsberg-Helmholz formula/98/

H;; =%K (H; + H;;)5;;, (22)
where the diagonal matrix elements H;; and H ;; are approximated as valence
state ionization potentials (IP) for atomic orbitals on atom ¢ and atom j. The
constant K is commonly taken as 1.75. The total energy is computed as a sum of

one-electron orbital energies

EEHT = 22 fl-. (23)
t
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The EHT total energy differs from the Hartree-Fock total energy Eyp by the
neglect of the nuclear-nuclear repulsion energy Eyy and by the overcounting of

electron-electron repulsion and exchange. The energy difference is

nf2 nf2
Eyp — Egyr =Eny — '21 21 (2J;; ~ K;;)- (24)
i=lj=

Here J;; and K;; are the Coulomb and exchange integrals of the ¢ and j orbital
pairs. The sum in Eq. (24) is usually positive.

EHT has the advantage of being computationally an extremely simple
method and can be applied to large clusters, up to a few hundred atoms.
However, due to the neglect of repulsion terms in Eq. (24), the EHT binding
energies for molecules are over-estimated and bond distances are too short./95/
Unrealistic electron charge transfers have also been found for diatomic molecules
when the difference between the atomic electro-negativities is large./95/
Improvements can be made by calculating the ionization potential self-
consistently/99,100/ or by evaluating the matrix elements more accurately, as is
done in the CNDO method./101/

Here we shall discuss a simple method of incorporating the repulsive energy
terms as suggested by Anderson and Hoffmann./102/ The method is called
Atom-Superposition Electron-Delocalization Molecular Orbital (ASED-MO)
theory. It uses the fact that the cluster binding energy can be expressed exactly
as the sum of pairwise repulsive energies Ey, due to rigid atom superposition, and

attractive electron delocalization energies Ej,./103/
Epsgp-mo = Er + Ep (25)

It has been shown/103/ that Ej, can be approximated by a one-electron

molecular orbital energy Eyp:

Essgp-mo =Ep + Eyo (26)
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E}y0 is obtained using Eq. (21) with matrix elements

H,= —IP, (27)

n

—0.13R

Y 55 (28)
Here K = 2.5 has been used in obtaining H;;. An exponential damping factor
depending on the inter-atomic distance R;; is introduced which often improves
the results. Ep is given as the Coulomb interaction between the nucleus of one
atom (usually the more electronegative atom) and the nuclear and electronic
charges of the other. It has been shown that the simulation of two-body
interactions in this way appreciably improves the calculated molecular binding
energies and bond lengths./103/

There is a vast literature on the application of EHT to surface chemistry
using model clusters. There are also recent reviews on this subject./104,105/ We
shall discuss next specific examples relevant to chemisorption of molecules on
metal surfaces for illustrative purposes.

Our first example is the widely discussed problem of CO chemisorption on
transition metal surfaces. Ray and Anderson/106/ investigated CO
chemisorption on a Pt (111) surface using the ASED-MO theory. In their work,
Pt, and Pt,, clusters were used to model the Pt (111) surface. The bulk Pt-P¢
bond distance was used and other theoretical parameters are reproduced in Table
II. The calculated Pt-Pt and C-O bond distances and harmonic force constants
are within 8% of experimental values for isolated Pt, and CO. The results for
dissociation energies are less satisfactory: 94.08 and 116 kcal/mole in comparison
with experimental values of 84.5 and 256 kcal/mole, respectively.

The calculated binding energy for CO adsorbed on Pty and Pt,q is largest for
the 1-fold coordinated site (‘‘top-site’), indicating a definite preference for the 1-
fold site. With the 3-fold coordinated site (““hollow-site™), there is a small
preference for the 3-fold site which has a vacancy in the second metal layer,
corresponding to the fcc hollow site of the (111) surface. The binding energies for
2-fold (bridging) and 3-fold sites are similar and the former is favored on the

larger cluster. These results are supported by experiment. High-resolution
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electron energy loss spectroscopy (HREELS) obtained by Froitzheim et al./107/
for CO adsorbed on the Pt (111) surface indicates sequential occupation of two
binding sites with increasing coverage of CO: the 1-fold site is occupied first at
lower coverages, and at higher coverages the two-fold sites are also occupied by
CO./108/ Infrared reflectance-absorption spectroscopy (IRAS),/109/ XPS and
work function measurements/110/ also support these results. In addition the
experimental adsorption energy derived from molecular beam experiments (1.52
eV)/111/ is in good agreement with the theoretical value of 1.66 ¢V. Both the
calculated and measured force constants/111/ indicate a weakening of the C-O
bond relative to gas-phase CO when adsorbed in the 1-fold site. This can be
explained by charge transfer from the sd band of Pt to the two antibonding 7"

Table II. Extended Hickel Parameters for CO-Pt

orbital atom n 1P(ev) ¢ C
$ Pt 6 9.0 2.55 -
o 2 28.48 2.246 -
C 2 20.00 1.658 -
p Pt 6 4.96 2.25 -
O 2 13.62 2.227 -
C 2 11.26 1.618 -
d Pt 5 9.6 2.39 6.013
0.5715
0.6567

Here n = principal quantum number, IP = ionization potential, ¢ =
orbital exponent and C = d-orbital coefficient. To mimic self-
consistency in adsorption studies Pt ionization potentials are in-
creased by 1.5 eV, O and C ionization potentials are decreased by 1.5
eV, and O exponents are decreased by 0.1 eV.
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CO orbitals. The calculated bond stretch is 0.07 A. On going to the 2-fold and
3-fold adsorption sites, the C-O force constant is progressively weakened and the
C-O bond lengthened.

The interaction of adsorbed CO and adsorbed oxygen has also been studied
to estimate the energy of activation for the oxidation of CO on Pt (111) surface.
Two mechanisms have been proposed: the Langmuir-Hinshelwood mechanism
and the Eley-Rideal mechanism. In the Langmuir-Hinshelwood mechanism, the
associatively adsorbed CO interacts with adsorbed oxygen. The activation
energy for oxidation is calculated as 1.6 eV for the transition state geometry.
This is in reasonable agreement with experimental results of 1 eV./111/ In the
Eley-Rideal mechanism, the CO molecule dissociates on the surface and only then
interacts with the adsorbed oxygen atoms. The calculated barrier to CO,
formation is 1 eV greater than that in the Langmuir-Hinshelwood case. Both the
experimental evidence and the theoretical results favor the Langmuir-
Hinshelwood mechanism.

The chemisorption of hydrocarbon molecules on surfaces presents another
class of important and interesting systems for study. We shall discuss the casc of
acetylene chemisorption on the Ni (111), Rh (111) and Pt (111) surfaces, as they
incorporate many features relevant to all hydrocarbon chemisorption systems.

Gavezzotti et al./112,113/ have applied EHT to predict the chemisorption
binding energies of acetylene and a number of organic fragments such as CH,
CCH,, CCH; and HCCH on the Ni (111), Rh (111), and Pt (111) surfaces. The
metal surface was modeled by a four-atom cluster, and the acetylene bond
lengths were held constant, although the C-C-H bond angle was allowed to vary.
The bond length was 1.2 A for C-C and 1.06 A for C-H. They found the behavior
of acetylene chemisorbed on these different metals to be similar. Ni, Rh and Pt
catalyze the rearrangement of adsorbed acetylene to vinylidene ( >C=C<l§l ),
and Ni was also found to catalyze the reverse reaction. However, Ni was found to
be the best catalyst for carbon-carbon bond breaking in acetylene. Moreover,
adsorbate-adsorbate interactions force the acetylene molecule to tilt out of the
plane parallel to the surface on Ni (100), as shown in Figure 3.

Anderson and Hubbard/114/ also performed an ASED-MO calculation for
acetylene chemisorbed on the Pt (111) surface. Various adsorption sites were

considered in this calculation. The hollow site with the C-C axis parallel to the
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(v

Ni (I00)+ c(2x2) CoHp

Fig. 8. Perspective view of acetylene over a hollow site of Ni(100), represent-
ed by four Ni atoms. The C-Ni bonds are drawn to indicate geometrical relation-

ships only, not the bonding character.
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sides of the Pt4 triangle was definitely preferred, in agreement with the HREELS
analysis of Ibach and Lehwald,/115/ (see Figure 4). In most sites the C-H bond
axes rotated away from the surface by about 55° and the C-C bond lengthened
by about 0.3 A relative to the gas-phase. This is in agreement with the bending
results of Gavezzotti et al./112/ as well as the HREELS estimates of 60 ° and
0.24 A for these quantities.

A very stable species found on several metal surfaces, including Pt(111), is
ethylidyne, CCH,;. ASED-MO calculations agree that the CCHj species does take
on the structure deduced from LEED analysis, namely the C-C axis is
perpendicular to the surface, with one carbon bonded equally to three metal
atoms. The LEED estimates of a 2.0 A Pt-C distance and a 1.50 A C-C distance
agree well with the calculated values of 2.0 A and 1.55 A (see Figure 5).
Ethylidyne is produced either with acetylene co-adsorbed with H, or with
ethylene adsorption, both of which are unstable relative to ethylidyne.
Structures of CCH, and CHCH, have also been calculated and were found to be
less stable than acetylene and CCH,; when chemisorbed on Pt (111).

We conclude this section with the observation that the extended Hiickel
method can produce results in good agreement with experiments when used with

caution and appropriate parameter searching procedures.

4.2. The SCF Xa Scattered Wave Method

The self-consistent-field- X a-Scattered Wave (SCF-Xa-SW) method was
developed by Johnson/116/ to calculate electronic energy levels and
eigenfunctions for polyatomic molecules and solids. In this scheme, the electronic
wave functions are solved by a multiple-scattering method, equivalent to the
Korringa-Kohn-Rostoker/117,118/ (KKR) method used for energy band
calculations. The method has also been adapted to the calculation of magnetic
problems, by use of a spin-polarized formalism,/119/ and to the case of clusters
containing heavy elements, by the use of a relativistic formalism./120/ This
method has been used quite successfully in correlating the electronic structure of

chemisorption systems with the observed experimental photoemission spectrum
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Metastable acetylene on Pt(il1)

Fig. 4. The structure of acetylene on Pt(111} as determined from HREELS
data. The lines between atoms are drawn to indicate geometrical relationships

only, not the bonding character.
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Pt (II1) + ethylidyne

Fig. 5. The adsorption geometry of ethylidyne on Pt(111) as determined by
LEED intensity analysts.
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assuming known adsorbate binding geometries. It has been less successful in

obtaining the adsorption binding energies via total energy calculations.

4.3, SCF-Xa-SW Calculations

The SCF-Xa-SW method makes the following major assumptions. First one
replaces the nonlocal Hartree-Fock exchange potential with the Xo local
exchange potential that corresponds to the average exchange potential of a free

electron gas. The exchange potential is related to the local electronic density by

Viga(r) = ~6ar-2-p!(r) (29)

The value of a varies between 2/3 ( the Kohn-Sham potential)/121/ and 1
(the Slater potential)./122/ Different methods for determining the value of «
have been proposed. Usually the value of & for an isolated atom is determined by
requiring that the total energy, using the statistical approximation, should equal
the precise Hartree-Fock energy/123/ or the experimental value. The latter
takes into account the atomic correlation energy in a phenomenological way. In a
molecule or cluster o values are usually chosen in one of two ways. The values of
a characteristic of the various atoms may be used within each atomic core, and
an average may be used in the region between atoms; alternatively, one may set
the parameter & to a universal value in all regions. /124/ Using the statistical
approximation, no Slater determinant is required for the electronic wave

functions. Instead, we have a one electron equation
[=V2 + V(r)] ¥(r) = E ¢¥(r) (30)

where V(r) = V, (r) + Vy,(r) and V, is the Coulomb potential. Once the
eigenvalues and eigenfunctions for this problem are determined, one assumes that
the orbitals of the lowest energy are occupied up to a Fermi level. From the
resulting charge densities, one may compute the total energy of the cluster, using

the statistical approximation for the exchange-correlation energy.
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The second assumption of the SCF-Xa-SW method is the introduction of
“muffin-tin”’ approximation to the potential. Each atom j in the cluster is
represented by a sphere of radius b; where the inside of these spheres constitutes
the so-called region I. The potential Vi(r) in each sphere is spherically
symmetric and nonoverlapping in the original SCF-Xa-SW method. Later,
overlapping spheres were introduced to improve the results of total energy
calculations./124/ The entire cluster is then surrounded by a sphere of radius b,
which is the smallest sphere containing all the atomic spheres of region I. The
outside of this large sphere defines the region III, in which the potential V(r) is
also taken to be spherically symmetric. The space between the small spheres of
region I and within the large sphere of region III defines the so-called region II.
Within region II, the potential is taken as a constant V, which is the volume
average of Vj(r) in region II. Assuming that the position of the nucleus of the
Jth atom is at R, (7 = 1,2, - - - ,N) and the center of the outer sphere is at R,
then:

Vi(r;) region [; ri=Ir—R;| <b;
V(r) = 1% region II; (31)
Vve(r,) regionlll, r,=|r—R,| >,

The self-consistent field calculation requires that as a first approximation V; be
calculated for each atom j with its associated atomic electron density. The total

potential V is then obtained as a superposition of the atomic potentials:

V)= 3 Vi(r)) (32)

i=1

Next the total potential is made spherically symmetric within each atomic sphere

and in region IlI. The constant potential V in region II is obtained by

V=, nf V(r)dr (33)

where §; is the volume of the interatomic region. It should be noticed that the
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potential in each atomic region includes not only the contribution of the atom
located at its center but also the spherically averaged contribution from all other
atoms.

After constructing the Xa potentials in each region, the one-electron
Schrddinger equation can be solved by matching together separate solutions in
regions I, Il and I1I, just as in the KIKR method for crystals. The wave matching
conditions lead to a determanental equation, which can be solved only for certain
values of E, the eigenvalues. The corresponding wave-functions yield a new
electron density, from which the procedure can be iterated.

We will now discuss the advantages and disadvantages of the SCF-Xa-
Scattered Wave method. The ab tnitio approach is the major advantage of this
method, while it has the flexibility of semi-empirical methods through the
incorporation of adjustable parameters such as o and the muffin tin radii. It also
need not treat the core and valence electrons separately: both are handled as
parts of the same calculation. On the other hand, the unrealistic “muffin-tin”
approximation is disadvantageous in that the bonding between atoms in the
constant potential region is overestimated./125,126/ This results in unreliable
total energy values. Although overlapping atomic spheres/127/ and non muffin-
tin corrections/128/ have been introduced to compensate for this problem, such
corrections increase the computational work considerably.

This shortcoming is avoided in the Hartree-Fock-Slater method by removing
the muffin-tin approximation./128/ This will be discussed in section 4.5. The
SCF-Xa-SW method has nevertheless been able to score successes in the
determination of surface structures. This success comes from the sensitivity of
the calculated surface density of states (DOS) to the surface geometry. It is true
that the orbital energies obtained by the SCF-Xa-SW method contain unwanted
self-interaction energies and are different from the HF orbital energies./129/
However, by using Slater’s transition-state theory,/128/ which assumes that %
electron is in the initial-state orbital and % electron is in the final-state orbital,
one obtains good Xa orbital energies, since the self-interaction terms partially
cancel, and most of the relaxation energy is included. In this way good
agreement between the calculated DOS with a given adsorbate geometry and the
experimental photoemission spectra is often obtained, so that the most favorable

adsorbate geometry may be determined. However, the interpretation of
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experimental photoemission spectra presents its own complications, which can
induce uncertainties in structural determinations. We shall discuss recent

applications of this method in the next section.

44. Results of the Xa-Method

Determination of the adsorbate bonding geometries for CO chemisorbed on
the Cu (100) surface provides an interesting example of the Xa-SW method.
This example illustrates the problems of interpreting photoemission spectra, since
the location of CO on Cu(100) is found to be on a top-site by LEED, while Xa-
SW calculations either favor a 4-fold hollow site or are inconclusive. Yu/130/
has carried out calculations for CuCO and Cu;CO clusters with CO bonded to
the Cu surface through the carbon atom. In CuCO the CO molecule was put
directly on top of a Cu atom and in CuzCO it was located in the four-fold
coordinated hollow site, simulating CO adsorbed perpendicular to the (100)
surface. The calculated valence density of states for the four-fold adsorption site
gives a satisfactory interpretation of the two main peaks observed below the
copper d-band in the UV photoemission spectrum (UPS)./131/ An observed weak
third peak can be correlated with a minority of CO molecules adsorbed directly
on top of a copper atom.

Messmer and Lamson later calculated core and valence photoemission
spectra using the Xa-SW method and offered another explanation for the CO-Cu
(100) UV photoemission spectra./132/ They pointed out that, in addition to the
main photoionization transitions, the outgoing electron can also excite valence
electrons. Assuming that a Cug cluster with CO bonded in a four-fold
coordinated hollow-site models the Cu (100) surface, they obtained theoretical
DOS to compare with the experimental UPS of Norton et al.133

The experimental spectrum was resolved into four peaks. Two of these are
assigned to three shake-up transitions labeled 17, 40, and 50, arising from a

hole in each of the 17, 50, and 40 orbitals. A third peak is assigned to the 17 and
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50 ionizations and the fourth peak to the 40 transition. Messmer and Lamson
conclude that CO adsorption in the four-fold symmetric hollow site is sufficient
to explain the observed UPS data.

A theoretical interpretation of the core-level satellite structure in the x-ray
photoemission spectrum was also offered by Messmer et al./134/ using a larger
CuyCO cluster and assuming the chemisorption of CO in the one-fold and four-
fold sites of the Cu (100) surface. The qualitative differences in the intensity
distributions suggest that the CugCO cluster is a better model than the smaller
CuzCO cluster for the Cu (100) surface.

A three-peak structure of the carbon 1s x-ray photoemission spectrum for
CO chemisorbed on Cu (100) is obtained experimentally. The structure is from
the photoionization of a carbon 1s electron, where three final ion states with
roughly the same energies but different degrees of hole screening are excited.
These differences in hole-screening lead to the observed differences in the carbon
1s binding energies.

A molecular orbital study using the Xa-SW method suggests that the first
peak in the experimental XPS data arises from a transition between the ground
state of the neutral chemisorption system and a final state in which a core hole in
the CO molecule is created, together with the transfer of an electron from Cu to
the 27;-orbital of the chemisorption system. The other two peaks are caused by
shake-up excitations from this core-hole-ion ground state. One of these two
peaks can be viewed as a transition from this ground state ion to an excited-state
ion via an excitation of electron from the 27,-orbital to the higher energy 27,-
orbital. The other peak is described as a one-electron excitation from the 17’
level to the 27 level. Unfortunately the core level shake-up spectra calculated for
the 1-fold and 4-fold sites are qualitatively very similar, and this rules out a
definite conclusion regarding the CO binding site on the Cu (100) surfaces.

Another way of making geometric structural determinations with Xo-SW
calculations is to compare the adsorbate photoemission energy level shifts with
theoretical level shifts obtained with the assumed binding geometries. An
example is the adsorption of ethylene (C,H,) on Ni (111).

In the so-called m~bonded model, the C,H, molecule lies flat on the surface

and a o-bond is formed by the overlap of the Ni d,, orbital and the C;Hy bs,(m)-
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orbital, which donates charge to the nickel atoms. The “mback-bonding’’ refers
to charge transfer from the Ni d,, ,-orbitals into the unoccupied C,H, b2y(7r)'-
orbital. UPS spectra show an ethylene derived m-level with a bonding shift of 0.9
¢V for adsorption on Ni (111), in addition to a relatively uniform relaxation shift
for both the 7 and o-type orbitals./135/ The Xa-SW calculation of R8sch and
Rhodin/136/ for the Niy(C,H,) cluster gave a 0.72 eV bonding shift for the

C,H, by, () orbital of the mbonded complex and a 0.30 eV shift in the di-o-
bonded complex.

Howard and Dresselhaus later did calculations for the m-bonded model using
a Ni;, cluster and found that the level structure as a whole exhibits slow
oscillations in energy from iteration to iteration./137/ An accurate level shift
cannot be determined without artificially shifting and aligning the calculated
Fermi energy with the experimental one for the chemisorption system. The
resulting level structure can explain the reported activation energy difference for
ethylene hydrogenation on paramagnetic and ferromagnetic nickel. It is due to
shifts in the Ni spd levels relative to the ethylene by, (7) bonding orbital level,
via an exchange splitting of ~ 0.1 €V.

Finally we discuss the case of CO bonding to a platinum (100) surface using
the relativistic version of the Xa-SW method./138/ Adsorption in the top, bridge
and four-fold hollow sites with the carbon atom bonded to the metal were
examined for PtCO, Pt,CO and Pt;CO clusters, respectively. In general, the s-
band in the transition metals hybridizes with the d-band and at the same time
participates in bonding with an adsorbate. However, its hybridization with the
d-band is sufficiently weak so the general appearance of the latter remains intact.
When relativistic spin-orbit coupling is included the d-band splits into
d3/y and dgjy components. Strong dgso-ds/p hybridization is observed only for
the sp or spd orbitals, which are largely responsible for bonding among the Pt
atoms. Upon addition of the CO molecule, the metal bands undergo different
changes in each model cluster. In all cases, the s-band which overlaps the d-
band, and which participates in bonding as well as back-bonding with CO, is
partially depleted in the d-band region. The orbitals responsible for bonding
between CO and Pt clusters are the 50 and 27" in the generally accepted bonding
picture of 50 donation and 21" back-donation. The energy position of the 50-

orbital with respect to the centroid of the d-band remains fixed for all three
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clusters. In all cases the C-Pt bond involves at least one antibonding orbital. In
the Pt;CO cluster, but not the other two, one of these antibonding orbitals 1s
occupied. Thus, qualitatively, we expect the four-fold site to have the lowest
binding energy among the three sites considered for CO-Pt (100). This prediction
is confirmed by HREELS observations.

In the two previous sections, we have discussed the use of the basic SCF-
Xo-SW method. The advantage of this method is its computational efficiency
relative to other ab initio methods which allows larger clusters to be handled.
The disadvantage is the inadequacy of the “muffin-tin” approximation for
systems with low symmetry or open structure, which renders the determination
of orbital energies and total binding energies unreliable. In the following section
we shall describe an improved method which relaxes the “muffin-tin”

approximation and is potentially valuable in adsorbate structure determination.

4.5.  The Hartree-Fock-Slater Method and its Applications

In the Hartree-Fock-Slater (HFS) method, one solves the Xa one-electron
equation (Eq. {21)) directly without using the muffin-tin approximation. Various
approaches can be taken. The scheme called discrete variational linear
combinations of atomic orbitals (DV-LCAO) uses Slater type orbitals (STO) as
variational basis functions./139/ The charge density required to calculate
V., and Vy, is cast into a STO-based multipolar form by applying a fitting
procedure to each product of orbital pairs. Highly accurate results can be
obtained, but the large basis sets are only treated with difficulty. Alternatively,
the discrete variation self-consistent charge (DV-SCC}) scheme uses numerical
atomic-like wave functions as variational basis functions./140/ Since these
numerical basis functions can be chosen to form a computationally highly
efficient contracted basis set, larger clusters may be treated. To facilitate the
calculations, a shape approximation to the charge density is obtained through a

Mulliken population analysis/141,142/ of the cluster eigenvectors which leads to
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spherically overlapping charge densities and Coulomb potentials. Generally DV-
SCC results are found to be of intermediate quality, between Xo-SW and full
potential DV-LCAO results.

An example of such an application is the calculation of molecular ionization
energies for oxygen chemisorbed on Ni (100) surfaces using the DV-SCC method.
A NigO cluster was used to model chemisorbed oxygen in the ¢(2x2) configuration
in four-fold symmetric hollow sites on the Ni (100) surface. The vertical distance
of the oxygen atom to surface plane is taken as 1.7 a.u., a height near that
inferred from LEED data. All 148 electrons of NigO were explicitly treated with
o = 0.7 and basis sets including the 4s and 4p nickel states. At this height the
oxygen valence levels ( o and 7 type) are strongly perturbed by mixing with the
metal 3d, 4s, and 4p orbitals of @, and e symmetry. The 12¢ orbital of the Ni;O
cluster, which has a dominant oxygen 2p character, was found to have a binding
energy of 10.8 eV. The UPS spectra of Eastman and Cashion/143/ and the ion
neutralization spectra of Hagstrum and Becker/144/ for oxygen on Ni (100) show
a broad peak ( ~ 2 eV wide) centered 5.5 - 6.0 eV below the Fermi energy. This
corresponds well to the calculated oxygen 2p level. In addition, some high lying
(4.7 eV above the Fermi energy) antibonding levels can be correlated directly
with the HREEL spectrum obtained by Andersson./145,146/

Rosén et al./147/ and Ellis et al. /148/ have carried out calculations using
the DV-LCAO method for CO chemisorbed on the Ni (100) surface at various
binding sites. They used NiCO and NizCO clusters for the top site configuration,
a Ni,CO cluster for the bridge bonding configuration and a second NigCO cluster
for the four-fold hollow site configuration. The experimental HREELS
measurements of Andersson for ¢(2x2) CO on Ni (100) show two vibrational
losses, which are assigned to the Ni-C and C-O stretch vibrations of CO linearly
bonded to nickel atoms (top-sites)./145,146/ At low coverage, Andersson also
found vibrational excitations assigned to CO bridge bonded to two surface nickel
atoms.

Total energy calculations of sufficient precision would be able to determine
the energetically favorable adsorption site. Such calculations are still much more
difficult than the calculation of orbital energy levels and vibrational frequencies.
Values of the Ni-Ni bond distance were chosen to correspond to the bulk crystal
structure. In the DV-LCAO calculations the C-O and C-Ni bond distances were
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taken from known nickel-carbony! bond distances./149/ The results showed that
one-electron binding energies in these clusters are relatively insensitive to the site
geometry. The comparison between the theoretical and experimental stretching
frequencies for chemisorbed CO did not provide firm evidence for one specific
chemisorption site. However, the theoretical results are sensitive to geometrical
factors such as the Ni-C and C-O bond distances, and the possible variation of
the CO molecular axis from the surface normal. Several LEED results confirm
the HREELS observation of top sites without tilting, and support the bond
lengths assumed in the DV-LCAO calculations. In addition, a comparison of
experimental angle-resolved UPS measurements /150/ with theoretical
calculations/151/ showed that CO is chemisorbed with its molecular axis normal
to the surface within 5°. A tilted molecule would give a split m level. However,
this splitting is estimated to be quite small./151/

The chemisorption of chalcogen atoms on Ni surfaces has been investigated
by many techniques (see Table VI). As a result of LEED and other studies the
geometrical structure of chalcogens chemisorbed on nickel surfaces is well
established. Chalcogen atoms generally adsorb in the site with maximum
coordination on close packed nickel surfaces; 4-fold coordinated on the (100) and
(110) surfaces, and 3-fold coordinated on the (111) surface. Recently Cao et
al./152/ carried out DV-LCAO calculations investigating the spectroscopic and
bonding properties of S, Se and Te atoms chemisorbed on Ni (100), (110) and
(111) surfaces. The model clusters they used were NigS and NigS, for Ni (100},
Ni;S for Ni (110) and Ni;S for Ni (111) corresponding to the binding sites found
by LEED. Their calculations of the variation of adsorbate energy levels with
adatom spacing above the metal surface are in good agreement with the results of
the LEED structural analyses.

Finally, we conclude this section by drawing attention to the recent
development of total energy calculations within the X approximation. A total
energy algorithm specially implemented for calculating small energy differences in
large systems has been developed by Ziegler for chemisorption studies./153/ Ellis
et al. also developed a method within the HFS approximation to handle this

problem and the results for a series of clean copper clusters, namely Cu,, Cuy,
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Cu,; and Cu,yg are very encouraging. Direct binding site determination via
accurate total energy calculations for clusters of sufficient sizes is likely to play a

more important role in the near future.

4.6. The ab initio Quantum Chemical Calculation

In the previous two sections we have discussed the semiempirical extended
Hiickel theory and the SCF-Xa-SW method. We have detailed the advantages
and disadvantages of these methods for surface structure determination.
However, there exists a vast literature of ab initio quantum chemical methods
which are described in terms of either the molecular orbital (MO) or valence bond
(VB) schemes for determining the electronic and geometric structure of
molecules. The application of these methods to surface problems has advanced
rapidly in recent years, as we shall discuss in this section.

The most commonly used ab initio method is the self-consistent field
Hartree-Fock (SCF-HF) scheme with or without configuration interaction (CI).
In the Hartree-Fock method, the wave function for a closed shell singlet state has

the antisymmetrized form

V; = A($,a¢, 06,0850 - - - $,04,5) (34)

with each orbital appearing twice for the two spin states o and 8. The equation

satisfied by the one-electron orbital ¢, is written as

lheg + 33 (2J; — K)] ¢ = €;9; (35)

Here h,g contains the kinetic energy operator and the electron-nucleus attraction
interaction. J; and K; are the usual Coulomb and exchange operators. Eq. (35)
can be solved by a self-consistent iteration procedure within the LCAO
approximation. Filling these molecular orbitals up to the Fermi energy gives the
ground state electronic configuration for the system. For open-shell systems

when a few determinants of the form of Eq. {34) are combined, the resulting one-
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electron equations can be solved using the multiconfiguration SCF (MCSCF)
method. The SCF-HF results neglect electron-electron correlation effects. The
configuration interaction includes these effects by formulating a

multiconfiguration electron state as

V=Y et (36)

where the ¢;’s are coefficients to be determined variationally.

Numerous studies have applied SCF-HF, MCSCF and SCF-HF-CI methods
to surface problems./154,155,156,157,158,159,160,161,162,163/ One
particularly interesting example is an explanation of the origin of the coverage-
dependent vibrational frequency shift for oxygen on Ni (100). Bauschlicher and
Bagus have carried out SCF studies for the Niy;O and NiysOp clusters to model
the p(2x2) and c¢(2x2) structures of O on Ni (100), respectively./164/ The cluster
contains a four-atom by four-atom square top layer and a three-atom by three-
atom second layer. Four oxygen atoms are located in hollow sites for the (2x2)
arrangement and a fifth centered atom is added for the ¢(2x2) arrangement. The
spacing between the oxygen atoms and the first Ni layer is varied. For the
Niy504 cluster, the four atoms placed at the outer four-fold sites are given an
equilibrium spacing determined from Niy;O calculations where only one oxygen is
present, centered on the square top layer. The spacing of the central atom is
then allowed to vary.

The Ni atoms are treated as one-electron systems in which the effects of the
Ar-like core and the nine 3d electrons are replaced by a modified effective
potential (MEP) as suggested by Melius et al./165/ A contracted gaussian basis
set is used for Ni, which includes two functions to describe the 4s and one to
describe the 4p atomic orbitals. Since a previous study/159/ found the O-Ni
spacing and the vibrational frequency w, insensitive to correlations in this open-
shell system, the authors have adopted the SCF calculation scheme. To check
the approximation of treating the Ni atoms as a one-electron system, they
performed both the MEP and an all electron SCF calculation for the Ni;O
cluster. They found that the MEP spacing is 0.37 A or 35% smaller than the

all-electron value; the MEP w, value is 90 cm™! or 24% smaller. Since the 3d
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orbital extends into the valence region where the 4s electron density is
substantial, a correction needs to be added to the MEP calculation to take the 3d
penetration into account. This was done phenomenologically by replacing the
core charge of +1 by a distance-dependent Z,5(R). When this correction is
included, the resulting spacing and w, values are in good agreement with the
all-electron values. They found that for Niy;O, the spacing is 0.83 A and for
NigsOs it is 0.72 A. The w, values are 400 and 315 cm™!, respectively./166/ The
w, values measured in HREELS experiments are 430 and 310 cm ™ for p(2x2)-
Ni(100)-O and ¢(2x2)-Ni (100)-O. The spacings obtained from EXAFS
experiments are 0.86:0.07 A for both p(2x2)-Ni (100)-O and c(2x2)-Ni (100)-
0./167/ LEED analyses have yielded a spacing of 0.940.1 A for both
coverages./168,169/ These calculations do not support the possibility of having
two states, i.e., an O radical state for p(2x2) and an oxide state for ¢(2x2)
coverages. The two states were previously suggested by Upton and
Goddard/170,171/ as an explanation for the two different Ni-O vibration
frequencies.

Another interesting example of MCSCF calculation is the determination of
the oxygen binding site on Si (100). Batra et al performed this work for a few
model clusters for oxygen chemisorbed at one, two and four-fold coordinated sites
on SigHg, SigH;», and Si;Hy clusters./172/

They attempted to resolve the controversy regarding the dissociative
chemisorption of oxygen on semiconductor surfaces. The energy-minimized
geometries and absolute binding encrgies are listed in Table III. Since the binding
energy of O, is 2.6 eV per oxygen, dissociative chemisorption is found to be
energetically favorable and is exothermic by 3 eV. Moreover, the two-fold bridge
site is calculated to be more stable than the one-fold top and four-fold hollow
sites. The calculated interatomic distance for the on-top site, 1.64 A, is in good
agreement with the value obtained by Goddard et al., of 1.69 A./173,174/ Since
the treatment of correlation effects in MCSCF is limited, the dissociation energies
are expected to increase when a more accurate configuration interaction
calculation is performed.

Comparing the calculated vibrational frequencies with the HREELS
data/175/ also yields a reasonable interpretation. For Si (100) at low O,

exposures at 700 K, two major EELS peaks were reported, one at 1060 cm™! and
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Table III. Oxygen on Si(100)

coordination 1-fold 2-fold 4-fold
model cluster Si;HgO SigH,;,0 Si,H;0
spacing (A) 1.64 0.06 0.96
bond length (A) 1.64 1.92 2.88
energy (eV) 3.81 4.28 0.27
w, (em™1) 866 288 106

All silicon atoms which are not involved in Si-O bonding are 4-
fold coordinated, with all dangling (non Si-Si) bonds taken up by
Si-H bonds.

the second at 866 cm™!. A third low intensity peak is at 370 cm™. The authors
assigned the high-frequency peak to the top-site and the lower frequency 866
em™! peak to the bridge site. The third low intensity peak can be associated with
adsorbed O, or O atoms in an initial or intermediate stage of oxidation of Si to
form SiO,.

While the above mentioned ab initio calculations produced good results for
surface structure determinations, their computational cost is often high. In most
formulations, the cost arises from the large number of two-electron integrals to
be evaluated. The number of integrals increases as n? for n basis functions, so
that computations become lengthy when large basis sets are required to achieve
accuracy. This places practical restrictions on the applicability of ab initio
techniques. One possible simplifying approach is to consider exact evaluations of
certain important integrals in the n? list and to approximate the remainder.
This idea was first applied to molecular problems by Whitten./176/ He

introduced the notation
1
<gi(1)g1) | "_12 | 9(2)9/(2)> = [445 | $u) (37)

for electron repulsion integrals where g denotes an arbitrary basis function. He

then showed that
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I[85 1 u] — [ 1 811 <6 (38)
where

S=¢; € +e K +e K (39)

€n =[O = b0 | b — 8,/ a0d K, = [, | 6], m =1a,b (40)

Here ¢;; = g;g; and ¢y = g,g; are used to approximate the electron densities

¢;; and ¢,/ The attractiveness of this approach is due to the simple structure of
the error bound & which can be calculated separately for the pair of densities

¢,; and ¢y, yielding a number of integrals proportional to n2. One can then
obtain the approximated density by minimizing é with respect to all parameters
in ¢;; and ¢;;. This method is called the error bound method. Its results have
been shown to be quite successful in many cases.

In addition to the error bound method to approximate two-electron
integrals, Whitten and Pakkanen also proposed a new embedding theory to
increase the cluster size that could be used for chemisorption studies./177/ Let us
assume that molecular adsorption is taking place at a chosen site of well-defined
geometry. Let the adsorbate be characterized by a set of orbitals {¢fi} with
energies {€f'} and let the metal substrate be characterized by another set of
orbitals {¢;} with eigenvalues {¢;}. For large metal clusters, the number of
orbitals in {¢;} is very large and the energy levels {¢;} are densely spaced.
Whitten and Pakkanen proposed a so-called ‘‘localization’ scheme in which the
interaction of the adsorbate levels with the large number of metal levels can be
described by those orbitals for which the interaction | <@g | Hp| ¢> ) is large.
A unitary transformation can be introduced such that | <éf | Hyy| 8> is
maximized. This procedure yields one set of functions which physically represent
orbitals localized on the designated surface atoms, bonds between these atoms, as
well as bonds linking the designated atoms with the remainder of the cluster. A
second set of functions consists of so-called interior orbitals. They are treated as

an invariant core in each configuration for the step of the configuration
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interaction. Thus, for an n-electron chemisorption system the interior orbitals
contribute a fixed Coulomb and exchange field acting on the n electrons included
explicitly.

The application of the error bound method and the embedding theory may
be illustrated by a SCF-HF-CI calculation for Hy on Ti (0001)./178/ It was found
by this method that dissociative adsorption of H, occurs for the Ti H,, TigH,
and TiggH, clusters. The top, bridge and three-fold hollow sites were considered.
H, was allowed to approach the surface with its axis parallel and perpendicular to
the surface plane and the H-H bond was also allowed to stretch. The authors
found that dissociative chemisorption occurs and the most stable adsorption
geometry is in the 3-fold symmetric site with H spaced 1.3 A above the surface.
Adsorption of two hydrogens in adjacent 3-fold sites (about 1.5 A apart) is less
stable than in next-nearest 3-fold sites or more distant sites. The calculated
adsorption energy of 45 keal/mol for TizgH, compares favorably with experiment
(the adsorption geometry is otherwise not known, but by analogy with Ni (111),
3-fold hollow sites are likely). The chemical bond involves mainly the 4s
electrons of the metal interacting with the hydrogen and a polarized substrate
electron distribution, but d-electron bonding and correlation significantly increase
the binding energy. The binding energies calculated for the smaller clusters are
in most cases a few tenths of an eV larger than those calculated for the larger
clusters. Similar calculations have also been carried out by Madhaven and
Whitten for the chemisorption of Hy on Cu (100) using a CusgH, cluster./179/
They found that H, dissociative chemisorption is activated in that case. The H,
binding energies are in the range of 13-22 kcal/mol. The activation barrier is
about 35-40 kcal/mol due to the repulsion of molecular Hy by the surface and the
difficulty of stretching H, at a significant distance above the surface. It was also
concluded from these calculations that the effect of the 3d-electrons, either in
terms of direct 3d-4d mixing or in terms of 3d-4s promotion is unlikely to assist
the dissociation of Hy on the Cu surface.

Finally we discuss the Generalized Valence Bond {GVB) method as proposed
by Hunt, Hay and Goddard./180,181,182/ This is a method aimed at improving
some of the HF procedures, for instance to obtain the correct dissociation limit,

and to partially include correlation effects. The basic idea is that the ¢;a¢;8 type
of orbitals in Eq. (34) be replaced by
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¢iaa¢ib/67 (41)

such that each spin can have a different spatial orbital ¢;, or ¢;;, instead of

having the same spatial orbital ¢; for both spins. This yields the wave function

"b,‘ =A(¢laa¢lbﬂ¢2aa¢2bﬂ o ¢Naa¢Nbﬂ)

= ($12%1692:%2 * * * PNaPNsX) (42)

where x is a general N-electron spin function and the orbitals ¢;, and ¢;, are
solved for self-consistently. The dependence of the energy upon the orbital pair ¢

has the form
E=E;+ [1;<éyi| 2heg + J15| 615> + [oi<&gi | 2hey + Jo;| 65>
+ C1;02i <& | Ky | $1:> (43)

where i = a,b; h,g is the usual HF Hamiltonian excluding the orbital pair ¢, E;
is independent of the orbitals in pair 7 and f, is a constant which depends on the
orbital occupancy. Separating from E(i) the terms involving the other pairs, the

authors obtained the general expression

E = 2;, Sehe + 35 (e dy + by Ky) (44)

&

which gives, upon using the variation principle

]_{k¢k=[Hk— E |]><]'H]]¢k=€k¢k! k=l,2,...,n (45)
J#Ek

where

Hy= fih + ZP (agd) + byK)) (46)
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and n is the number of distinct orbitals. J and K are the usual Coulomb and
exchange operators from HF theory. Eq. (46) can be solved self-consistently.
Since the GVB method allows paired electrons which have different spins to
occupy different spatial orbitals, some correlation is included in solving the GVB

equation, which removes many difficulties and inconsistencies of the HF method.
Using the GVB wave functions one can include further correlation via the
configuration interaction in the so-called GVB-CI method.

To illustrate applications of the GVB-CI method we shall first discuss the
recent theoretical studies of CO on Ni (100} of Allison and Goddard./183/ They
investigated CO adsorption at a top site having one-fold coordination to one Ni
metal atom (see Figure 6). A Nij, cluster was used to represent Ni (100). The
Ar-like core of the Ni atom was replaced by an effective potential,/184/ while the
nine 3d electrons were kept frozen, producing another electrostatic potential as
discussed previously. The GVB calculation produced a CO dipole moment of
0.124 Debye in excellent agreement with the experimental value./185/ The best
calculated geometry for Ni;,CO has bond lengths Ryj_c =1.94 A, Rg_p = 1.14 A
and an Ni-C-O bond angle of 180 °, in good agreement with LEED results.
Calculations for CO tilted away from the normal showed this geometry to be
energetically less favorable. The dissociation energy, after correcting for the
zero-point energy and temperature dependence of the enthalpy, is 1.29 ¢V. The
binding energy obtained for the Niy,OC geometry, i.e. with the O end toward the
surface, was much lower, only 0.39 eV. The optimum Ni-O bond length is then
2.03 A. The GVB results agree well with the experimental heat of adsorption of
1.30 eV found by Tracy at low coverages./186/ Good agreement is also found for
vibrational frequencies. The calculated frequencies are 49.7 meV for the Ni-CO
stretch, 264.0 meV for the C-O stretch, and 40.5 meV for the Ni-CO bend. The
calculated frequencies on the Ni;CO cluster are 54.2, 258.9 and 50.9 meV for
these modes.

Another application of the GVB-CI method is the determination of the
chemisorption geometries of oxygen and aluminum on the GaAs (110) surface by
Barton et al./187/ The 28 core electrons of Ga and As are replaced by model
effective core potentials./184/

The bulk GaAs zincblende structure involves tetrahedral bonding about each

atom. Each Ga atom is bound to four near As atoms and vice versa. The
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Ni (I00) + c(2x2) CO

Fig. 6. The structure of carbon monozide chemisorbed on Ni(100) in a c(222)

periodic arrangement. The carbon atoms are bonded to single metal atoms.



Ho M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorijai

unreconstructed GaAs (110) face consists of parallel zigzag chains of atoms. Each
Ga is bound to two As atoms in the surface layer and one As atom in the layer
below. GVB calculations by Goddard et al./188/ showed that the two dangling
bonds broken at the surface, one on a Ga atom and one on an As atom, coalesce
into one lone pair of electrons localized on the As center. The surface As has the
character of normal trivalent As with a (4s)® lone pair. Such an As atom bonds
to the p-orbitals leading to optimum bond angles near 90°. In contrast, the
surface Ga has three bonds with no electron in the fourth valence orbital. The
best configuration for Ga is therefore planar, with bond angles near 120 ° (see
Figure 7). Such bond angles around both Ga and As can be accommodated by a
reconstruction involving a simple rotation of the surface zig-zag chains by about
27 °. With such a reconstruction, the GVB results indeed gave an average bond
angle of 119.4° at the Ga site and 94.9° at the As site, consistent with the above
local bond analysis. If we define the surface strain as the projection normal to
surface of the total displacement of the surface As relative to the surface Ga, the
theoretical value of 0.67 A is found to be in good agreement with the
experimental value of 0.65-0.70 A obtained by LEED./189,190,191,192/

When oxygen chemisorbs on GaAs (110), the authors predicted that the O
atom would be promoted to the singlet state, creating a configuration with an
empty p-orbital prepared to accept an electron pair. They also showed that the
energy gained by the O-As bond is larger (~ 2.2eV for HzAsO) than the
promotion energy of the O atom from the 3P to the !D state. Therefore, the only
way oxygen can bond to the GaAs (110) surface without disrupting Ga-As bonds
is for the O atoms to attach to As atoms. The computed As-O bond length is
1.63 A (the As-O single bond length is 1.8 A), in good agreement with the EXAFS
value of 1.7040.05 A./193/ The calculated dipole moment and vibrational
frequency for the As-O bond are 1.00 Debye and 125 cm™. Experimentally,
(H;C);As0 has an As-O bond length of 1.63 A,/194/ a vibrational frequency of
110 meV/195/ and a dipole moment of 1.14 Debye./196/ The chemical shifts of
the Ga (3d) and As (3d) levels were also calculated for the As=O case. The
authors found that Ga (3d) shifts by 0.8 eV and the As (3d) shifts by 2.6 eV, both
to higher binding energy. The experimentally reported values for the core-level
shifts are 0.8 eV for Ga (3d)/197/ and 2.9 eV for the As (3d)./198,199,200/
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Ga As (110)

Fig. 7. Perspective view of the structure of the GaAs(110) surface which exhi-

bits the 27 rotation of the zig-zag chains of surface atoms.



112 M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorjai

The chemisorption of Al on GaAs (110) proceeds in a different way. The Al
atom is an electron donor since it is not very electronegative, with a value of 1.5
on the Pauling electronegativity scale./201/ GVB energy minimization for the Al
position finds the Al 2.95 A above a Ga site, tipped very slightly towards an
adjacent As (3.90 A). At the same time it was found that the Ga site
reconstructs (the surface strain decreases from 0.67 to 0.55 A) leading to a 40%
increase in net binding energy. When an Al atom binds to a surface Ga atom,
the Ga atom will prefer a more tetrahedral geometry to make more use of the
electrons available for bonding to its neighbors. This increases the strength of

the Al-surface bond.

4.7, Conclusion

The techniques of theoretical surface chemistry have advanced sufficiently to
make a significant contribution to the understanding of surface structural
chemistry. Even with the simplified “muffin-tin’’ potential, Xo-scattered wave
calculations do a good job of predicting photoemission spectra and their variation
with adsorbate geometry. Fully self-consistent ab-initio total-energy calculations
have been able to successfully determine the structure of adsorbate bonding
geometries. These calculations are still very complex, and therefore limited to
small clusters. However a number of approaches to increase the efficiency of such
calculations are being pursued, and over the next few years such work should

make an increasing contribution to the understanding of surface structural

chemistry.

5. RESULTS OF SURFACE CRYSTALLOGRAPHY

In this section, we present and discuss the accumulated results of surface
structure determination. We give a comprehensive tabulation of published

results. Only those structures which provide three-dimensional geometrical
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information, including bond lengths, bond angles and layer spacings are included.
They are brought together in Tables IV to XII, classified by type of surface: clean,
unreconstructed metals (Table IV), alloys and reconstructed metals (Table V),
chalcogens chemisorbed on metals (Table VI), other atoms adsorbed on metals
(Table VII), clean semiconductors (Table VIII), atoms adsorbed on
semiconductors (Table IX) and insulators (Table X}, carbon monoxide
chemisorbed on metals (Table XI) and other molecular adsorption on metals
(Table XII). It must be stressed that not all these structures can be termed final
or even reliable. However, the vast majority are most likely qualitatively correct.

A variety of surface analytical techniques have contributed to these results,
as detailed in the tables. Their names, acronyms and characteristics were
summarized in Table I and further described in sections 2 and 3.

We first discuss some basic aspects of surface structures, including ordering
principles and notations, followed by an overview of the number and types of
surface structures that have been investigated. Finally we shall highlight a few

major trends emerging from the structural results.

5.1.  Ordering Principles

The vast majority of solved surface structures have long-range two-
dimensional ordering parallel to the surface. This means that the structures
periodically repeat themselves in the two surface dimensions. There are several
reasons for this. First, single crystals have been chosen in most cases as
substrates, exposing a simple periodic lattice as a template. Second, a surprising
number of surface structures can be easily prepared to remain periodic on the
experimental time scale, whether in the clean state or after adsorption of atoms
or molecules. Third, ordered structures are desirable for investigation because
they provide the greatest simplicity in the interpretation of results. And fourth,
structural determination itself is simplest in ordered cases.

The driving force for ordering originates, just as with three-dimensional
crystal formation, in the mutual atomic interactions. With adsorbates, an
important distinction must be made between adatom-adatom and adatom-

substrate interactions. In chemisorption the adatom-adatom forces are usually
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small compared to the adatom-substrate binding forces, so the adatom locations
or sites are determined by the optimum adatom-substrate bonding. But the
adatom-adatom interactions still manage to dominate the long-range ordering of
the overlayer. These interactions can be studied by examining the phase
transitions of the overlayer as a function of temperature or coverage.

The surface coverage of an adsorbate is another important parameter in
ordering. We shall use the common definition of coverage where one monolayer
corresponds to one adsorbate atom or molecule for each unit cell of the clean,
unreconstructed substrate surface. Thus, if an adsorbed undissociated carbon
monoxide molecule bonds to alternating top-layer metal atoms exposed at the
Ni(100) surface, we have a coverage of a half monolayer.

At very low coverages some adsorbates bunch together in two-dimensional
islands. This results from short-range attractive adsorbate-adsorbate interactions
combined with easy diffusion along the surface. Other adsorbates repel each
other and form disordered overlayers with atoms or molecules adsorbed in sites
of a given type (a “lattice gas”). When the coverage is increased so that the
mean interadsorbate distance decreases to about 5-10 A, the mutual interactions
often strongly influence the ordering, favoring certain adsorbate configurations
over others. As a result, the structure can develop a unit cell that repeats
periodically across the surface. This is very evident in the LEED patterns, which
depend directly on this unit cell. For example, atomic oxygen on Ni(100) orders
very well at a quarter of a monolayer. The oxygen atoms then occupy one
quarter of the available “hollow” sites of Ni(100) in a square array labeled (2x2).
When the coverage is doubled to a half monolayer, the extra oxygen atoms
occupy the empty hollow sites at the center of each of the (2x2) squares, thereby
creating a new pattern labeled ¢(2x2) (c=centered). The corresponding LEED
patterns are fundamentally different in that the (2x2) diffraction pattern has
twice as many spots as the ¢(2x2) pattern, which in turn has twice as many spots
as the clean-surface pattern, labeled (1x1).

Most nonmetallic adatoms will not compress into a one-monolayer overlayer
on the closest-packed metal substrates. There appears to be a short-range
repulsion that keeps adatoms apart by approximately a Van der Waals distance.

Attempts to compress the overlayer further by increasing the coverage (which is
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done by exposing the surface to the corresponding gas) result either in no further
adsorption or in diffusion of the adatoms into the substrate, forming compounds.

Some adsorbates do not form strong chemical bonds with substrate atoms.
This case is called physisorption. For these adsorbates the adsorbate-adsorbate
interactions can dominate the adsorbate-substrate interactions, and the optimum
adatom-substrate bonding geometry can be overridden by the lateral adatom-
adatom interactions, yielding for example incommensurate structures, in which
the overlayer and the substrate have independent lattices. When adsorbates are
used which physisorb rather than chemisorb (at suitably low temperatures), one
also finds that the Van der Waals distance determines the densest overlayer
packing. In this case, Furthermore, with physisorption a larger coverage is
possible through multilayer formation.

With metallic adsorbates very close-packed overlayers can be formed,
because metal adsorbate atoms attract each other relatively strongly and coalesce
with covalent interatomic distances. When the atomic sizes of the overlayer and
substrate metals are nearly the same, one observes one-monolayer (1x1)
structures, where adsorbate atoms occupy every unit cell of the substrate. With
less equal atomic radii, other structures are formed, dominated by the covalent
closest packing distance of the adsorbate. Beyond one close-packed overlayer,
metal adsorbates frequently form multilayers or also three-dimensional
crystallites. Alloy formation by interdiffusion is also observed in a number of

cases, even in the submonolayer regime.

5.2. Notation for surface lattices

In Tables IV to XII the substrate surface is defined by the Miller indices of
the corresponding crystallographic plane.

Unless there is reconstruction, this clean surface is labeled (1x1) to denote
that the surface lattice is the same as it would be if the bulk lattice were cut
along a crystallographic plane (the “terminated bulk surface’). In the case of
reconstruction or with overlayers, the surface symmetry and periodicity is often

different from the (1x1) lattice. Often this new periodicity is ‘‘commensurate”
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with the {1x1) substrate lattice, i.e. there is a simple rational relationship

between the two lattices. Such a “superlattice’” may be labeled by the notation

¢ (vxw)Ra or p(vxw)Ra (47)

Here v and w are elongation factors of the (1x1) lattice vectors; they indicate that
the non-centered (vxw) lattice has unit cell edges that are v and w times the
lengths of the (1x1) unit cell edges. The quantity @ is an angle through which the
(1x1) lattice must be rotated to coincide with the superlattice (the Rer is omitted
when a@=0). The prefix p denotes a primitive lattice (it is often omitted), while ¢
denotes a centered lattice. As an example, the above-mentioned (2x2) lattice can
also be written p(2x2), whereas the c¢(2x2) lattice can be given equally by
(V2xV2)R45° or p(V2xV2)R45°. This so-called Wood notation assumes that
the rotation angle « is the same between the different lattice vectors of the (1x1)
lattice and the non-centered (vx w) lattice. For instance, it assumes that the
(vxw) lattice is rectangular when the (1x1) lattice is rectangular. (Some authors
use the Wood notation even when the rotation angle for the two superlattice
vectors is not the same. In this case the notation is not well defined. The matrix
notation described beldw should be used for such cases.)

The more general case can be handled with a “matrix notation”, which we
will not need here. But there is a frequently occurring case which has its own
notation. On a substrate with a six-fold rotationally symmetric (1x1) lattice

(such as with fec(111) surfaces), one often finds rectangular superlattices. These

can be labeled
c(vV3xw)rect or p(vV3xw)rect (48)

indicating that the superlattice unit cell is rectangular and has edges of lengths

vV/3 and w times the (1x1) cell edges.
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5.3. Numbers and types of solved surface structures

If we limit ourselves to observed LEED patterns, we find that over the years
about 2000 ordered structures have been reported./202/ Among these, perhaps
180 have been structurally solved by various techniques of surface
crystallography. Intensity analyses of low-energy electron diffraction have
contributed about 150 of these. The remaining 30 structures were obtained
primarily with ion scattering (MEIS, HEIS), SEXAFS or photoelectron diffraction
(NPD, ARXPS).

A breakdown of the structural results by type of surface shows results for
nearly 50 clean, unreconstructed metal surfaces and about 10 alloys and
reconstructed metal surfaces. The structures of about 65 atomic overlayers on
metal surfaces have been determined, some 40 of these involving chalcogen
atoms. Just over 20 molecular structures have been determined for metal
surfaces, half of these being overlayers of undissociated carbon monoxide and the
others various hydrocarbons. Turning to semiconductors, some 13 clean, usually
reconstructed structures were determined, against nearly 10 atomic overlayer
structures. In addition, about 15 insulator surface structures have been

investigated.

5.4. Major trends among surface structures

5.4.1. Bond length contractions and reconstructions

A general observation at surfaces is a tendency for bond lengths to decrease
as the bonding coordination number decreases. This trend fits long-established
principles (cf. Pauling), if one relates coordination number to bond order (cf.
Mitchell). The clearest manifestation is provided bond length relaxations at clean
metal surfaces. As one compares close-packed with less close-packed surfaces of
metals, one finds that the latter present a smaller interlayer spacing between the

topmost and the second atomic layers, compared with bulk values. The
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corresponding bond length contraction is of the order of 2 to 3%. Moreover, the
perturbation caused by this surface relaxation propagates a few layers down into
the surface. In fact, there is a compensating expansion between the second and
third metal layers of the order of 1%, and a small but detectable change in the
next layer. Appropriately, such relaxations are largely removed by the
chemisorption of atoms on top of these surfaces.

Another manifestation of bond length contractions at surfaces compared to
the bulk metal are certain reconstructions, where the topmost metal layer adopts
a different structure and symmetry than the underlying layers. For instance,
with Ir, Pt and Au(100), the interatomic distance in the topmost layer shrinks by
a few percent parallel to the surface. It then becomes more favorable for this
layer to collapse into a hexagonally close-packed layer rather than maintaining
the square lattice of the underlying layers. Many adsorbates can reverse this
reconstruction by removing the driving force towards smaller bond lengths.

In the case of semiconductor surfaces, a more dominant disturbance is the
difficulty of surface atoms to compensate for the loss of nearest neighbors. The
“dangling bonds” created at the surface cannot easily be satisfied by bonding to
neighboring surface atoms, except through more drastic rearrangements of these
atoms. Therefore, most semiconductor surfaces reconstruct. Major rebonding
between surface atoms occurs in this process. The associated perturbation
propagates several layers into the surface until the bulk lattice is recovered. Here

again, adsorbates can reverse the reconstruction and induce a return to the bulk

structure.

5.4.2. Atomic penetration into substrates

Of major interest for such processes as oxidation and compound formation
are results that show several stages of atomic penetration into the substrate
lattice. At metal surfaces, this appears to occur mostly with small atoms:
oxygen, nitrogen, carbon, as well as hydrogen. In some instances, as the coverage
is increased, first an overlayer is formed (e.g. O on Ni{(100)). Usually, the adatom
occupies high-coordination sites such as ““hollow’” sites. On less close-packed

surfaces, this site puts the adatom nearly coplanar with the surface metal atoms
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(e-g. O on Fe(100)). This may be viewed as a single layer of the metal-adatom
compound. The next stage of penetration is illustrated by N on Ti(0001), where
the adatom occupies interstitial sites between the first and second metal layers,
thereby forming a three-layer film of the bulk compound TiN. Deeper
penetration is often observed in the form of thicker compound films which show
no trace of the structural properties of the parent metal.

In the case of semiconductors, there is more interstitial space available for
diffusion of adatoms into the surface. The very few cases whose structure is
known show, however, that a substitutional arrangement may be the more stable
equilibrium configuration. Thus, with Al on GaAs(110), Al atoms tend to occupy

the original Ga and As positions.

5.4.3. Molecular adsorption

In the case of molecules adsorbed at surfaces, it must be first stated that
much important information is obtained from high-resolution electron energy loss
spectroscopy (HREELS). This technique measures vibration frequencies of
surfaces, in a way similar to infra-red absorption spectroscopy in the gas phase.
HREELS allows the identification of the molecular species present on the surface,
which no surface crystallography method can do.

Carbon monoxide has proved a popular and convenient molecular adsorbate.
It provides a rich variety of behavior at surfaces, while being relatively easy to
study by various methods. Toward the left of the periodic table, metal surfaces
increasingly tend to dissociate CO, then separate C and O atoms bond directly in
individual hollow sites, as in atomic adsorption. On other metal substrates, CO
remains intact and bonds through its carbon end to the surface, with the C-O
axis perpendicular to the surface. However, the adsorption site varies
considerably. CO most commonly adsorbs in one-fold coordinated top sites or
two-fold coordinated bridge sites. Occasionally, three-fold coordinated hollow
sites are also found. The site depends on several factors: the metal, the
crystallographic face and the CO coverage. Another factor has recently been
found to influence the CO adsorption site -- coadsorbed atomic or molecular

species which donate charge to the CO can shift CO to a higher-coordination site.
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An example is the coadsorption of benzene, whose m-orbitals give up charge to the
metal and to nearby CO species. On Rh(111) this shifts CO adsorption to
three-fold sites.

There is a close similarity between the bonding geometry of CO on metal
surfaces and in metal-carbonyl complexes. In both cases, for example, the metal-
carbon bond length increases markedly with the coordination number of the site
where the CO molecule bonds to the metal. The C-O bond length tends to
increase slightly at the same time, indicating a C-O bond weakening, which is
amplified by nearby electron donors.

If we consider hydrocarbons at surfaces, we must set the saturated ones
aside. These do not chemisorb at metal surfaces, but rather physisorb at low
temperatures. No detailed structural determination has been performed for
saturated hydrocarbons on metals. However, some structures have been obtained
using the graphite basal plane as a substrate (cf. Suzanne etc) which give
information about Van der Waals packing of such molecules, but no chemical
reactions are involved.

With unsaturated hydrocarbons, whether straight-chain or aromatic, two
basic types of surface structure can be distinguished. The first consists of the
intact molecule bonding to the metal surface by sharing its C-C multiple bonds
with the metal. Thus, acetylene and ethylene adsorb with their C-C bonds
parallel to the metal surface. The C-C bond is believed to be considerably
lengthened, indicating bond-order reduction in favor of the newly formed metal-
carbon bonds. The associated rehybridization around the carbon atoms may also
result in the hydrogen atoms bending away from the metal. Similarly, benzene
bonds with its carbon ring parallel to the surface, and large expansions of the C-
C distances have been observed. Such distortions may be a forerunner of
molecular dissociation. o

The second type of structure for unsaturated hydrocarbons is the result of a
hydrogen rearrangement in straight-chain molecules. Alkylidynes are formed, in
which a terminal carbon bonds to three metal atoms, while the rest of the chain
is saturated and points away from the metal (extra hydrogen atoms may be
necessary for these species to form). These alkylidynes, foremost among which is
ethylidyne (C,Hj), are quite stable in comparison to other organic species formed

at room temperature transition metal substrates. However, at higher



The State of Surface Structural Chemistry 121

temperatures, a progressive dehydrogenation occurs, leaving CH and CCH
fragments, then carbonaceous fragments and ultimately graphite and bulk
carbides on the surface.

Both types of hydrocarbon adsorption are also encountered in
organometallic complexes. Here again, the geometries found at surfaces often
correspond closely to those observed in complexes, including agreement of bond
lengths and bond angles. There probably arc larger differences between surfaces

and complexes in the relative occurrence of the various species.
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TABLE IV. Clean Metal Structures (unreconstructed)

{Where multiple layer spacing changes have been investigated these are

listed in the table on successive lines.)

Substrate Bulk Surface Expansion(%)  Method
Face Spacing(A) Spacing(A)
Ag (110) fee 1.44 1.34 -7 LEED/1/
Ag (110) fec 1.3340.04 -7.6 HEIS/2/
1.50+40.04 4.2
Ag (111) fec 2.35 2.3540.1 0 HEIS/3/
Al (100) fee 2.02 2.025+0.10 0.0 LEED/4/
Al (100) fce 2.02 0.0 LEED/5/
Al (100) fec 2.052 1.0 MEED/6/
Al (110) fec 1.43 1.30 9.1 LEED/5/
Al (110) fce 1.30440.012 -8.8 LEED/7/
1.49940.15 48
1.40440.017 -1.8
1.42940.018 0.0
Al (110) fee 1.31040.014 -8.4 LEED/8/
1.51040.016 5.6
1.46340.019 2.3
1.45540.022 1.7
Al (111) fee 2.33 2.350-£0.012 0.9 LEED/S/
Al (111) fee 2.4140.05 3.1 LEED/10/
Al (311) fec 1.23 1.6840.01 -13.0 LEED/11/
1.33540.02 8.8
Al (331) fec 0.93 0.82+0.02 -11.7 LEED/12/
0.89+0.03 -4.1
1.0540.03 10.3
0.88+0.03 -4.8

First-layer registry shifts of ~ 0.06-:£0.08 found

(continued)
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TABLE IV (continued)

Substrate Bulk Surface Expansion(%)  Method
Face Spacing(&) Spacing(A)
Au (100) fec 2.04 2.04 0.0 LEED/13/
(metastable)
©d (100) fec 2.81 2.81 0 LEED/14/
Co (100) fec 1.77 1.70 -4.0 LEED/15/
Co (111) fec 2.05 2.05+0.05 0.0 LEED/16/
Co (0001) hep 2.05 2.05+0.05 0.0 LEED/16/
Co (1120) hep 1.25 1.1440.04 -8.8 LEED/17/
Cu (100) fec 1.81 1.785 -1.1 LEED/18/
1.836 1.7
1.832 1.5
Cu (110) fec 1.28 1.159 9.2 LEED/18/
1.305 2.3
Cu (110) fec 1.2140.02 -5.3 MEIS/19/
1.3240.02 3.3
Cu (110) fee 1.17040.008 -8.5 LEED/20/
1.30740.010 2.3
Cu (111) fec 2.09 2.07640.02 0.7 LEED/21/
Cu (311) fec 1.09 1.03540.02 -5.0 LEED/22/
Fe (100) bee 1.43 1.4140.04 -1.6 LEED/23/
Fe (110) bee 2.02 2.04:+0.04 0.5 LEED/24/
Fe (111) bee 0.83 0.7040.03 -15.4 LEED/25/
Fe (111) bee 0.6940.025 -16.6 LEED/26/
0.7540.025 -9.3
0.8610.03 4.0
0.8140.025 -2.1
Fe (210)" bee 0.64 0.5040.03 -21.9 LEED/27/
0.5740.03 -10.9

(continued)
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TABLE IV (continued)

Substrate Bulk Surface Expansion(%) Method
Face Spacing(A)  Spacing(A)
0.611+0.03 -4.7
0.6440.03 0.0
Fe (211)° bee 1.17 1.0540.03 -10.3 LEED/28/
1.2340.03 5.1
1.1540.04 -1.7
Fe (310) bee 0.906 0.7640.03 -16.1 LEED/29/
1.0240.03 12.6
0.87140.04 -4.0
Ir (100) fce 1.92 1.8540.01 -3.6 LEED/30/
(metastable)
Ir (110) fec 1.36 1.2640.10 7.4 LEED/31/
Ir (111) fec 2.22 2.1640.10 -2.6 LEED/32/
Na (110) bec 3.03 3.03 0.0 LEED/33/
Na (110) bee 3.040.01 -1.0 LEED/34/
Na (0001) hep 2.87 2.87 0.0 LEED/35/
Ni (100) fce 2.22 1.7840.02 1.1 LEED/36/
Ni (100) fee 1.60440.008 -8.9 MEIS/37/
Ni (110) fee 1.25 1.19540.01 -4.0 MEIS/38/
Ni (110) fee 1.1840.02 -4.8 HEIS/39/
1.2740.02 2.4
Ni (110) fec 1.1440.01 -8.1 LEED/40/
1.2840.01
Ni (110) fec 1.12340.02 -9.8 LEED/41/
1.29240.02 3.8
Ni (110) fec 1.1383:0.006 -8.6 LEED/42/
1.28440.007 3.1
1.24040.009 -0.4

(continued)
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TABLE IV (continued)
Substrate Bulk Surface Expansion(%) Method
Face Spacing(A)  Spacing(A)
Ni (110) fee 1.12140.012 -9.0 MEIS/43/
1.29040.019 3.5
Ni (111) fee 2.03 2.005+0.025 1.2 LEED/36/
Ni (111) fee 2.033£0.020 0.0 HEIS/44/
Ni (311) fee 1.06 0.89440.010  -15.9 LEED/45/
1.10640.016 4.1
1.04540.017 -1.6
Mo (100) bee 1.25 1.42440.03 9.5 LEED/46/
Mo (110) bee 2.22 2.1940.04 -1.8 LEED/47/
Pd (100) fec 1.94 1.9540.05 0.3 LEED/48/
Pd (110) fee 1.37 1.2940.03 -5.8 LEED/49/
1.3840.03 0.7
Pd (111) fee 2.246 2.2540.05 0.0 HEIS/50/
Pd (111) fee 2.276 1.3 LEED/51/
2.216 -1.3
2.296 2.2
2.296 2.2
Pt (100) fec 1.96 1.96 0.2 SPLEED/52/
(metastable)
Pt (100) fee 1.963 0.2 HEIS/53/
(metastable)
Pt (100) fec 1.96 0.0 LEED/13/
(metastable)
Pt (111) fec 2.26 2.2940.10 1.1 LEED/54/
Pt (111) fec 2.3040.02 1.4 HEIS/55/
Pt (111) fee 2.27640.02 0.5 SPLEED/56/
Pt (111) fee 2.26540.05 0.0 LEED/57/

(continued)
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TABLE IV (continued)

Substrate Bulk Surface Expansion(%) Method
Face Spacing(A)  Spacing(A)
Re (1010) hep 0.67 -16.3 LEED/58/
Rh (100) fec 1.90 1.9140.02 0.5 LEED/59/
Rh (110) fec 1.34 1.330.02 0.7 LEED/59/
Rh (111) fee 2.19 2.1620.02 -1.4 LEED/59/
Rh (111) fee 2.192:0.10 0.0 LEED/60/
Ru (0001) hep 2.14 2.1040.02 -1.9 LEED/61/
Sc (0001) hep 2.64 2.5940.02 -1.9 LEED/62/
Ta (100) bee 1.65 1.4740.03 -10.9 LEED/63/
1.6740.03 1.2
Te (1010) hep 0.3410.10 LEED/64/
Ti (0001) hep 2.34 2.2940.05 2.1 LEED/65/
V (100) bee 1.51 1.4140.01 6.6 LEED/66/
V (110) bee 2.14 2.1340.10 -0.5 LEED/67,68/
W (100) fee 1.58 1.4640.03 -7.6 LEED/69/
W (110) fee 2.23 2.2340.10 0.0 LEED/70/
Zn(0001) hep 2.44 2.3940.05 -2.0 LEED/71/
Zr (0001) hep 2.57 2.5440.05 1.2 LEED/72/

* There are relaxations in the layer registries for the stepped iron (211) and (210)

surfaces in addition to layer spacing relaxations.
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TABLE V. Alloys and Reconstructed Metals

Bl

Substrate and Unit Cell

Structure

Method

Au (110) (fee)
(2x1)

Au (110) (fec)
(2x1)

Au (110) (fec)
{2x1)

Au (110) (fee)
(2x1)

Missing-row reconstruction confirmed by x-
ray diffraction. Lateral displacement of
second layer rows toward missing row posi-
tion by 0.1240.02 A. Anti-phase domains
due to monatiomic steps obeserved. Evi-
dence for top-layer expansion or contraction
of ~0.25 A.

Missing-row reconstruction. Every other top
layer (110) row is missing. The second layer
lateral displacements are ~ 0.07 A, and the
second row is buckled by -0.24 A. The first
layer spacing is -20.195, and the second and
third is -6.3% relative to the 1.44 A bulk
layer spacing.

Missing-row reconstruction studied by chan-
neling and blocking, top layer spacing con-
tracted by 18%, second layer spacing ex-
panded by 4% from bulk value of 1.44 A.
Third layer buckled by +0.10 A or + 7%,
with atoms under missing row moving up,
alternate rows down.

Missing-row reconstruction studied with top
layer spacing contracted by 0.1540.10 A (-
11%) from bulk value of 1.44 A.

X-Ray

Diffraction/1/

LEED/2/

MEIS/3/

LEIS/4/

(continued)
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TABLE V (continued)

Substrate and Unit Cell Structure

Method

a-CuAl (111) Al substituted in 1/3 of top layer Cu sites,

(fee) second layer pure Cu, no buckling in top

(\/3x\/3)R30 ° layer, layer spacing is 2.0540.05 A, the same
as bulk copper. Alloy composition 16% Al
atoms in Cu.

Ir (100) (fec) The top layer of the surface reconstructs to

{(5x1) form a compact hexagonal surface, with 6/5
the density of unreconstructed surface. The
layer spacing expands by 14.6+5.2% from
the bulk value of 1.92 A. Some top-layer
atoms are buckled outward by up to an ad-
ditional 0.240.02 A so the hexagonal layer
can fit the square layer below. Thisis 1/2 to
2/3 of the buckling required to have top
layer atoms in hard-sphere contact with all
substrate atoms.

Ir (100) (fec) The top layer of the surface reconstructs to

(5x1) form a compact hexagonal surface, with 6/5
the density of unreconstructed surface. The
layer spacing expands by 7.3+2.6% from the
bulk value of 1.92 A. Some top-layer atoms
are buckled outward by up to an additional
0.4840.02 A so the hexagonal layer can fit
the square layer below. This puts the top
layer atoms in hard-sphere contact with all

substrate atoms.

LEED/5/

LEED/6/

LEED/7/

(continued)



The State of Surface Structural Chemistry

TABLE V (continued)

133

Substrate and Unit Cell Structure Method
Ir (110) (fcc) Missing-row reconstruction similar to gold LEED/8/
(2x1) (110). One top layer row is missing, the

second layer lateral displacements are ~

0.04 A, and the second row is buckled by

-0.23 A. The first layer spacing is -12.4%,

and the second and third -5.8% relative to

the 1.36 A bulk layer spacing.
NiAl (110) Top layer spacing 1.92 A, contracted 6% LEED/9/
(CsC) (1x1) from bulk value of 2.04 A. Al atoms buckled

out by 0.22 A.
NizAl (Cuy Top layer is 50-50 nickel and aluminum, LEED/10/
Au) (100) second layer nickel, etc. Top layer spacing is

1.7320.03 A with Al atoms buckled outward

by 0.0240.03 A, second layer spacing is the

bulk value of 1.78 A within +0.03 A.
Pd (110) (fec) Missing-row model with third layer assumed LEED/11/
(2x1) bulk-like. Second layer found to by bulk-

like, fist layer spacing -9.1% relative to 1.37

A bulk spacing. Saw-tooth model almost as

good.
Pt (100) (fec) Top layer reconstruction, quasi-hexagonal LEED/8/

141
—15)

"4x20" reconstruction. Degree of top-layer

surface given by [ also called "1x5" or

buckling and top-laer registry proposed.

(continued)
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TABLE V (continued)

Substrate and Unit Cell Structure

Method

Pt (110) (fec)
(2x1)

Pt (110) (fec)
(2x1)

Pt Ni;_, (110)
(fec)

W (100) (bec)
(2x1)

W (100) (bec)
(V2xV2)R45°

Missing-row model with the top layer ex-
panded by 23% to 1.A A from bulk value of
1.387 A. Lateral shift of second layer rows
of 0.05 A.

Missing-row model is better than buckled-
row, paired-row or saw-tooth models.
Terminated-bulk positions assumed for
remaining atoms.

LEED study of random substitutional alloy
shows Pt enhancement in 1% and 3" layers,
along with a Pt depletion in the 2% layer.

Below room temperature the ‘“zig-zag”

reconstruction occurs on the W(100) surface.

Alternate atoms move along the (011) and
(011) directions by +0.2240.07 A, while the
top layer spacing contracts by 0.0540.05 A
from the bulk value of 1.58 A. There are
two domains, since atoms may also move
along the (011) and (011) directions.

Below room temperature the ‘“zig-zag”

reconstruction occurs on the W(100) surface.

Alternate atoms move along the (011) and
(011) directions by -0.16 A, while the top
layer yspacing contracts by 0.09 A (6%) from
the bulk value of 1.58 A.

LEED/12/

LEIS/13/

LEED/14/

LEED/15/

LEED/16/
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TABLE VI. Chalcogen Chemisorption on Metals
{Where relaxation of the metal layer spacing has been investigated this is

listed in the table after the adsorbate information.)

Substrate  Overlayer Adsorption Adsorbate  Bond Method

Face Unit Cell Site Spacing Length
OXYGEN
Ag (110) (2x1) long bridge 0.20 2.05 SEXAFS/1/
Al (111) (1x1) 3-fold fec  0.7040.12 1.79+0.05 LEED/2/
Al (111) (1x1) 3-fold fec  0.601+0.10 1.75140.03 NEXAFS/3/
Al(111) (1x1) sub-surface 0.60+0.10 1.7540.03 NEXAFS/3/
tetrahedral
Al (111) (1x1) 3-fold fec  0.70 1.79 LEED/4/
Al (111) undetermined  3-fold fcc  0.9840.10 1.9240.05 EXAFS/5/
Co (100) c(2x2) 4fold  0.80 1.94 LEED/6/
Cu (100) ¢(2x2) 4-fold 1.40 2.28 LEED/7/
Cu (100) o(2x2) 4fold  0.70+0.01 1.9410.01 SEXAFS/8/
Cu (100)  c(2x2) 4fold  0.80 1.97 NPD/9/
Cu (110) (2x1) ALICISS/10/
confirm surface missing-row model
Cu (100) ¢(2x2) 1.97 ALICISS/11/

Bulk layer spacing 1.28 A. First layer spacing expanded 25+1.0%,
second and third layers contracted by 10+5.
Cu (110)  disordered long bridge 0.35 SEXAFS/12/
Cu (110) (2x1) long bridge HEIS/13/
top layer buckled, [001] rows alternate +0.2720.05 A and -0.02+0.03 A
second layer spacing expanded by 0.0640.03 A
Cu (410) (1x1) quasi 4-fold 04202  1.85+0.04 ARXPD/14/
at step edge

(continued)
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TABLE VI (continued)
Substrate  Overlayer Adsorption Adsorbate Bond Method
Face Unit Cell Site Spacing Length
Cu (410) {1x1) quasi 4-fold 0.430.2  1.8510.04 ARXPD/14/
at step edge
and 4-fold
Fe (100) (1x1) 4fold  0.4840.10 2.0840.02 LEED/15/
top layer  1.5440.10 +7.7%
Ir (110) c(2x2) short bridge 1.3730.05 1.9340.04 LEED/16/
top layer  1.33+0.07 -2.2%
Ir (111) (2x2) or (2x1)  3-fold fecc  1.3040.05 2.0440.03 LEED/17/
Ni (100) (2x2) 4-fold 0.8610.07 1.9640.03 EXAFS/18/
Ni (100) ¢(2x2) 4-fold 0.8640.07 1.9640.03 EXAFS/18/
Ni {100) (2x2) 4-fold 0.90+0.10 1.9840.05 LEED/19/
Ni (100) c(2x2) 4fold 0924005 1.99+0.02 LEED/20/
Ni (100) ¢(2x2) 4-fold 0.8540.05 1.9610.02 EXAFS/21/
Ni (100) o(2x2) 4fold  0.90+0.04 1.98+0.02 NPD/22/
Ni (100) o(2x2) 4fold  0.85+0.04 1.96+0.02 NPD/23/
Ni (100) o(2x2) 4fold  0.8640.10 1.96-+0.04 HEIS/24/
top layer  1.8540.10 +5.1%
Ni (100) ¢(2x2) 4-fold 0.9040.10 1.9840.05 XANES/25/
Ni (100) c(2x2) 4fold  0.90 1.98 HREELS//26,27/
Ni (100) c(2x2) 4-fold 0.922 HREELS/28/
Ni (110) (2x1) missing row, 0.25 ALICISS/29/
long bridge
Ni (111) (V3xV3)R30° 3-fold hep 1.20 1.87 HEIS/30/
Ta (100) {(3x1) sub-surface -0.43 1.95 LEED/31/
tetrahedral
top layer  1.5540.05 -6.1%
W (100)  disordered 4-fold 0.5540.10 2.3010.02 LEED/32/

(continued)
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TABLE VI (continued)
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Substrate  Overlayer Adsorption Adsorbate  Bond Method
Face Unit Cell Site Spacing  Length
W (110) (2x1) 3fold  1.2540.01 2.09:+0.01 LEED/33/
Zr (0001) (2x2) sub-surface 1.37 2.31 LEED/34/
octahedral
SULFUR
Co (100) c(2x2) 4fold  1.30 2.20 LEED/35/
Cu (100) (2x2) 4fold  1.39 2.28 ARXPS/36/
Fe (100) ¢(2x2) 4-fold 1.0940.05 2.304+0.02 LEED/37/
Fe (110) (2x2) 4fold  1.43 2.02 LEED/38/
reconstructed
Ir (111) (V3xV3)R30°  3-fold fec  1.65+0.07 2.2840.05 LEED/39/
Ni (100) (2x2) 4fold  1.30£0.10 2.19+0.06 LEED/19/
Ni (100) o(2x2) 4fold  1.2840.05 2.1840.03 LEED/20/
Ni (100) c(2x2) 4fold  1.3040.05 2.19+0.03 LEED/40/
Ni (100) c(2x2) 4-fold 1.304+0.04 2.1940.02 NPD/22/
Ni (100) ¢(2x2) 4fold  1.392004 2.24+40.02 SEXAFS/41/
Ni (100) c(2x2) 4-fold 1.3740.05 2.2310.03 ARPEFS/42/
Ni (100) c(2x2) 4fold  1.3540.10 2.22+40.06 ARXPS/43/
Ni (100) c(2x2) 4fold 135 2.22 ARXPS/36/
Ni (100)  disordered 4-fold 1.36+0.03 2.2240.02 SEXAFS/44/
Ni (110) o(2x2) 4fold 09 2.34 ARXPS/45/
Ni (110) c(2x2) 4fold  0.8440.03 2.31+0.01 LEED/46/
top layer  1.372+0.02 +9.6%
next layer 1.201+0.02 -4.0%
Ni (110) c(2x2) 4-fold  0.8740.03 2.3240.01 MEIS/47/
top layer  1.311+0.04 +4.8%

(continued)
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TABLE VI (continued)

Substrate  Overlayer Adsorption Adsorbate  Bond Method

Face Unit Cell Site Spacing Length
Mo (100} c(2x2) 4-fold 1.04 LEED/48/
top layer  1.42 -10%
Pd (100) c(2x2) 4-fold  1.3040.05 2.33+0.03 LEED/49/

Pd (111) (V3xV3)R30° 3-fold fcc  1.5340.05 2.20+0.03 LEED/50/
Pt (111) (V3xV3)R30° 3-fold fec  1.6240.05 2.28+0.04 LEED/51/

Rh (100) (2x2) 4-fold  1.29 2.30 LEED/52/
Rh (110) c(2x2) 4-fold 077 2.45 LEED/53/
Rh (111) (V3xV3)R30° 3-fold fcc  1.53 2.18 LEED/54/
SELENIUM
Ag (100) c(2x2) 4-fold  1.91+0.04 2.8040.03 LEED/55/
Ni (100) (2x2) 4-fold  1.5540.10 2.3530.07 LEED/19/
Ni (100) c(2x2) 4-fold  1.4540.10 2.2840.06 NPD/56/
Ni (100) c(2x2) 4fold 155 2.35 NPD/57/
Ni (110) o(2x2) 4-fold  1.1040.04 2.4210.02 NPD/58/
Ni (111) (2x2) 3-fold fec  1.8040.04 2.3040.03 NPD/58/
TELLURIUM
Cu (100) (2x2) 4-fold  1.7040.15 2.4840.10 LEED/59/
Cu (100) (2x2) 4fold  1.9040.04 2.6240.03 SEXAFS/60/
Ni (100) (2x2) 4-fold  1.8040.10 2.5230.07 LEED/19/
Ni (100) c(2x2) 4-fold  1.9040.10 2.5940.07 LEED/61/
Ni (100) c(2x2) 4-fold 1.9 XPD/62/

Ni (100) o(2x2) 4fold 1.9 SPLEED/63/
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TABLE VII. Other Atomic Adsorbates on Metal Surfaces
(Where relaxation of the metal layer spacing has been investigated this is

listed in the table after the adsorbate information.)

Adsorption Overlayer Adsorption Adsorbate Method
system Unit Cell Site Spacing
Ag (100)-Cl c(2x2) 4-fold 1.62 LEED/1/
Ag (111)-Au (1x1) 3-fold fcc 2.3540.10 HEIS/2/
Ag (111} (V3xV3)R30° 3-fold fcc and hep 2.2940.06 LEED/3/
top layer 0.0% 2.3640.06
Ag (111)1 (V3xV3)R30° 3-fold 2.3440.02 SEXAFS/4/

Ag (111)-Xe hexagonal (1x1) incommensurate 3.5540.10 LEED/5/
randomly oriented hexagonal Xe lattice, Xe-Xe spacing 1.51 A

Al (100)-Na ¢(2x2) 4-fold 2.0840.12 LEED/6/

Al (100)-Na o(2x2) 4-fold 2.0540.10 LEED/7/

Au (111)-Ag (1x1) 3-fold fec  2.35+0.10 HEIS/2/

Cu (100)-Cl c(2x2) 4-fold 1.60£003 LEED/8/
top layer +3% 1.8540.03

Cu (111)-Cs (2x2) top 3.0140.05 LEED/9/

Cu (100)-1 (2x2) 4-fold 1.9840.02 SEXAFS/10/

Cu (111} (V3xV3)R30° 3-fold hep 2214002 SEXAFS/10/

Cu (111)-Nj (1x1) 3-fold fec 2.04+0.02  LEED/11/

Cu (100)-Pb ¢(2x2) 4-fold 2.0540.05 LEED/12/

Cu (100)-3Pb  ¢(5V2xV2)R45° 4-fold 244005  LEED/12/

overlayer relaxed with anti-phase domain walls and off-center atoms
Fe (100)-C+O c(2x2) 4-fold 0.48 LEED/13/
CO decomposes on Fe(100), C and O occupy random sites in (2x2) lattice

Fe (110)-H (2x1) quasi 3-fold 0.9040.10 LEED/14/

Fe (110)-2H (3x1) quasi 3-fold 1.00+0.10 LEED/14/

Fe (100)-N c(2x2) 4-fold 0.2540.05 LEED/15/
top layer +8% 1.5440.05

(continued)
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TABLE VII (continued)

Adsorption Overlayer Adsorption Adsorbate Method
system Unit Cell Site Spacing
Ir (110)-S (2x2) LEED/16/

Sulfur is adsorbed in 3-fold sites on the (111) facets left by the
clean-surface missing-row reconstruction. The first Ir-Ir spacing is
contracted by 3.3%, the second expanded by 1.3%. Ir-S is 2.39 A

for first-layer Ir atoms and 2.26 A for second-layer Ir atoms.

Mo (100)-N <(2x2) 4-fold 1.02 LEED/17/
Mo (100)-Si (1x1) 4-fold 1.1640.10 LEED/18/
Ni (100)-Br o2x2) 4-fold 1514003 EXAFS/19/
Ni (100)}-C+O o(2x2) 4-fold 0.9340.10 LEED/20/

CO decomposes on Ni(100), C and O occupy random sites in (2x2) lattice
Ni (100)-2C (2x2) 4-fold 0.10£0.10  LEED/21/

top layer +22% 1.9640.05
reconstructed  lateral motions - 0.2540.35 A

Ni (100)-Cu (1x1) 4-fold 1.8040.03 LEED/22/
Ni (100)-Na o(2x2) 4-fold 224010  LEED/23/
Ni (100)-Na o(2x2) A-fold 2.2340.10 LEED/24/
Ni (100)-Na c(2x2) 4-fold 1.9 XPD/25/
Ni (110)}-C SEELFS/26/

Graphitic layer on Ni(110), 3 carbon sites: A - off top, Ni-C = 1.95 A
B - 4-Told, Ni-C =2.49 A, C - off bridge, Ni-C = 1.95, Ca-Cb =1.49 A

Ni (111)-2C (1x1) 3-fold hep and fec 2.8040.08  SEELFS/27/
Ni (111)-2H (2x2) 3-fold hep and fee 1.1540.10 LEED/28/
Pd (111)-Au (1x1) 3fold fcc  2.2540.19  HEIS/29/

Ti (0001)-Cd (1x1) 3-fold fecc 2.57 LEED/30/
Ti (0001)-Cd (1x1) 3-fold fecc 2.63 LEED/31/

Two Cd layers, Cd-Cd distance 2.81 A, Cd-Ti 2.63 A

(continued)
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TABLE VII (continued)

Adsorption Overlayer Adsorption Adsorbate Method
system Unit Cell Site Spacing
Ti (0001)}-N (1x1) sub-surface -1.2240.05 LEED/32/
tetrahedral

W (100)-H c(2x2) 4-fold 1.32 LEED/33/

W (100)-2H (1x1) short bridge HREELS/34/

W (100)-2H (1x1) short bridge 1.74 HREELS/35/

W (100)-2H (1x1) 2-fold 1174004 LEED/36/
top layer -1.3% 1.56+0.02

W (100N o(2x2) 4-fold 0.4940.06 LEED/37/
top layer +1.3% 1.6040.06
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TABLE VIII. Semiconductor Surface Structures

Substrate

Unit Cell

Structure Method

AlP (110)
(zincblende)

CdTe (110)
(zincblende)

GaAs (110)

(zincblende)

GaAs (110)
(zincblende)

(1x1)

(1x1)

(1x1)

(1x1)

Surface reconstructed with 25 ° bond an- LEED/1/
gle rotation preserving bond lengths.

Top layer buckled with P 40.06 A, Al

-0.57A and layer spacing contracted to

1.33 A (bulk 1.927 A). Second layer

buckled P -0.035 A, Al 4+0.035 A, layer

expanded to 1.92 A. First layer in-plane
displacements of ~ 0.25 A to preserve

bond lengths.

Te is buckled out from the top layer by LEED/2/
0.8240.05 A. Top layer Cd atoms con-

tract by ~ 0.5 A, and there are lateral

motions of ~ 0.4 A to conserve bond

lengths.

As is buckled out from the top layer by LEED/3/
0.70 A. Top layer Ga atoms contract by

~ 0.5 A, and there are lateral motions of

~ 0.4 A to conserve bond lengths. The

lateral motions may be reduced by ~

3/4 to give a better agreement with

MEIS results without significantly wor-

sening the LEED fit.

As is buckled out from the top layer by LEED/4/
0.69 A. Top layer Ga atoms contract by

~ 0.5 A, and there are lateral motions of

~ 0.3 A to conserve bond lengths.

(continued)



150 M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorjai

TABLE VIII (continued)

Substrate Unit Cell Structure Method
GaAs (110) (1x1) As is buckled out from the top layer by HEIS/5/
(zincblende) 0.4040.30 A. Top layer Ga atoms con-

tract by ~ 0.202£0.30 A, with no lateral

motions.
GaAs (111) (2x2) One quarter of the top layer Ga atoms LEED/6/
(zincblende) are missing, and the remaining atoms
(Ga ter- are almost co-planar with the first As
minated) layer, within 0.20 A. Ga bonding is sp?

rehybridized, instead of the normal sp®
configuration. There are first bi-layer la-
teral motions of ~ 0.2 A, and some
buckling in the third layer to maintain
optimum bond-lengths and angles.

GaP (110) (1x1) Surface reconstructed with 27.5° bond LEED/7/

(zincblende) angle rotation preserving bond lengths.
Top layer buckled with Ga 40.09 A, As
-0.54A and layer spacing contracted to
1.39 A. Second layer spacing expanded
to 1.93 A.

(continued)
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Substrate Unit Cell Structure Method
GaP (111) (2x2) One quarter of the top layer Ga atoms LEED/6/
(zincblende) are missing, and the remaining atoms
(Ga ter- are almost co-planar with the first P
minated) layer. Ga bonding is sp? rehybridized,

instead of the normal sp® configuration.

There are lateral motions up to ~ 2 A,

and some buckling in the third layer to

maintain optimum bond-lengths and an-

gles.
GaSb (110) (1x1) Sb is buckled out from the top layer by LEED/8,9/
(zincblende) 0.77+0.05 A. Top layer Ga atoms con-

tract by ~ 0.5 A, and there are lateral

motions of ~ 0.4 A to conserve bond

lengths.
GaSb (110) {(1x1) Consistent with LEED results (above) MEIS/10/
{zincblende) for layer displacements and lateral mo-

tions.
GaSb (110) (1x1) Bond-length conserving rotations of MEIS/11/
(zincblende) 28.54+2.6 ° bring Sb atoms up, Ga atoms

down.
Ge (100) (di- (2x1) The top layer buckles, with one Ge atom XRD/12/

amond)

moving out by 0.6240.04 A and the oth-
er moving in by 0.6640.04 A. There are
lateral displacements of ~ 0.9 A in the
first layer and ~ 0.1 A in the second

layer.

(continued)
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TABLE VIII (continued)

Substrate Unit Cell Structure Method
InAs (110) (1x1)  The top layer has As buckled outward LEED/13/
(zincblende) by ~ 0.8 A with lateral motions of ~ 0.6

A in the first three layers to conserve

bond lengths.

InAs (110) (1x1) Bond-length conserving rotations of MEIS/11/
(zincblende) 30.042.4 ° bring As atoms up, In atoms

down.
InSb (111) (2x2) One quarter of the top-layer In atoms  X-Ray
(zincblende) are missing in the “vacancy buckling”  Diffraction/14/

model. Top layer is not buckled, in

plane Sb atoms expand radially by

0.4540.04 A from their normal positions

and In atoms contract radially by

0.23+£0.05ag from their normal positions.

No data on layer spacing changes.
InP (110) (1x1) Preliminary results show layer buckling LEED/15/
(zincblende) with the P atom buckled out, and lateral

and vertical shifts in the top layer ~ 0.4

A. Second and deeper layer shifts were

not investigated.
InP (110) (1x1) Top layer buckling with the P atom LEED/16/
(zincblende) buckled out by 0.69+0.10 A, and lateral

and vertical shifts in the top layer ~ 0.4

A. The second layer spacing is contract-

ed by 0.4140.10 A with a slight buckling

of 0.0740.10 A. Only first layer lateral

displacements were investigated.

(continued)
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TABLE VIII (continued)

Substrate Unit Cell Structure Method

Si (100) {di- (2x1) Buckled dimer model is best fit to data. MEIS/17/
amond) Surface atoms dimerize to take up dan-

gling bonds, surface buckles for best

bond angles. There are lateral and verti-

cal ion-core motions for at least 4 layers

into the bulk crystal. Authors conclude

that (2x1), (2x2) and ¢(4x2) buckled di-

mer domains may exist on the surface.
Si (100) (di- {2x1)  LEED analysis considering vertical and LEED/18/
amond) lateral displacements in the top three

atomic layers supports a buckled dimer

model.
Si (111) (di- (1x1) laser an-The first two layers are almost co- LEED/19/
amond) nealed planar, instead of the normal 0.78 A

separation. The first layer spacing is
0.0840.02, a contraction of 90%, and the
second layer spacing is 2.95340.20 A, a
25.5% expansion from 2.35 A.

Si (111) (di- (2x1)  The top layer is buckled by 0.30+0.05 A, LEED/20/

amond) the second layer spacing is 0.7040.05, a
change of +2.9%, and the third layer
spacing is contracted by 3.4% to
2.2740.02 from 2.35 A. There are
second-layer lateral shifts of ~ 0.12 A.
(More recent results favor the “m-bonded

chain” model, see below.)

(continued)
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TABLE VIII (continued)
Substrate Unit Cell Structure Method
Si (111) (di- (2x1)  Analysis of LEED data supports a “=~ LEED/21/
amond) bonded chain” model for the (2x1) recon-

struction. Trial geometries based on

strain-minimization calculations for the

model, involving vertical motions four

layers deep with lateral motions along

the long side of the unit cell.
Si (111) (di- (2x1) Best fit to “m-bonded chain” model. MEIS/22/
amond) This model involves buckling in layers 2

to 6 of up to 0.27 A and small lateral

shifts in the first six layers.
GaP (110) (1x1) Surface reconstructed with 28.0° bond LEED/7/
(zincblende) angle rotation preserving bond lengths.

Top layer buckled with Zn +0.08 A, S

-0.51A and layer spacing contracted to

1.40 A. Second layer spacing expanded

to 1.91 A.
ZnSe (110) (1x1)  Two different models were consistent ~ LEED/23/
(zincblende) with LEED data. First; Se is buckled

outward by ~ 0.70 A and the second
layer spacing is contracted by ~ 0.60 A,
with lateral motions of ~ 0.7 A. Second;
Se buckled out by 0.10 A and the second
layer spacing contracted by 0.09 A, with

lateral motions of ~ 0.07 A.

{continued)
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T'ABLE VIII (continued)

Substrate Unit Cell Structure Method

ZnTe (110) (1x1)  Te is buckled out from the top layer by LEED/9/
(zincblende) 0.7140.05 A. Top layer Zn atoms con-

tract by ~ 0.5 A, and there are lateral

motions of ~ 0.4 A to conserve bond

lengths.
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TABLE XI. Carbon Monoxide, Di-Nitrogen and Nitric Oxide Chemisorption on
Metals

(In all the listed structures the CO or NO molecule is believed to adsorb
perpendicular to the surface with the oxygen end away from the surface. For CO
structures with multiple non-equivalent adsorption sites these are listed on
consecutive lines. If the metal layer spacing has been investigated this is listed

alter the adsorbate information.)

Substrate Overlayer Adsorption  C-Metal C-O Bond Method

Face Unit Cell Site 1 Spacing Length

Cu (100) ¢(2x2)-CO top  1.9040.10 1.13+0.10 LEED/1/

Cu (100) ¢(2x2)-CO top  1.9240.05 NEXAFS/2/

Ni (100) ¢(2x2)-CO top 172 1.15 LEED/3/

Ni (100) ¢(2x2)-CO top 1.8010.10 1.1540.05 ARXPS/4/

Ni (100) ¢(2x2)-CO top 1.8040.10 1.1540.05 LEED/5/

Ni (100) ¢(2x2)-CO top  1.704+0.10 1.13+0.10 LEED/6/

Ni (100) ¢(2x2)-CO top 1.7140.10 1.1540.10 LEED/7/

Ni (100) ¢(2x2)-CO top  1.80+0.04 1.13 NPD/8/

Ni(111)  (V3xV3)R30°-CO  bridge 1.2740.05 1.1340.05 NPD/8/

Ni (100) disordered-CO top NEXAFS/9/
molecular axis L to surface £10°

Ni (100) disordered-NO top NEXAFS/9/
molecular axis L to surface £10°

Ni (100) disordered-N, top NEXAFS/9/

molecular axis L to surface +10°
Pd (100) (2V2xV2)R45°-2CO  bridge 1.3610.10 1.1540.10 LEED/10/
top layer 1.94540.10 +0.4%
Pd (111) (V3xV3)R30°-2CO 3-fold fec 1.2940.05 1.1540.05 LEED/11/
Pd (111) (3x3)-2CO" 3-fold fecc 1.3040.05 1.17+0.05 LEED/12/
Pt (111) c(4x2)-2CO top 1.8540.05 1.1540.10 LEED/13/
- bridge 1.5540.05 1.1540.10

(continued)
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TABLE XI (continued)

Substrate Overlayer Adsorption  C-Metal C-OBond  Method
Face Unit Cell Site L Spacing Length

top layer 2.2640.025 0.0%

Pt (111)  (2V3x4)rect-4CO"  bridge 1.45 1.15 LEED/14/
Rh (111) (3x3)-2C0" 3-fold hep 1.30 1.17 LEED/15/
Rh (111)  ¢(2V3x4)rect-CO"  3-fold fecc 1.5040.05 1.21+0.10 LEED/16/
Rh (111) ¢(4x2)-CO’ 3-fold hep 1.3040.05 1.1740.05 LEED/17/
Rh (111) c(4x2)-NO* 3-fold fecc 1.30+0.05 1.1740.05 LEED/17/
Rh (111) (2x2)-3CO quasi-top 1.8740.10 1.1530.10 LEED/18/

quasi-top 1.8740.10 1.15340.10
bridge 1.5240.10 1.1540.10
Rh (111)  (V3xV3)R30°-CO top  1.9540.10 1.0740.10 LEED/19/
top layer 2.1940.10 0.0%
Ru (0001) (V3xV3)R30°-CO top  2.00£0.10 1.09+0.10 LEED/20/
* These structures involve carbon monoxide co-adsorbed with other

molecules. See table XII for more details.
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TABLE X. Insulator and other Compound Surface Structures

Substrate Unit Cell Structure Method
C(111) (1x1) Terminated bulk diamond, no relaxa- LEED/1/
(diamond) tion in layer spacing.
C(111)-H (1x1) Hydrogen terminated diamond, sur- MEIS/2/
(diamond) face layer spacing relaxed by

-0.05+0.05 A.
C (111)-H (1x1) Hydrogen in (1x1) arrangement. Helium
(diamond) Determined to be in top site, as- diffraction/3/

sumed 1.09 A H-C bond length.
C (111) (2x2) Evidence for “mbonded chain reecon- MEIS/2/
(diamond) struction.
C (0001) (1x1) Normal graphite layer stacking, first LEED/4/
{(graphite) layer contracted 1.4% to 3.30 A from

bulk spacing of 3.35 A.
C (0001)-K intercalated When K is adsorbed on C(0001) it is LEED/5/
(graphite) intercalated between layers, changing

the carbon stacking sequence from

ABAB... to AAAA... and increasing

the layer spacing to 5.35 A from 3.35

A
C (0001)-Ar incomensurate Ar forms an incomensurate hexago- LEED/6/
(graphite) nal overlayer on graphite 3.240.10 A

above the graphite surface.

(continued)
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TABLE X (continued)

Substrate

Unit Cell

Structure Method

C (0001)-Kr (V3xV3)R30° Kr adsorbs in 6-fold hollow sites on LEED/7/

(graphite)

C20 (100)
(rocksalt)
CoO (111)
(rocksalt)

CoO (100)
(rocksalt)
MgO (100)
(rocksalt)

MgO (100)
(rocksalt)

MoS,
(0001)
(layer
compound)
Na,O (111)
(fluorite)

(1x1)

(1x1)

(1x1)

(1x1)

(1x1)

(1x1)

(1x1)

the graphite basal plane 3.3540.01 A

above the graphite surface. No

nearest neighbor sites are occupied.

At higher coverages next-nearest

neighbor sites are occupied.

Top layer contracts by 1.29% to 2.38 LEED/8/
from 2.41 A. No top-layer buckling.

Oxygen termination with fcc stack- LEED/9/
ing, top layer contraction of 17% to

1.06 A from bulk 1.27 A.

Terminated bulk structure, top layer LEED/10/
spacing is 2.8530.08 A.

Top-layer oxygen buckled out by LEED/11/
0.04140.05, and top layer contracted

by 0.0240.07 A. Bulk layer spacing

2.10 A.

Terminated bulk structure, no LEED/12/
change from bulk layer spacing of

2.10 A.

Normal stacking, S-Mo-S termina- LEED/13/
tion, top layer contraction by 5% to

1.51 A from bulk 1.59 A. No second

layer contraction.

Oxidation of epitaxial Na(110) on LEED/14/
Ni(100) substrate. Determine fluorite

lattice with Na-O-Na termination.

(continued)
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TABLE X (continued)

Substrate Unit Cell Structure Method
NbSe, (1x1) Normal layer stacking with Se-Nb-Se LEED/13/
(oo01) termination, no evidence for relaxa-
(layer tion of first two layer spacings.
compound)
Nil, (0001) (1x1) Bulk Nil, is a layer compound with SEXAFS/15/
hexagonal metal layers and oc-
tohedral coordination in a cubic unit
cell. At the surface the bulk Ni-I
bond length of 2.78 A decreases by
0.03640.010 A and the I-I seperation
of 3.89 A decreases by -0.48+0.010.
NiO (100) (1x1) Top layer unbuckled, contracted 2% LEED/16/
(rocksalt) to 2.04 A from bulk value of 2.08 A.
SbyTe,Se (1x1) This is an elemental layer compound ARUPS/17/
{(0001) with Te-Sb-Se-Sb-Te stacking. The
(layer com- Te-Te interfaces are clevage planes.
pound) At the surface the bulk Te-Sb layer
spacing of 1.733 A is contracted by ~
3% to 1.683+0.05 A.
TiS, (0001) (1x1) This is an elemental layer compound LEED/18/
(layer com- with Ti-S-Ti stacking. The Ti-Ti in-
pound) terfaces are clevage planes. At the

surface the bulk Ti-S layer spacing is
contracted by ~ 5% and the first
Van der Waal spacing {Ti-S-Ti | Ti-
S-Ti) is also contracted by 5%.

(continued)
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TABLE X (continued)
Substrate Unit Cell Structure Method
TiSe, (0001) (1x1) This is an elemental layer compound LEED/18/
(layer com- with Ti-Se-Ti stacking. The Ti-Ti
pound) interfaces are clevage planes. At the

surface the bulk Ti-Se layer spacing

is expanded by ~ 5% and the first

Van der Waal spacing (Ti-Se-Ti |

Ti-Se-Ti) is contracted by 5%.
ZnO (0001) (1x1) Zn termination, top layer spacing LEED/19/
(wurtzite) 0.6020.10 A, a 25% contraction from

the bulk value of 0.80 A.
ZnO (1010) (1x1) Oxygen buckled outward by ~ 0.8 A LEED/20/
(wurtzite) and Zn contracted by 1.2 A in the

first layer. Bulk layer spacing 1.88

A
ZnO (1120) (1x1) Terminated bulk structure, no evi- LEED/20/
(wurtzite) dence for reconstruction or relaxa-

tion in layer spacings.
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TABLE IX. Atomic Adsorption on Semiconductor Surfaces
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(Where substrate relaxations or reconstructions have been investigated this

information is listed in the table after the adsorbate information.)

Adsorption Overlayer Adsorbate Layer Method
System Cell Site Spacing
GaAs (110)-Sb (1x1) 2-fold note 1 LEED/1/
GaAs (110)-Al (1x1) sub surface  note 2 LEED/2/
Ge (111)-Cl (2x8) top 2.0740.03  SEXAFS/3/
Ge (111)-I (1x1) top 2.504+0.04  SEXAFS/4/
Ge (111)-Br undetermined top 2.1040.04  X-ray reso-
nance/5/
Ge (111)-Te (2x2) hep hollow SEXAFS/4/
Si (111)-Au (V3xV3) note 3 0.30 ALICISS/8/
Si (111)-Br undetermined top 2.1840.06  X-ray reso-
nance/7,8/
Si (111)-Ag (7x7) top 0.7040.04  SEXAFS/9/
Si (111)Ag (2V3x2V/3)  subsurface  -0.68+0.15 SEXAFS/9/
layer 1-2 1.3640.30
layer 2-3 -0.30
Si (111)-Cl (V19xV19) top 1.9840.04 SEXAFS/3/
Si (111)-Cl (7x7) top 2.0340.03  SEXAFS/3/
Si (111)-1 (7x7) top 2.4440.03  SEXAFS/4/
top layer +15% 0.9040.05
Si (111)-NiSi, (1x1) tetrahedral  note 4 LEED/10/
Si (111)-NiSi, (1x1) tetrahedral  note 5 MEIS/11/
Si (111)-Se undetermined 4-fold 1.68 X-ray reso-
nance,/12/
Si (111)-Te (7x7) 2-fold 1.51 SEXAFS/4/
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Note 1 -- Sb atoms fill As and Ga type sites in a slightly buckled {0.10 A)
first layer spaced 2.3 A above the GaAs surface, with lateral distortions to form a
sp® bonded chain.

Note 2 -- Aluminum substitutes for sub-surface Ga atoms. For 0.5
monolayers second layer Ga atoms are replaced, for 1.0 monolayers second and
third layer Ga atoms are replaced. Above 1.5 monolayers all near surface Ga
atoms are replaced by Al, forming an epitaxial AlAs(110) surface. In all cases the
first interlayer spacing contracts by ~ 0.10 A.

Note 3 -- Modified triplet cluster model - Au triplets substituted for Si
atoms with a 2.9 A Au-Au bond length between the triplet Au atoms.

Note 4 -- Structure of NiSi,, grown on Si(111) substrate. Forms fluorite
structure layer compound Si-Ni-Si with nickel in tetrahedral sites. Silicon layer
terminates crystal, with a first-layer contraction of ~ 25%.

Note 5 -- Ion scattering investigation of NiSi, - bulk Si interface. Determine
Si-Ni-Si layer is 3.060.08 A above the next non-collinear Si atom (the bulk value
is 0.77 + 2.35 = 3.12). Of the two possible terminations this most closely

matches the bulk silicon structure.
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TABLE XII. Other Molecular Adsorption Structures

System

Structure

Method

Cu (100) HCO,

disordered

Cu (110) HCO,

disordered

Ni (111) C,H,
(2x2)

Pd (111)
CeH+2CO
(8x3)

Pt (111) C,H,

disordered

The formate radical is in a plane L to the
surface with the two oxygens closest to the
surface, and a formate O-C-O bond angle of
125° is assumed. The O atoms are slightly
ofl-center above two adjacent 4-fold hollow
sites. The O atoms are 1.54 A above the Cu
surface and separated by 2.17 A. The C
atom is 2.11 A above the surface.

The formate radical is in a plane L to the
surface along the [001] direction. The oxy-
gen atoms are closest to the surface, slightly
off-center from two adjacent bridge sites,
1.51 A above the surface and 2.29 A apart.
The O atom is 2.04 A above the Cu atom.
The acetylene molecules are adsorbed with
the C-C bond parallel to the surface and the
center of the C-C bond is over a bridge site.
The C-C bond is perpendicular to the Ni-Ni
bridge. The C-C bond length is 1.50 A and
the carbon atoms are 2.140.10 A above the
surface.

One benzene and two CO’s per unit cell. CO
is L to the surface, adsorbed 1.30 A above 3-
fold fcc sites. Benzene is parallel to the sur-
face, centered 2.25 A over a 3-fold hep site.
Acetylene bonded parallel to surface with
C-C bond length 1.4540.03 A.

NEXAFS/1/

NEXAFS/2/

LEED/3/

LEED/4/

NEXAFS/5/

(continued)
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TABLE XII (continued)
System Structure Method

Pt (111) C,H, Ethylidyne (CCH,) bonded L to surface NEXAFS/6/
disordered with C-C bond 1.47+0.03 A.
Pt (111) C,H, Ethylidyne (CCH,) bonded L to surface NMR/7/
disordered with C-C bond 1.4940.02 A.
Pt (111) C,H,q Ethylidyne (CCH;) bonded L to surface in LEED/8/
(2x2) 3-fold fec sites, C-C bond 1.5040.05 A

and C-surface L distance 1.2040.05 A.
Pt (111) C,H, Ethylene bonded parallel to surface with C-  NEXAFS/5/
disordered C bond length 1.49+40.03 A.
Pt (111) 2C¢Hg Benzene ring parallel to surface, C-C bond NEXAFS/9/
disordered length 1.4040.02 A.
Pt (111) Benzene ring parallel to surface over bridge LEED/10/
2CHs+4CO sites, 2.10 A above surface, with two ben-
(2\/3)(4) rect zenes and four CO’s per unit cell. CO also

over bridge sites, 1.45 A above the metal

surface. Benzene ring is expanded with

small in-plane distortions consistent with lo-

cal symmetry.
Rh (111) C,H,4 Ethylidyne (CCH,) is adsorbed with the C-C LEED/11/

(2x2)

axis L to the surface with a 1.4540.10 A
bond length. The terminal carbon atom is
1.3140.10 A above a 3-fold hep hollow site.

(continued)
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TABLE XII (continued)

System

Structure

Method

Rh (111)
c(4x2)

Rh (111)
C,H,+NO
c(4x2)

Rh (111)
CeHg+2CO
(3x3)

Ethylidyne (CCH,) is adsorbed in 3-fold fec
sites with a 1.30+0.05 A metal-terminal car-
bon distance. The C-C axis is L to the sur-
face with a 1.4540.05 A bond length. CO
molecules are adsorbed L to the surface in 3-
fold hcp sites, carbon atom down, with a
carbon-metal bond length of 1.3040.05 A
and a C-O bond length of 1.1740.05 A.
Ethylidyne {CCHg) is adsorbed in 3-fold hep
sites with a 1.3040.05 A metal-terminal car-
bon distance. The C-C axis is L to the sur-
face with a 1.4540.05 A bond length. NO
molecules are adsorbed L to the surface in 3-
fold hep sites, nitrogen atom down, with a
nitrogen-metal bond length of 1.3040.05 A
and a N-O bond length of 1.17+0.05 A.

One benzene and two CO’s per unit cell. CO
is L to the surface, adsorbed 1.30 A above 3-
fold hep sites. Benzene is parallel to the sur-
face, centered 2.20 A over a 3-fold hep site.
Slight in-plane Kekulé distortion of the ben-

zene molecule.

LEED/12/

LEED/12/

LEED/13/

{continued)
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TABLE XII (continued)

System Structure Method
Rh (111) Benzene is coadsorbed with CO, each with LEED/14/
CegHg+CO one molecule per unit cell, both centered :

c(2\/3x4) rect over 3-fold hcp sites, benzene is parallel to

and 2.25:£0.05 A above the surface. COis L
to the surface and the metal-carbon spacing
is 1.5040.05 A. The benzene molecule has

an in-plane Kekulé distortion, with alternat-

ing long and short bonds.

REFERENCES

1]

Outka, D. A., Madix, R. J., and Sthr, J. (1985) Surface

Science 164, 235.

Puschman, A., Haase, J., Crapper, M. D, Riley, C. E., and Woodruff, D.
P. (1985) Physical Review Letters 54, 2250.

Casalone, G., Cattania, M. G., Merati, F., and Simonetta,

M. (1982} Surface Science 120, 171.

Ohtani, H., Van Hove, M. A., and Somorjai, G. A. (to be published)
StShr, J., Sette, F., and Johnson, A. L. (1984) Physical Review

Letters 53, 1684.

Horsley, J. A., St8hr, J., and Koestner, R. J. (1985) Journal of Chemical
Physics 83, 3146.

Wang, P.-K_, Slichter, C. P., and Sinfelt, J. J. (1985) Journal of Physical
Chemistry 89, 3606.

Kesmodel, L. L., Dubois, L. H., and Somorjai, G. A. (1979) Journal of
Chemical Physics 70, 2180.



172

10.

11.

12.

13.

14.

M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorijai

Horsley, J. A., Stohr, J., Hitchcock, A. P., Newbury, D. C., Johnson, A. L.,
and Sette, F. (1985) Journal of Chemical Physics 83, 6099.

Ogletree, D. F., Van Hove, M. A., and Somorjai, G. A. (1987) Surface
Science 187, 1.

Koestner, R. J., Van Hove, M. A., and Somorjai, G. A. (1982) Surface
Science 121, 321.

Bent, B. E., Mate, C. M., Koestner, R. J., Blackman, G. S., Kao, C. T.,
Hove, M. A. Van, and Somorjai, G. A. (to be published)

Van Hove, M. A, Lin, R. F., Blackman, G. A., and Somorjai, G. A. (to be
published) Acta Crystallographica

Van Hove, M. A, Lin, R. F., and Somorjai, G. A. (1986) Journal of the
American Chemical Society 108, 2532.



The State of Surface Structural Chemistry 173

6. FUTURE NEEDS AND DIRECTIONS OF SURFACE STUDIES

It is our hope that this review conveys the rapid developments in surface
structural chemistry during the past decade. We have attempted to describe the
various techniques that are employed and the types of structural information
that has been obtained from experiment.

The theories of surface structure and bonding have been reviewed. It should
be clear to the reader that surface structural chemistry is indeed a frontier area
for both theorists and experimental researchers. From an experimentalists
viewpoint the data base of atomic and molecular surface structures is very small
at present. Most investigations have been carried out on flat, low Miller index
surfaces of monatomic solids, either clean or with atomic or small molecules as
adsorbates.

The structure of clean surfaces of polyatomic solids (alloys, halides, oxides,
sulfides, etc.) should be explored along with molecular solid surfaces (organic
systems). More open, rough surfaces with high Miller indices should be
investigated, including the structure of atoms and molecules bonded to steps and
kinks on surfaces. Such sites are known to be key for some important surface
chemical processes, but little is known of their structure.

Molecular adsorbates of increasing size should be a fertile area of research.
Such research could lead to the study of biological surfaces. The surface
structure at solid-gas, solid-liquid, and solid-solid interfaces should be explored
and compared with the results for the solid-vacuum interface. Structural
properties of thin films, electrodes, and composite materials can be obtained in
this way.

Time resolved surface structure analysis can be employed for studies of
order-order and order-disorder surface phase transitions, growth, and
evaporation. Surface structures and their alterations could then be explored
under extreme conditions of high temperature and irradiation by photons or
particles.

Once bond distances and angles become available for a large number of
systems with diverse chemistry, correlation should lead to a deeper understanding

of the nature of the surface chemical bond.
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The theory of the change of spectra of a many-particle
operator associated with an unbounded similarity transformation
- due to the change in the boundary conditions - is briefly
reviewed. Special attention is given to operators which remain
complex symmetric under certain restricted transformations.

In this paper, the general theory developed in Part I is
applied to the Hartree-Fock Scheme for a transformed many-
electron Hamiltonian. It is shown that, if the transformation is a
product of one-electron transformations, then the Fock-Dirac
operator as well as the effective Hamiltonian undergo similarity
transformations of the one-electron type. The special properties
of the Hartree-Fock scheme for a real self-adjoint Hamiltonian
based on the bi-variational principle are discussed in greater
detail.

In conclusion, the method of complex scaling as an
unbounded similarity transformation of the restricted type is
briefly discussed, and some numerical applications containing
complex eigenvalues - which may be related to resonance states
- are given.



188 Per-Olov Lowdin, Piotr Froelich, and Manoj Mishra

1. Introduction.

If an arbitrary self-adjoint operator H, like the Hamiltonian,
undergoes a similarity transformation:

H'-uHU! (1.1)

where U is an unbounded operator, its spectrum (E} is subject to
change: some eigenvalues are persistent, others may be lost, and
new eigenvalues may occur also in the complex plane. These
changes have been discussed in some detail in a previous paperl,
which will be referred to as reference A. If the operator U
satisfies the special condition:

wht=vu, (1.2)
the transformed operator has the important symmetry property:
=Y = @Y (1.3)

i.e. it is complex symmetric, which greatly simplifies the theory,
and one speaks of a restricted similarity transformation.

The general stability problem for a pair of adjoint many-
particle operators T and T! has been discussed in a previous pa-
per2, which will be referred to as reference B. The Hartree-Fock
scheme for a pair of such operators has also been discusseda,
and this paper will be referred to as reference C. Some of the
most important results in the references A, B, and C will be
briefly reviewed here to make the presentation more self-
contained.

This study was started in order to find out whether one
could find meaningful complex eigenvalues in the Hartree-Fock
scheme for a transformed Hamiltonian in the method of
complex scaling. This problem was intensely discussed at the
1981 Tarfala Workshop in the Kebnekaise area of the Swedish
mountains. It was found that, if the many-electron Hamiltonian
undergoes a similarity transformation U which is a product of
one-electron transformations u - as in the method of complex
scaling - then the Fock-Dirac operator p as well as the effective
Hamiltonian Hggy undergo one-electron similarity
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transformations of the type:

pl=upul, HY%g = u H%gu’ (1.4)

and these results were referred to as the "Tarfala Theorem". If
one assumes that the eigenfunctions to these operators all be-

long to the one-electron Hilbert space L2, then it is evident that
the spectra of the effective Hamiltonians will remain persistent,
and - if one starts from a real self-adjoint Hamiltonian and the
ordinary Hartree-Fock scheme - one would hence never get any
complex one-electron energies, which is of course a negative
result. It was hence somewhat surprising to find that numerical
applications of the Hartree-Fock scheme in the complex
symmetric case based on the bi-variational principle would
sometimes lead to complex eigenvalues even when the original
Hamiltonian was real and self-adjoint.

The puzzle depended on the simple fact that most
physicists using the method of complex scaling had not realized
that the associated operator u - the so-called dilatation operator
- was an unbounded operator, and that the change of spectra -
e.g. the occurrence of complex eigenvalues - was due to a change
of the boundary conditions. Some of these features have been
clarified in reference A, and in this paper we will discuss how
these properties will influence the Hartree-Fock scheme. The
existence of the numerical examples finally convinced us that
the Hartree-Fock scheme in the complex symmetric case would
not automatically reduce to the ordinary Hartree-Fock scheme in
the case when the many-electron Hamiltonian became real and
self-adjoint. Some aspects of this problem have been briefly
discussed at the 1987 Sanibel Symposium, and a preliminary
report has been given in a paper? which will be referred to as
reference D.

Quite a few years have now gone since the Tarfala Workshop
in 1981, and many new results have appeared in the method of
complex scaling. The question of the occurrence of complex
eigenvalues corresponding to so-called resonance states in the
Hartree-Fock approximation for various types of many-electron
Hamiltonians is, however, still not completely solved, and the
authors feel that time is now mature to bring up these problems
for more intense discussions.
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2. Brief review of some of the Results in the Previous Studies of
the Stability Problem for a Pair of Adjoint Operators.

In this section, we will give a brief review of some of the
results obtained in the references A, B, and C, and formulate
them in a way which is particularly suitable for our present
purpose. We will also introduce some new concepts and some
new results.

2.1. General theory. - Let us consider a pair of adjoint operators,

T and TJ', defined on a Hilbert space H = { x } with the binary
product <x!y>, where the second position is linear and the first
anti-linear. Following Dirac5, the bracket <xly> is considered as
the product of a "bra-vector" <x| and a "ket-vector" ly>. The
ket-bra operator F = |b><al is further defined through the

relation
F=Ilb><al, Fx=b<alx>, (2.1)

where one may put |b> = b and consider <al as a linear
functional. The operator F satisfies the algebraic relation F2 =

<alb> F, and it has a single non-vanishing eigenvalue f = <alb>.
One has further the relations
F' = la><bl, TrF=<alb>. (2.2)

In studying the adjoint pair of operators, T and T*, one starts
from the eigenvalue problems:

TC=AC, T D=pD, (2.3)

subject to the standard boundary conditions, i.e. that for discrete
eigenvalues A and p, the eigenfunctions C and D should be
elements of the Hilbert space. Using the elementary relation:

p*<DIC> = <u DIC> = <I'DIC> = <DITC> = <DIAC> =
=A<DIC> (2.4)
i.e.

@* -2 <DIC> =0, (2.5)

one obtains
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<DIC>= 0, if T (2.6)

which is the so-called bi-orthogonality theorem. On the other
hand, if <DI1C> # 0, one obtains p = A*. In such a case, it is con-

venient to introduce the new eigenfunction D' = D <CID>"!, and
one gets the bi-normalization <D'IC> = 1. The elements C and D'
are said to be conjugate eigenfunctions associated with the

eigenvalues A and A*. In the following, we will assume that all the
eigenfunctions D' have been properly "normalized" and omit the
prime.

If the operator T has a spectrum consisting of the discrete
eigenvalues A, A, 13, ... , which are all non-degenerate, and the
associated eigenelements are arranged in a row vector C = {Cl,
C,. C,. ...}, etc., one obtaines the relations

TC=Ch&, T D=DAa" (2.7)

where A and A* are diagonal matrices. Here we have used the

convention that, if A and B are rectangular matrices - including

the special cases of row-vectors, column - vectors, and quadratic
matrices - then

(AB) , = Xy Aio Byl (2.8)

i.e. the k'™ row of A is multiplied with the 1'" column of B For
the eigenelements, one has the bi-orthonormality theorem:

<DIC> = 1. (2.9)

If an eigenvalue A - as defined by the characteristic equation
for T in any matrix representation - is degenerate , the situation
is more complicated, and the eigenvalue problems (2.3) have to
be replaced by the associated stability problems ; see ref. B, Sec.
4. In matrix theory, the search for the irreducible stable sub-
spaces of T is reflected in the block-diagonalization of the matrix

T to the so-called classical canonical form A, in which one has

the eigenvalues A on the main diagonal and, for degenerate
eigenvalues, sequences of 1's in the diagonal immediately above
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the main diagonal. This means that one may have blocks of the

type:

w, [x 1], A 10) et (2.10)
00 0Al
00 A

which are referred to as Jordan blocks; the orders of the Jordan

blocks for a multiple eigenvalue A give the Segré characteristics
for the degeneracy. Instead of the first relation (2.7), one gets
now the more general relation:

TC=CA\ (2.11)

where the matrix A is on classical canonical form.

The stability problem for the adjoint operator Tt may now
be expressed in a similar form:

T'D=Dup, (2.12)
where we have not yet specified the form of the matrix W, since

we are also interested in the metric matrix A = <DIC>. In
analogy with (2.4), we obtain

p<bDic>=<DpiCc>=<T'DIC>=

=<DITC>=<DICA>=<DIC>A, (2.13)

ie.
pfa=aa, (2.14)

or
w=(ahtatal, (2.15)

This means that the matrix @ is always a similarity trans-
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formation of the adjoint matrix at, Introducing the substitution:
D=D@&hl=D<ciD>, (2.16)
one gets directly:
T'D' =T'D @Y= Dpah!=
=D afpah =D At (2.17)
as well as
<D'IC>= Al<DIC>=1. (2.18)

We note that, even if h* is not on a classical canonical form,

since it has the 1's in the Jordan blocks on the diagonal
immediately below the main diagonal, the form (2.17) is most
convenient for our purposes, since it is compatible with the
relation (2.18). In summary, it is hence possible to write the
stability relations in the form:

TC=CiA T D=Dal, (2.19)

<CID>=1, (2.20)

and we will say that the row-vectors C and D consist of conjugate
"eigenelements"”, which are automaticcaly bi-orthonormal. It
should be observed that the construction (2.16) is such that, if X

is an arbitrary basis for the space under consideration, one has

D=X<CIX>"! (2.21)

which relation is invariant under linear transformations X' = X «.

Putting X = C, one obtains that D = C <C |C>"! = C,, i.e. that D is
the reciprocal basis to the basis C.

In concluding this section, a few words should be said about
the case when the operator T is complex symmetric :
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=T (2.22)

The name comes from the fact that, if one studies such an
operator in a dual basis (@*, @), it has the matrix representation

T = <®*IT1®>, (2.23)
with the property:
Tt = <T® 1 ®*> = <@ IT'®*> = <®IT*®*> = T, (2.24)

i.e. T = T)x. This means that T is a symmetric matrix with
complex elements.

Taking the complex conjugate of the relation T C = C &, one
obtains

Tic* = ¢c*a, (2.25)

where A'is still a classical canonical form. If P is the permu-
tation, which reverses the order of the basic elements € within

each Jordan block, one has further A’ = P A* P!, Putting X = C*
into relation (2.21), one gets finally the preferred solution:

D =C*<CIC*!, (2.26)
with the properties
™D=Daf, <CID>=1. (2.27)

We note that, due to the bi-orthogonality theorem, the metric

matrix A = < CIC*> is automatically block-diagonalized with

different blocks for different eigenvalues, and it is then possible
to treat the stable subspaces associated with different
eigenvalues seperately, which is an essential simplification. In
addition, the symmetry property (2.24) indicates another
simplification from the computational point of view.
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2.2. Hartree-Fock Scheme.- For the sake of simplicity, we will
consider the eigenvlue relations (2.3) for a non-degenerate
eigenvalue A, for which <CID> # 0. If C; and D, are two
approximate solutions - characterized by the index "a"- the best
approximations are obtained by using the bi-variational principle
(B.3.6). In the Hartree-Fock scheme for N fermions, the appro-
ximate solutions are represented by two Slater determinants:

Ca=MND2 1y 91, D=2 101 (x)1.  (2.28)

where W= {v1, VYo, ... , ¥y} and & ={ ¢y, ¢g, ... , Oy } are row-
vectors of one-particle functions of the combined coordinate x; =

(ri, ). If one introduces the overlap matrix:
d = <ply> (2.29)
one has according to (C.2.13) that
<D,ICp>=1d I, (2.30)

and, since <D, C, > # 0, this implies that the matrix d is non-
singular with the inverse e = dl'l.According to (A.2.1) the bi-
variational expression may be written in the form I = Tr TI,,
where I, is a skew-projector of the form:

Ty = 1Ca><D, 1 /<D, 1C,> = 1C,><D, 1C,> <D, 1, (2.31)

which in turn is completely determined by the one-particle
operator p:

p = ly><dly>"l<gl, (2.32)
having the properties
P2 =p, Trp=N, p # p*: (2.33)
for details, see egs. (C.2.16-2.21). It has further the kernel:

plx1xg) = E, wilx1) e 0 (x2), (2.34)
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where the summation over k and 1 goes from 1 to N, i.e. over the
"occupied"” one-particle functions. It is obviously a generalization

of the Fock-Dirac density matrix® in the conventional Hartree-
Fock scheme.

If the N-particle operator T is expressed in the form
T = T(O) + El Tl + ZKJ Ti_] + ... (235)

It is then possible to evaluate the bi-variational expression I = Tr
TI; in the form:

=T+ Ty plxy.x;)dx; +
+ (1/2)] T'15 plx1.%]") p(xg.xo) dx dxg. (2.36)
where
T'j12 = T12 (1-Pya). (2.37)
and one has used the standard convention that the operators T,
T'y2, ... work only on the unprimed coordinates and that one

puts x;'= X1, Xp'= X9, ... before integrations are carried out.

By using the bi-variational principle, 81 = O, one obtains
according to (C.2.29 - 2.56) the following conditions:

Terr (1) w(1) = w(1) hy, (2.38)
Tegr (1) ¢ (1) = $(1) ho, (2.39)

where the effective one-electron operator Tefr (1) has the special
form:

Terr (1) = Ty + Jdxg T'y g plxy.X'9), (2.40)

and h; and h, are quadratic matrices of Lagrangian multipliers.
If the similarity transformation s; brings h; to classical
canonical form t, so that

S ]hll Sl-l= t, hl =8 t Sl-l, (2.41)
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then the canonical solutions y' = y 8; satisfy the canonical
Hartree-Fock equations:

Terr(1) w'(1) = w'(1) t. (2.42)

Using the technique from the previous section, we will now
introduce the conjugate solutions ¢' through the relation:

¢ =p<yie>! (2.43)
and one gets immediately
Tl 0 =0t <ply>=1, (249

and the solutions ¢' are y' automatically bi-orthonormal. The
proof for the first relation (2.44) follows from the fact that

Teit & = Terr' ¢ <w 14> = dhy <y'i¢>"" = (2.45)
= ¢<y 14> hy <y’ 14> = §<y' I Ty > <y 1$>7'=
= §<Ter W 14> <y 14> = <y tig> <y 1¢>"'= ¢ t!
in analogy with (2.17). We note that, in this procedure, it is

necessary to first evaluate the set $ = {¢;, 02, ... , 0 i}, so that it

becomes stable under the operator Teff)r according to (2.39). As
we will see later, considerable simplifications are rendered on
this point in the complex symmetric case.

In the canonical case, we are hence looking for solution to
the Hartree-Fock equations of the form :

Tegr (1) W'(1) = w'(1) t,  Teg (1) (1) = ¢'(1) tF,

<¢'ly> =1, (2.46)
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where ¥' and ¢' are row-vectors of order N, and t is in a classical
canonical form with the eigenvalues t, t,, ..., ty. In this case, the
fundamental operator p defined by (2.32) takes the simple form

p=ly><$'l (2.47)
with the kernel
plx1.Xg) = Ty Wi (x1) ¢' " (x2), (2.48)
where the summation over k goes from 1 to N, i.e. over the
occupied one-particle functions appearing in the Slater deter-
minants.

The purpose of the Hartree-Fock method is, of course, to
find approximate eigenfunctions C, and D, and eigenvalues I and

I* to the many-particle operators T and Tt Using (2.36) and
(2.40), one may now write the expression for the approximate
eigenvalue I in the form:

I =T +[dx Teg(l) plx1.x'y) - (2.49)
- (1/2) J dxdx,T' 19 plx1,x'1) plxa,X's) =
= T(g) + Zx tx - (1/2) ] dx;dxo T'19 plx1.x'1) p(x9,x'9).
As in the conventional Hartree-Fock method, the approximate

eigenvalue I is hence essentially different from the sum of the N
eigenvalues of the one-particle operator.
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3. Similarity Transformation of a Many-Particle Operator and its
Consequences in the Hartree-Fock Scheme.

3.1. General Aspects. - Let us study a N-particle operator T
defined through the expansion (2.35), which undergoes a
similarity transformation of the form:

TV=uTUu! (3.1)

In reference A, we have characterized the transformed operator
T by a bar, but we will here - for typographical reasons - use the
notation TU with a superscipt. Here the operator U is a bounded
or unbounded linear operator of the product type:

U = u(l) ul2) ul3) ... ulN), (3.2)

where u(k) is a one-particle operator working on the linear
s%ace associated with particle k. For the transformed operator
T

, one obtains then the expansion
TV = Tig) + Iy T + Zigy TV + .. (3.3)
where
T = uli) T u )
T = uuTyu ' Ou () (3.4)
If u is a bounded operator, it may be defined over the entire one-

particle Hilbert space, which we will assume to be of type L2, so
that

<o ly> = [ ' ®)y(x) dx, (3.5)

where the integration over x = (r, {) implies integration over the

space coordinate r and summation over the spin {. The Hilbert
space for the many-particle system is the direct product of the
Hilbert spaces for the various particles. In such a case, the many-
pareticle operator U defined by (3.2) is also a bounded operator,
and the transformation (3.1) leaves the spectrum of T invariant.

In this paper, we are solely interested in unbounded ope-
rators u. In such a case, the operator u has a specific domain
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D(u) in the one-particle L2 Hilbert space with the complement
C(u). and - in analogy with (A.2.31) - one gets the following four

cases:

feLz, ufeL2, fe D(u)
fel?, ufel?, fecCw
fel?, ufel?, feAWw) o0
fel?, ufel?, feB)

We note particularly that the set A(u~1) = u"1C(u-1) is situated
outside L2, but that the image set uA(u-1) = C(u-1) is a subset of
L2, The corresponding classification holds also for the many-
particle operator U defined by (3.2).

Let us now study what happens to the stability problem of
the transformed operators

TV = yru!, ) = whylttut (3.7)

when the operator U is unbounded. For the sake of simplicity,
we will start from the eigenvalue problem (2.3) for a non-

degenerate eigenvalue A. Introducing the transformations
cV=uc, DpY=@wh'D, (3.8)
one gets immediately the formal relations
¢V =2cV, @YHpY=a'pY, (3.9)

which are analogous to the original eigenvalue problem but with
transformed boundary donditions. This implies that, if the
original eigenfunction C belongs to the domain of U, then the

transformed function CU is an element of L2, and the eigenvalue

A is persistent. If on the other hand, the eigenfunction C belongs
to the com%lement of the domain of U, then the transformed

function C% is situated outside L2, and the corresponding
eigevalue ) is lost. Finally, if the transformed operator TU has a
discrete non-degenerate eigenvalue A', which is not an
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eigenvalue to T, then the eigenfunction cU must belong to the
complement of the operator U'!, which implies that the
transformed function C = U 'CY must be situated outside L2, in
fact in the set A(U™}). This means that the eigenvalue A' becomes

a lost eigenvalue under the reverse transformation T = ultVu.
Similar considerations hold for the eigenvalue problem of the

transformed operator T'. We note that one has the invariance
property

<cUIDY% = <CI1D>, (3.10)

provided that all functions involved belong to L2, i.e. that they
belong to the persistent eigenvalues A and A*, respectively.

Even if the conditions for persistent, lost, and new eigen-
values are completely clear for the exact eigenvalue problems to
the operators T and T?, it is considerably more difficult to
translate them to the approximate eigenvalue problems
associated with the application of the bi-variational principle for
the operators T and Tt to truncated basis sets. In this
connection, the relations (A.1.40-1.49) may turn out to be useful
in formulating the problem. Some of the computational aspects,
particularly the choice of the dual basis sets, are further
discussed in reference A.

3.2. Similarity transformations in the Hartree-Fock Scheme;

the Tarfala Theorem. - Let us again consider the eigenvalue
problem (2.3) for the operators T and Tt for a non-degenerate

eigenvalue A with the approximate eigenfunctions Cy and Dy
given by the Slater determinants (2.28). For the transformed
eigenfunctions CUa = UC,, one obtains according to (3.8):

cY = u ) Y2 lylxp) | =
= U (N\)*'/2 Ops w1 (x1) Walxg) ... Ynxy) =
= (N2 Opg w1 1) W2 lxg) ... W lxn) =

= UND Y2 Iyl | (3.11)

where we have used the fact that the product operator (3.2)
commutes with the antisymmetric projection operator
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Oas = (N)'Z,(-1)P P (3.12)

and introduced the notation

Vi () = ull) yilxy), (3.13)
for k = 1, 2, ..., N. For the transformed eigenfunction DUa =
(Uf)'lDa, one obtains similarly:

D% = W T 2 1 g et = T2 1), (3.14)
where
06 = ') Mo ). (3.15)

For the overlap integral, one obtains further
A" = <0 lyi™> = < o lyge> = dyg, (3.16)

provided that both yj and ¢; belong to the domain of u and whl,
respectively. If all functions y = (), yo, ... , yn} and ¢ = {91, 9o,
.... » oy} belong to the domain of u and whl, respectively, the

transformed determinants C",; and D", still belong to L2, and one
has

<C",IDY, > =<C, ID,> (3.17)
In such a case, the special projector 'Y, defined by (2.31) or
rY,=ur,u’l, (3.18)

still exists, but we note that this is not the case if a single one of
the functions ¥ ={ vy } or ¢ ={ ¢;} is outside the domains of u

and (u’)?!, respectively. We may now write the relations (3.13)
and (3.15) in the condensed form:

yi=uy, v = (3.19)
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The many-particle projector T, is in this case fully described by
the one-particle projector

pU = | yUs> <"y g, (3.20)

according to (2.32), and - by using (3.19) - one then obtains the
relation

pl=upul, (3.21)

This gives for the associated kernels:
p(x1.%5) = u(l) plx;.x9) u l(2). (3.22)

If the many-particle projector I'; undergoes the similarity trans-

formation (3.18), the one-particle projector p undergoes the
corresponding one-particle similarity transformation.

The question is now what happens to the effective one-
particle operator T".f associated with the transformed many-
particle operator T" = utUl. Using (2.40) and (3.4), one obtains

Terr(1) = T1" + ] dxp (T12%)p"(xo. x'9). (3.23)
where
T,% = u(l) T, ul(1),
(T12") = u(Dul2) Tz v Wu''(@), (3.24)
and T'19 = T12 (1-P;5). The treatment of the first term in (3.23)

is obvious, and we will concentrate our interest on the second
term:

t;" = [ dxg (T12") p"(xg.x'9). (3.25)

For this purpose, we will start from the corresponding term in
the untransformed operator (2.40), and we note that it may be
written in the form:

tl = .[ dX2 T12' p(Xz,X'z) =



204 Per-Olov Lowdin, Piotr Froelich, and Manoj Mishra

= Z 1] dxg ¢1*(x2 ) T1o' Wilxo) € =

=2 k1 <011 T12' Y>3 €ia (3.26)
where the summation over k and 1 goes from 1 to N, and where
the index 2 on the bracket < | | > indicates that we have

integrated over the variable x,. Similarly, one obtains for the
transformed term:

t1" = Z 1 <"1 (T12)" 1y >2 e¥ig =
= T 1y <6™lu(l) u@) Ty’ ul(1) u@)1yYy>s eV =
=u(l) {Z k) <u' o1 To'| ul v €M ) ul(y =

= u(l) { Ek,l <¢1|T12' I‘Vk >9 eukl} 1.1-1(1),
= u(l)t; u (1) (3.27)

where we have used the inverse of the relations (3.19) and the

fact that e"y; = ey;. For the effective one-particle operator, one
hence obtains the transformation formula:

T'eg5(1) = u(l) Teg(l) u (1), (3.28)

i.e. if the many-particle operator T undergoes the many-particle
similarity transformation (3.1), the effective one-particle
operator Tgrr undergoes the corresponding one-particle
similarity transformation. This is the content of the so-called
Tarfala Theorem. It should be observed that the theorem is valid,

if and only if all the functions y = {yy} belong to the domain of u
and all the functions ¢ = {¢;} to the domain of whl.

For the approximation I = Tr T I'; to the eigenvalue A, one
obtains

I = <DY, ITV ICY,>/<DY, ICY,> = <D, ITIC,>/<D, ICy> =1  (3.29)

and the approximation is then invariant under the similarity



Many-Particle Hamiltonian Transformations 205

transformation and corresponds hence to a persistent eigen-
value. At first, this result may look rather disappointing, since
we are particularly interested in the occurrence of lost and new
eigenvalues, but it should be observed that it depends on the fact
that we have required that the Hartree-Fock scheme should be

valid for both T and TV = UTU L.

If anyone of the functions ¥y = {y|]} is situated outside the

domain of the operator u, the transformed determinant CY, =
UC, is no longer an element of L2, and this may be taken as an
indiaction of a lost eigenvalue. However, in such a case the

operator p“ = upu'1 defined by (3.20) no longer exists, and the
entire Hartree-Fock scheme breaks down.

Similarly, if the approximate eigenvalue 1V would corre-
spond to a new eigenvalue of the operator TY, one would expect
that the associated Slater determinant C", - as well as DY, -
would belong to L2, whereas this would not be the case for the
transformed determinant C, = U'IC“a. In such a case, at least one

of the functions ¥y = {y}} must be situated in the complement to

the domain of the operator ul Introducing the reverse

transformation T = U 'TYU, one realizes that the Hartree-Fock
scheme for the original operator T breaks down for this

particular case; neither the one-particle projector p nor the
effective one-particle operator Ty do exist.

Unfortunately, the Hartree-Fock scheme is an approxi-
mation, and one can never from the very beginning assume that
an approximate scheme should reflect the true behaviour of the
exact eigenfuntions and eigenvalues. One has hence to be very
careful about making final conclusions. We note, however, that -

if the Hartree-Fock scheme is valid for both the operators TV

and T = U !TUU, then one has necessarily I = 1Y, i.e. at least the
approximate eigenvalue is persistent.

3.3. The Hartree-Fock Scheme for a Complex Symmetric
Operator. - Let us now consider the special case when the

many-particle operator T is complex symmetric, so that T = T,
If the eigenvalue A is non-degenerate, one has according to
(2.26) the simple relation D = C*<CIC*>"! between the eigen-
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functions C and D to T and T', respectively. If the same relation
should hold also for the approximate eigenfunctions D, and C,
defined by the Slater determinants (2.28) - which is not
necessarily true - then D, is proportional to C,* and one obtains

for the associated Fock-Dirac density operators
lg><p 14> <p| = {Iy><yly>"t<yl}*. (3.30)
Multiplying this relation to the right by Iy*>, one obtains

é=yra, a=<ply*>l<ple>, (3.31)

which is a necessary and sufficient condition that D, and C,* are
proportional. Substituting the relation (2.31) into the expression
for the one-particle projector p defined by (2.32), one obtains

= ly><dly>"l<pl = lys<y* ly>"lap*l, (3.32)
which is independent of a. Hence one has

pl=p*, (3.33)

i.e. also the projector p is complex symmetric.
The many-particle operator T defined by (2.35) is complex

symmetric because the various terms in (2.35) are assumed to be
complex symmetric, so that

Tif = Tl*’ Tijf = Tij*' s (334)
and one has further the symmetry property Tj; = Ty. The

untransformed effective one-particle operator Tg has according
to (2.40), (3.26), and (3.32) the form

Teff (1) = Tl + tlv (335)

where
tl = I dX2 T12' p(Xz, X'2) =

= 1 | dxg wilxa ) T1o' wilxo) e, (3.36)
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and e = A"l is the inverse of the metric matrix A = <y*ly>.

1.

Since AT = A* one hasalso e’ =e *, i. e. €Kl = €1k,

The operator T, is complex symmetric, which means that
- for any pair of two-particle functions ® = ®{1,2) and ¥ = ‘¥(1,2)
in L2, one has

<®IT 9| ¥> = <T15 @ 1¥> = <¥ T, o>* =
= <@ T o* | O>* = <F*IT;o | O*> (3.37)

Since T;9 = Tq91, the operator T'j5 = Ty5 (1-P;5) is also complex
symmetric. This follows from the fact that

<®ITo'| ¥> = [ dx;dxg ®*(1,2)T5(1-Pys) ¥(1,2) =

= | dx;dxg ®*(1,2) Ty ( ¥(1,2) - ¥(2,1)} =

= [ dxjdxy {©*(1,2) - ®*(2,1)) Ty ¥(1,2), (3.38)
where we have simply interchanged the names of the integration
coordinates xj] and x9 in the second term. Using (3.37), one
obtains further

<d IT12' P> = <(1- P12)(D |T12 |¥> = <P* |T12' | D*> (339)

which proves the statement.

The first term T; in the right-hand side of (3.35) is
complex symmetric. In order to show that the second term t; is

also complex symmetric tIJr = t;* one has to show that - for any
pair of one-particle functions f(1) and g(1) in L2 - one has

<fltig> = <t*f|g> = <glt*f>* = <glt*>* = <g*ltif*>. (3.40)
Using (3.36) and (3.39), one obtains directly

<fltlg> = | dx; f*(1)t; g(1) =

=2 1 /T dx; dxg £#(1) yi(2)T 9" g(1) yi(2) ey =
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= Z g <fy*IT12'1g Vi el = 21 <g*vi* I T1o'If* yp> ejg =
= 2 1] dx;dxp g(1) wil2) T12'PH(Dvi(2) ey =
= [ dx; g Zy 1/ dxp wi(2) T1o' wi(2) e} F(1) =

= <g*(1) 1t If*(1)> = <g*itif*>, (3.41)

where in the proof we have interchanged the summation indices

k and 1 and used the fact that e= e;. Hence t; is complex
symmetric, and one has

Tegr' (1) = Tegr*(1) (3.42)

The fact that also the effective one-particle Hamiltonian Tgg{1)

is complex symmetric has deep-going consequences and

renders considerable simplifications in the theory.

Let us first evaluate the canonical Hartree-Fock functions W
= { ¥y, Yo, ... Yy } which are solutions to the equations

Ter (V)Y =W t, (3.43)

where the matrix t is on classical canonical for, with the eigen-
values ty on the diagonal. In such a case, one can introduce the

corjugate set ¢ = {01, ¢2, ... , ¢y} through application of relation
(2.26) to the one-particle case, which gives

$ = W*<wlw*>'1. (3.44)
One has further
T ) ¢ =0th,  <ply> =1. (3.45)

In such a case, the one-particle projector p defined by (3.32)
takes the simplified form

p = lw><pl, (3.46)

with the kernel
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plx1.%2) = T Wk(x1) ¢x*(x2) (3.47)
which if often very useful in the numerical applications.

In solving the non-linear Hartree-Fock equations (3.43), one
is using the iterative SCF-procedure discussed in reference C. If

one starts from a one-particle projector p which is complex
symmetric, this property is going to stay invariant under the
iteration procedure, and one finally reaches a solution with the

desired property: Dy = C*<C, | Ca*>'l-

3.4. Special Case when T'= T* = T. Let us now consider the
special case when a complex symmetric operator is real, so that

T* = T. In this case, the operator T is also self-adjoint, T =T,
and one can use the results of the conventional Hartree-Fock

method ’. The eigenvalues are real, A = A*, and - if an eigenvalue
A is non-degenerate, the associated eigenfunction C is nece-
ssarily real or a real function multiplied by a constant phase
factor expli o). In both cases, one has D = C*<C| c*>!l = C. In the

conventional Hartree-Fock theory, the one-particle projector p
takes the form

p = ly><yly>"layl, (3.48)
and it has hence the special property
pf =p, (3.49)

It is then easily shown that also the effective one-particle
operator Teg is self-adjoint:

Teg (1) = Tegl1). (3.50)

If one starts the iterative SCF-procedure from a self-adjoint
operator p, the properties (3.50) and (3.49) are going to be

invariant under the iterations and are going to characterize the
final solution. Since T is self-adjoint, the classical canonical

matrix t is always on diagonal form. We note that, in this case,
there is no need to assume that the set ¥ = {y;, yo, ... , ¥y}
should consist of real functions, and that it is sometimes
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convenient to consider complex sets.

It is a peculiarity of the Hartree-Fock scheme that the pro-
perties of the approximate eigenfunction C, does not always
reflect the properties of the exact eigenfunction C. A well-known
example is given by the symmetry dilemma 8 which says that if
an eigenfunction C has a special symmetry property cha-
racterized by the projector O, so that

oC=C, TO = OT, (3.51)

then the approximate eigenfunction C, obtained from the varia-

tion principle 8l = O does not automatically have this property.
This means that the condition OC, = C, becomes a constraint on
the variation principle, and one has the choice between looking
for an "absolute” minimum I, in which the Slater determinant C,
may be a mixture of different symmetry types, and a "local”
minimum [j,. > I, in which the constraint is satisfied. It should
further be observed that, if one starts from a Slater determinant
which satisfies the condition OC, = C,, then the constraint is
satisfied during the entire iterative SCF-procedure, and that this
approach leads to the so-called restricted Hartree-Fock (RHF)
scheme. In this particular case, the matrix t in the canonical
Hartree-Fock equations may contain non-diagonal Lagrangian
multipliers ty; # 0, but we note that they are of a different
character than those occurring in the Jordan blocks.

Since the operator T is complex symmetric, Tt = T*, one
may wonder what happens if one starts the iterative SCF-

procedure from a complex set ¥ = { vy, ¥q, ... , ¥y} and a one-
particle projector p of the form (3.32), i.e.

p= Iw><w*lw>'l<w*l (3.52)

instead of (3.48). In such a case, the two relations pT =p* and
Teff* = Tegr* are going to be invariant under the iterative SCF-
procedure and characteristic also for the final solutions. Since
the relations (3.44) and (3.45) are now valid, one has also the
property D, = C,*<C, | Ca*>'1, but we note that the Slater deter-
minant C, is not necessarily real, or a real function multiplied by

a constant phase factor e'” This means also that the approximate
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eigenvalue A defined by the bi-variational principle is not
necessarily real.

It is clear that this complex symmetric Hartree-Fock sche-
me will reduce to the conventional Hartree-Fock scheme, if and
only if the relation

Y=y a, (3.53)

is satisfied, i.e. if the linear space spanned by the functions W=

{¥1.Wa, ..., Yy} is stable under the operation of complex conju-
gation {*). In this case, the one-particle operator (3.52) reduces
to the conventional form (3.48), and - for the Slater determinant

C,= (/2 lyk(xj)| - one obtains
Cy*=C, lal, (3.54)

where the determinant |lal is a constant factor, and the appro-
ximate eigenvalue I becomes real. If one starts the iterative SCF-
procedure from a set Wy, which satisfies the relation (3.53), the
relations pf = p* and TeffJr = Ters* are going to stay invariant

under the iterations, and one obtains the conventional Hartree-
Fock scheme.

On the other hand, if one starts from a set y which does not

satisfy (3.53), the relations pf = p* and T.g = Terf* are going to
stay invariant under the iterative SCF-procedure, and we note
that there is nothing in this process which says that the final

solution WY must necessarily satisfy relation (3.53). Hence one

can expect that the complex symmetric Hartree-Fock scheme
and the conventional scheme will sometimes give different
results.

3.5. Invariance of the Property of "Complex Symmetry" under
Restricted Similarity Transformations.- Starting from the
general similarity transformatiion (3.1), one obtains the two
relations

™ = vuru!, a9 = whirttut. (3.55)
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One sees immediately that, if the operator T is originally com-

plex symmetric, so that TH= T*, it will keep this property
invariant under the similarity transformation provided that the
operator U satisfies the condition

whl= U+ (3.56)

in which case one speaks of a restricted similarity transforma-
tion; see also reference A, egs. (A.1.54-1.71). Let us further

consider the stability problem for the operators T and T in the
form given by the relations (2.19) and (2.20). For the conjugate

eigenfunctions ¢V and DY to the transformed operators T and
(TY)}, one gets in analogy with (3.8) that

cV=uc, pY=wuh o, (3.57)
<CUIDY = <CID> = 1. (3.58)

In the special case when T is complex symmetric, one has
further according to (2.26) that D = C*<C1C*>"!, since
<cYicY)* = <uclu*C*> = <Cl1ufU*IC* = <CIC*>, one
obtains

DY = Ul D = urc*<ciCc*! = @Y)*<cVI (€Y)* 57!, (3.59)

and this important relation is hence invariant under the
restric—ted similarity transformations.

The many-particle operator U defined by the product (3.2)
defines a restricted similarity transformation provided that the
one-particle operators u satisfy the condition:

w@h? = u~ (3.60)

Let us now consider the one-particle transformations (3.19)
which, in this case, take the form:

yl=uy, "= e=u. (3.61)

If all the functions in the sets y and ¢ belong to the domain of u
and u*, respectively, the one-particle operators p and p" exist,
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and one obtains - according to (3.21) and (3.28) - the relations
pl=upul, TV =uTeggul. (3.62)
Using (3.60), one gets further that
P = 0N T = e, (3.63)
i.e. the operators p and Teff remain complex symmetric under

the restricted similarity transformations. In this particular case,
one has

TUd(1) wo(1) = W)t (TlD1Te1) = ¢%(1) tT, (3.64)
<¢tiy's=1 (3.65)

and the classical canonical form t stays invariant under the simi-
larity transformation as one would expect. According to (3.44),
one has further ¢ = y*<yly*>"1, and since <y"ly"*> = <y ly*>,
one gets also

= (W <yU Iyl (3.66)

Let us finally assume that one starts from a set y" which be-
longs to L2, but that this is not necessarily the case for the set y
=u ly" In such a case, the projector

pU = Iy><(y)* IyU>-L<(y")* | (3.67)

as well as the operator TV exist, and the relations (3.63) are
going to be satisfied. This implies that, if one has solved the
canonical Hartree-Fock equations (3.43) for this particular case:

TV (1) WH(1) = y"(1) tY, (3.68)

where t" is a classical canonical form, then one can immediately
introduce the conjugate solutions $" through the relation



214 Per-Olov Léwdin, Piotr Froelich, and Manoj Mishra

% = (W) <y Iy (3.69)
According to (3.45), they satisfy the conditions
M)} o9 = U th,  <¢¥1 y"> = 1. (3.70)

However, since the projector p does not necessarily exist, the

invariance theorem t = t" could very well break down, corre-
sponding to the case of "lost eigenvalues" in the general theory.

Let us now consider the special case when T =T* =T ie.
when the original operator T is self-adjoint and real. In the
conventional Hartree-Fock scheme - in the following indicated
by an index c¢ (=conventional} - which is based on relation (3.48),

one has p; = pcf and Tefr e = eff,c*, and it is obvious that the
classical canonical form t. must be diagonal with only real
eigenvalues.

For restricted similarity transformations, the transformed

operator TV= UTU! is still complex symmetric, and the same
applies - according to (3.33) and (3.42) - to the one-particle

operators p" and T". If one starts from the assumption that
v =uy (3.71)

one gets according to (3.62) that

p'=upeul, Tl = uTgou, (3.72)
and the invariance theorem t = t. shows then that, in this case,
the classical canonical form t is diagonal with real eigenvalues.
Since we are here interested in complex one-particle eigen-
values t"y, this trivial application of the Tarfala theorem leads
hence to a negative result.

It is evident that, if one wants to avoid this trivial case, one
has to abandon relation (3.71) and assume that the set y" has

more general properties. For this purpose, we will start from
the complex symmetric many-particle operator TU and consider
the associated one-particle operators
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p = lyUs<yh* Iy"s> 1<y 1, (3.73)

and T".{1) defined by (3.23). In this more general case, one is
dealing with the complex symmetric Hartree-Fock scheme , and
it may very well happen that the classical canonical form t" has
complex eigenvalues. It is not so easy to demonstrate this fact
by a theoretical or numerical example for the simple reason that,
even if it is easier to solve the Hartree-Fock equations than the
original eigenvalue problem (2.3), no one has so far been able to
solve the Hartree-Fock equations exactly. In the approximate
procedures built on the use of truncated real orthonormal basis
sets of order m, the matrix TV is a symmetric matrix of order
mxm with complex elements, which - as a rule - has complex
eigenvalues.

Once one has solved the Hartree-Fock equations associated

with the transformed operator TY= UTU™!, it is evident that it
would be of interest to study also the inverse transformation T =

U 'TVU, where T has the properties T = T = T*. In order to
stay within the complex symmetric Hartree-Fock scheme, we
will then consider the functions:

w=uly" (3.74)

If at least one of the functions y" is not in the domain of the

operator u’l, at least one of the functions Yy would be situated

outside L2, the complex symmetric Hartree-Fock scheme would
break down, and one would have a situation which would be
analogous to the case of a lost eigenvalue in the theory of the
exact eigenfunctions C and D.

We note, however, that the Hartree-Fock scheme is an
approximation in which the solutions do not necessarily reflect
the behaviour of the exact eigenfunctions. In fact, it may very

well happen that the canonical Hartree-Fock functions y" are all
situated in the domain of the operator u’!, and this implies that
also the transformed functions y = u'lwu are all situated in the
L? Hilbert space. In such a case, the one-particle operators p =
ly><y*| W>'1<w*l and T.¢r exist, and one has the
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transformations:
p=ulpu, Teg(l) = u (1) u, (3.75)

which indicate that the operators p and Terr(l) are complex
suymmetric but usuall lfadjoint. It should be observed that

the complex symmetric Hartree-Fock scheme is different from
the conventional one, and that the former reduces to the latter if
and only if the relation (3.53) is satisfied, i.e. if the linear space

spanned by the set y is stable under complex conjugation. In
order to obtain complex eigenvalues to the operator T (1), it is
hence necessary to avoid this particular situation, in which y* =

v a, !y = (u'lwu) o, and
uut(yW* = y'a, (3.76)

i.e. all the functions uu'y"* fork = 1, 2, ... , N should be situated
in the linear space spanned by the functions " = {y";, y"s. ...,
y'yl; for algebraic details, see Appendix A. It is evident that the
relation (3.76) is a very special condition for the general set y"=
{y"y} which is very seldom satisfied. In practice, one knows for

sure that it is not fulfilled as soon as the operator T"gg{1) has at
least one complex eigenvalue.

We note finally that, in the numerical studies of the complex
symmetric operators TV and T, it is usually convenient to use
orthonormal basis sets which are real, since the associated
matrices will then automatically be symmetric with complex
elements. In the case of a truncated basis of order m, most of
the eigenvalues will usually turn out to be complex, but we
observe that one has to study their behaviour when m goes to
infinity and the set becomes complete, before one can make any
definite conclusions as to the existence of true complex eigen-
values to TU and TY, respectively. The connection between the
results of approximate numerical treatments and the exact
theory is still a very interesting but mostly unsolved problem.
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4. Properties of a Many-Particle Hamiltonian under Complex
Scaling.

4.1, Method of Complex Scaling; the Dilatation Operator. - The
method of complex scaling is based on the use of the dilation

operator u = u(n) - where n is a fixed complex parameter called
the "scale factor" which is sometimes expressed in the alter-
native forms mn = exp(0) = nn exp(ia) - defined through the
property

um) fix) = n'’/? fnx). (4.1)

Here f= f(z) is an analytic function originally defined on the real

axis {x}, which is assumed to be analytic also in the point z = nx.
An essential problem in the method of complex scaling in

quantum mechanics is hence to study whether a wave function v
= y(x) defined on the real axis may be continued analytically out
in the complex plane to the point z = nx. Since many analytic

functions have natural boundaries, it is from the very beginning
evident that there may be considerable restrictions on the

parameter 7 itself. More generally, one may define the operator
u through the relation

um) fz) = 1’2 fnz), (4.2)

where it is assumed that the function f is analytic in both z and
nz. The method of complex scaling has been rigorously deve-
loped during the last few decades by a number of mathe-
maticians, and - for a selection of the key references - the
reader is referred to our reference A. Here we will consider the
n}ethod of complex scaling essentially from the physicist's point
of view.

There are many ways to show that the dilatation operator u
satisfies the condition (3.60), which is characteristic for the

restricted similarity transformations. By putting n = exp(0), it
was proven in eq. (A.3.14) that u may be written in the form

u = exp(fw), (4.3)

where
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® = (1/2) + xd/dx = (2ni/h)(px+xp)/2, (4.4)

and p = (h/2ri) d/dx is a self-adjoint operator with the special
property p* = - p. We will here give an alternative derivation for

finite values of 6.

Let us assume that f = f(x) is analytic around the point x=0
within a radius p, so that - for Ixl< p - one has the Taylor
expansion

fx) = T, x%/n!) £7(0). (4.5)
Since (xd/dx)x" = nx", one gets (xd/dx)p x" = nP x", as well as

exp(6 xd/dx) x" = {Ep (6P/ph (x d/dx)P} x" =
= {Z, (8° nP/pN} x” = exp (Bn) x™ = ™9™ (4.6)
Hence one has

exp(0 d/dx) fx) = =, (€2 ¥™/n! £2(0) = fe%%), (4.7)

provided that 1e%1 < p . so that the series is convergent and the

C]

function analytic in the point z= e"x = n x. Hence

u = e% = exp {(x i/h) 8 (px+xp)}. (4.8)

Since further o' = - @ = *, one gets directly

ul = expOw)! = exp - 0%} = (u@ ! = {uy?, (4.9

which proves our statement. For the specific algebraic rules valid
for the dilatation operator u, etc., the reader is referred to
reference A. It should be observed that u is an unbounded
operator, as shown by some simple examples.

4.2. The Coulombic Many-Particle Hamiltonian.- For a system of
atomic nuclei and electrons under the influence of electrostatic
forces, the many-particle Hamiltonian takes the form:
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H = Zk (pk2/2mk) + Zk<l (ek el/rkl) =T+V (410)

as described in (A.3.7). The method of complex scaling may be
defined in many different ways, but - in reference A and here -
we have defined it through an unbounded similarity trans-
formation of the type (1.1) which gives

HY =UHU ! =n2T+7lv (4.11)

In an approximate numerical treatment based on the bi-
variational principle and the use of a finite (real or complex)

orthonormal basis €, one has
HY =n2T+1'v, (4.12)

If the basis ® is chosen real, one has the additional advantage
that the matrices T and V are real and symmetric, and - with n

= plcos a + i sin a} - one can easily separate the real and ima-
ginary parts of the ei%envalue problem. It is evident that, in such
a case, the matrix H"~ is automatically symmetric with complex
elements, and this important matrix property was discovered in
the numerical applications long before one started studying the
corresponding operator property.

Keeping the basis fixed, one can now study the behaviour of
the approximate eigenvalues as a function of the scale factor n

and particularly of the "rotation angle" a. Using the results from
the exact theory, it seems reasonable to believe that the eigen-
values which are approximately situated on a ray in the complex
plane with the angle (-2a) belong to the "continuum", whereas
those which are situated between this ray and the real axis may
correspond to discrete complex eigenvalues associated with
physical "resonances". In the exact theory, these complex
eigenvalues EY are independent of 1 as soon as they are
"uncovered":

dE/dn = d°E/dn? = ... = d®E/dn™ = ... =0, (4.13)
whereas in the approximate numerical treatment they show

certain stability properties; in practice they are often
determined from "stabilization graphs" based on the fact that at
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least dE/da = O.

The Coulombic Hamiltonian (4.1) is invariant under trans-
lations and rotations, and it is hence convenient to separate the

motion of the "center of mass" £ and to study the new
Hamiltonian:

H = H - pe2/M (4.14)

in which one may further separate the rotation of the system
considered as a whole. One of the fundamental problems in
quantum chemistry is that the Hamiltonian H' does not
distinguish between different isomers or configurations, and that
one still does not know how to treat the influence of the
"nuclear motion" in full detail. In this situation, one often tries to
use additional chemical insight obtained from experiments. In
the Born-Oppenheimer approximation , one assumes that the
nuclei g are very heavy (mg = «), neglects the kinetic energy of
the nuclei, and assumes that they are situated in fixed positions
1y . We note that - even if today the calculation of internuclear
dgistances and angles is a highly developed art - the general
shapes of the molecules involved are often taken from chemical
experience. In this scheme, the Hamiltonian takes the
simplified form:

H= H(O) + % Hy + Ei<j Hij’ (4.15)
where
2 2
H(o) = Zg<h ezngh/rgh ’ Hi = Pi /2m - e zg Zg/rigq
Hij - 32/1"1]' (4.16)

and the indices g and h characterize the atomic nuclei and the
indices i and j the electrons. Scaling also the nuclear coordi-
nates properly (eg. by external scaling), one may now apply the
method of complex scaling to the Born-Oppenheimer
Hamiltonian (4.15). The results of the general theory of
unbounded similarity transformations as outlined in reference A
apply also to this case, and - for numerical applications - the
reader is referred to the bibliography in this paper.
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4.3. Application of the Hartree-Fock Method. - Since numerical
Hartree-Fock programs dealing with complex numbers are
available in many research groups, it seemed natural to apply
this scheme also to the scaled Born-Oppenheimer Hamiltonian
(4.15). As a consequence, some numerical results were obtained
before the theory was developed, and - as we have emphasized in
the Introduction - some features seemed rather astonishing.

The Hamiltonian H defined by (4.15) is self-adjoint and real,

H = H'= H* and this implies that the transformed Hamiltonian
HUY remains complex symmetric under complex scaling. Hence

the same holds for the one-electron projector p, defined by
(3.52)

Pu = Iw><w*lw>'1<w*l, (4.17)

and for the associated effective Hamiltonian H"%g{1). In such a
case, the Tarfala theorem expressed in the relations (3.21) and
(3.28) is valid:

pu=upul, Tq(1) = u Teg(1) ul. (4.18)

In Sec. 3.3, we have emphasized that the complex symmetric
Hartree-Fock scheme usually does not reduce to the conven-

tional one for the special case when n = 1. More generally, in the
complex Hartree-Fock scheme, the results obtained from a star-
ting value n; do not necessarily reduce to the results obtained

from another starting value my - i.e. each starting value leads to a
specific result.

In the numerical applications, it is hence convenient to fix
the scale factor m, to use a real orthonormal basis @ of order m,
and to calculate all the m eigenvalues g of the effective Hamil-
tonian Heg{1) on the real axis and in the complex plane. One

then studies the behaviour of these eigenvalues as the order m of
the basis increases and looks for "stable" complex eigenvalues

between the ray (-2a) and the real axis - often by means of
"stabilization graphs". One then repeats the calculation for a
series of values of the scale factor n, observing that the results

are often discontinuous functions of the rotation angle a. An
example of such a calculation will be given in the next section.
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5. Numerical Application of the Complex Scaling Method in the
Hartree-Fock Approximation.

The calculation of physical resonances associated with the
existence of meta-stable states with a finite life-time plays an
important role in modern physics. They occur e.g. in scattering
problems during the interaction between atoms/molecules with
incoming particles or with electromagnetic fields. A simple
example may be given by considering a so-called shape
resonance arising in the course of the scattering of an electron
by an atom. This resonance is associated with the temporary
capture of the electron by the target atom (A) resulting in the
formation of a metastable negative ion (A)*, which then decays

by an electron emission™:
e+A - (A)* - e+ A, (5.1)

This process is most efficient if the incident electron has a
resonance energy K, given by the difference of the average

energy E; of the composite structure (A)* and the energy E; of
the ground state of (A). Conventionally, the energy of (A)* is
expressed as a complex number E = E; - iI'/2, where E; indi-

cates the middle of the energy level and I' gives its half-width. In
this way, the study of slow electron-atom collisions can be
essentially reduced to the study of the resonances of the
negative ions.

Resonances may be calculated in many different ways, and -
during the last decade - the complex scaling method has turned
out to be particularly powerful for this purpose, since it has been
shown that the complex discrete eigenvalues revealed in this
approach are identical with the physical resonances; for a survey
of this method, the reader is referred to paper A and references
given there. It is evident that, in calculating the eigenvalues of
the transformed Hamiltonian HY = UHU !, methods based on
the use of superposition of configurations (CI) are going to be
particularly useful. However, it may also be of some interest to
find out how much of the resonances may be found in the
Hartree-Fock scheme and how much requires more deep-going
correlation calculations. The start of the present work was based
on the idea that at least some of the "shape resonances" could be
detected already in the Hartree-Fock approximation applied to
the scaled Hamiltonian.
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It is evident that, in order to solve this problem, the SCF

resonances of the composite system (A)* ought to be studied in
full detail. However, in the numerical application described
below, we have simplified the problem even further by assuming

that one may obtain the resonances of the ionic system (A’) at
least approximately by studying the "meta-stable” virtual
(unoccupied) orbitals in the dilated SCF calculation performed
on the target atom (A) alone. The details of such an approach for
the study of a resonance formation and decay are given

elsewhere!?.

By using this approach, we have studied the 2p shape
resonance in the e-Be scattering problem. The spectrum of the
bi-variationally obtained effective Hamiltonian for the beryllium
atom (1s%2s?) has been investigated, and this spectrum and its
behaviour are presented in Figures 1-4. Even at this crude level
of approximation, it seems possible to detect a "trace" of the
resonance, i.e. to distinguish between the resonant virtual orbital
eigenvalue from other virtual eigenvalues describing the dilated

scattering solutions!9. In spite of the crudeness of the model,
the energy and width of the resonance show reasonable
agreement with those obtained with more accurate methods; see
Table 1.
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Figure 1.
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Fig.1. Trajectory for the real and imaginary parts of the resonant
orbital energy E denoted by dots (¢) and the nearest scattering
root (0) as functions of the rotation angle o in radians. The
starting value is a = 0.0 at the top right (Im[E] = 0.0), and the
increment Ao is 0.02. The real factor p in the scale parameter 1
= p explia) is here fixed at p = 0.75.
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Figure 2a.
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Fig.2a. Trajectory for the real and imaginary parts of the
resonant orbital energy E denoted by dots () as a function of the
real scale factor p. The starting value is p = 0.65 at top left, and

the increment Ap is 0.025. The rotation angle is fixed at o =
0.38.
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Figure 2b.
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Fig. 2b. The same trajectory as in Fig. 2a, but with the rotation
angle fixed at o = 0.4.
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Figure 3a.

-0.40

-0.481 o{ = 0.3800
L P (init)=0.650

| -0.56 A9 =0.0250
-0.64}
-0.72
-0.80

-0.88

«—1Im(E)eV —
T

-096

-1.04F

-1.12 | T R N |

0.36 046 052 060 0.68 0.76 084 092
—— Re(E)eV—m

Fig.3a. Trajectory for the nearest scattering root (denoted by o
in Fig.1) as a function of the real scale factor p. The starting value
is p = 0.65 at top left, and the increment Ap is 0.025. The
rotation angle is fixed at o = 0.38. Note that the slope of the line

corresponds to the value of a expected from the complex scaling
theorem (AIm[E]/A Re[E] = tan 2a).
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Figure 3b.
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Fig. 3b. The same data as in Fig. 3a, but with the rotation angle
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Figure 4.
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Fig.4. Trajectory for the real and imaginary parts of the resonant
orbital energy E denoted by dots {s) as a function of the rotation
angle o with the starting value a = 0.0 at top right and the in-
crement Ao = 0.02. The real factor is here fixed at the optimal
value p = 0.775 as determined from Fig.2. Note that the
distances between consecutive points (¢) are monotonically

increasing in the beginning, but noticeably slowing down at the
end which resembles a cusp. This phenomenon is associated
with a resonance; for further details see reference 10.
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Table I. Energy and Width of the 2p Resonance in the e-Be
Scattering from Various Calculations.

Reference Approach Energy (eV) Width (eV)
a Model Potential 0.60 0.22
b Static Exchange Phase Shift 0.77 1.61
c Static Exchange Plus

Polarizability Phase Shift 0.20 0.28
d Static Exchange Phase Shift 0.75 1.64

Static Exchange Plus

Polarizability Phase Shift 0.14 0.13

Static Exchange Cross

Section 1.20 2.6

Static Exchange Plus

Polarizability Cross Section 0.16 0.14
€ Complex SCF 0.70 0.51
f Coordinate Rotated

Static Exchange 0.76 1.11

g Second-order Dilated
Electron Propagator Based

on Real SCF 0.57 0.99
h Complex SCF 0.69 0.51

Complex CI: Singles, Doubles 0.58 0.38

Singles, Doubles, and Triples  0.32 0.30
i Second-order Dilated

Electron Propagator Based

on Complex SCF 0.62 0.60

This work Bivariational SCF 0.70 0.84

a J. Hunt and B.L. Moiseiwitsch, J.Phys. B 3, 892 (1970).

b H.A. Kurtz and Y. Ohrn, Phys.Rev. A 19, 43 (1979).

¢ H.A. Kurtz and K.B.Jordan, J.Phys. B14, 4361 (1981)

d C.W. McCurdy, T.N. Rescigno, E.R. Davidson and J.G.
Lauderdale, J.Chem.Phys. 73, 3268 (1980).

e T.N. Rescigno, C.W. Curdy and A.E. Orel, Phys.Rev. A 17, 1931
(1978)

f R.A. Donelly and J. Simons, J.Chem.Phys. 73, 2858 (1980).

g M. Mishra, O. Goscinski, and Y. Ohrn, J.Chem.Phys. 79, 5495
(1983).

h J.F. McNutt and C.W. Curdy, Phys.Rev. A 27, 132 (1983).

i M. Mishra, O. Goscinski, and Y. Ohrn, J.Chem.Phys. 79, 5505,

(1983).
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6. Conclusions and Acknowledgements.

The motivation for the start of the research reported in this
paper was a desire to find out if at least a "shape resonance"
could be detected in the Hartree-Fock approximation applied to
a scaled Hamiltonian of the type described by relation (4.12).
Using computer programs available for other purposes, pro-
grams for solving the dilated SCF equations could be con-
structed. In starting from a real orthonormal one-electron basis,
it was found that all relevant matrices were complex symmetric,
which greatly facilitated the computations, that many of the one-
electron energies were complex, and that some of them showed
certain "stability properties" indicating that they may be related
to resonances. Even if it was evident that the one-electron
spectra (g} were discontinuous functions of the rotation angle «,
it was still of interest to study what happened when this angle
approached zero.

If the Hartree-Fock functions Wy undergo a transformation y" =
uy, and all the functions y are situated in the domain of u, then

the one-particle operators p and Hgg{1) defined by (3.20) and
(3.23), respectively, undergo the transformations (3.21) and
(3.28) here referred to as the Tarfala theorem. It is also assumed

that the functions ¢ are situated in the domain of (u*)'l, and we
note that - in the complex symmetric case - one has ¢ =

W*<w|w*>'l, and that, since (uf)'1= u*, this condition is auto-
matically satisfied. Since the effective Hamiltonian undergoes a
similarity transformation, the spectrum {g;} for the occupied
orbitals ought to be invariant, and - at first sight - the Tarfala
theorem seemed hence to be in contradiction to the numerical
results already obtained. This puzzle was solved when it was
realized that the complex symmetric Hartree-Fock scheme
does not necessarily reduce to the conventional one when the
Hamiltonian becomes real and self-adjoint for a = 0. This result
is also in agreement with some conclusions previously
reported“’lz.

It is interesting to observe that, if one limits oneself to study
the original real and self-adjoint Hamiltonian with H'= H = H*
and applies the complex symmetric Hartree-Fock method to
this particular case without any transformations whatsoever, one
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ought still to obtain some complex one-electron energies, which
depend on the starting point for the iterative SCF-procedure
involved. By relating them to results of the complex scaling
method, one could still draw the conclusion that they should be
associated with physical "resonances” to the same extent as this
method.

Numerical Hartree-Fock programs dealing with complex
matrix elements have been available for quite some time in
various research groups, and one could hence anticipate that
several researchers should have encountered the occurrence of
complex one-electron energies. In going over the literature, we
have so far found at least one example that this phenomenon has
been observed before!3, but it seems likely that there should be
many more. We hope that the analysis given here should help in
clarifying the nature of the complex symmetric Hartree-Fock
scheme.

In conclusion we note that one of the most urgent problems
in this area of research is to find the connection between the
exact theory and the numerical approximations based on the use
of a finite basis of order m when the value of m increases and the
basis - in priciple - tends to become complete.
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Appendix A.

Treatment of One-Particle Subspaces of Order N, which are
Stable under Complex Conjugation.

Let us consider a subspace of the L2 Hilbert space, which is
spanned by the linearly independent set ¥ = {y1, yg, .... , yy} of

order N. Such a subspace is said to be stable under complex
conjugation (*), if

y* = ya. (A.1)

Introducing the metric matrix A = <y !y> and the reciprocal set
Yr=W Al having the property <y.lw> = 1, and multiplying the
relation (A.1) to the left by < y, 1, one obtains

@ = <Y ly*> = A'1<wlw*>, (A.2)

which is our explicit expression for the expansion matrix of
order NxN. This leads also to the relations

<y ly*> = Ax, <y*ly> = a'fa, (A.3)

where the second relation is obtained by taking the adjoint of
the first. One has now the following theorem:

The nessary and sufficient condition that the subspace spanned
by the set y is stable under complex conjugation is that the

matrix @ = <Wlw>'1<wl y*> satifies the relation
o = @*. (A.4)

That the condition is necessary follows from the fact that, if y*

1

= Yo, one has Y= y*&*, which immediately gives @ "= @*.

In order to prove that the condition (A.4) is sufficient, we will
consider the diagonal elements of the matrix:
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Q = <y* yaly*- yu>, (A.5)

when @ is defined by the relation (A.2). Using (A.3), one obtains
directly:

Q= <y*lyg*> - < y*ly>a - m*<wlw*> +
+ m*<wlw> o = <y*l yg*> - a'da - als o +
+ alda = <y*ly*> - a'da =
= <y*ly*> - <y*ly> AA A<y ly>=
= <y* | y>{ <w*lw>'1 <y*lyg*> - <w|w>'1< yly*>) =
=<y*ly>{@ )* a ) =0, (A.6)

i.e. all the matrix elements of Q - diagonal as well as non-
diagonal - are identically vanishing. Hence, one has necessarily
y*- ya = 0, which completes the proof.

In relation (3.76), we are considering a stability relation of

the type
vyt =B, (A.7)
where - for the sake of generality - we have replaced y" by y;

and @ by B. Here the operator v = u u' has the special property
vis @Y lu! = urh)*= @ut)* = v+, which gives
v=vl= (> (A.8)

and we note that also v is connected with a restricted trans-
formation. Multiplying relation (A.7) to the left by <y; Iv'!, one
obtains the following special form for the coefficient matrix:

B = <y v ily>l<y Ly . (A.9)
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One has now the theorem:

The necessary and sufficient condition that the subspace
spanned by the set ¥, is stable under complex conjugation
combined with the operator v = uu' is that

B! =p* (A.10)

A simple proof is obtained by introducing the transformed
functions y = u'lwl and reducing (A.10) to (A.4). However, even
the direct proof is simple.

For this purpose, we will proceed as follows. In order to prove
that the condition (A.10) is sufficient, we observe that, if B'1=

B*, one has an alternative form for the matrix B defined by (A.9):
B=(B9"! =<y ly > <y *Iviy;*> (A.11)
Let us now consider the diagonal elements of the matrix
Q, = <uy;* - uly Bl uly* - uly B> =
= <uTW1*IuTW1*> - <u)rw1*lu'lw1>ﬁ -
- Bt <ulyy luty > + BT <culyy luly > =
= <y*IvIyy*> - <y Ly - Blay ly*> +
+Blaw; vy >B. (A.12)

Using the form (A.9) for B in the last term, one finds that the

last two terms cancel. Using the alternative form (A.11) for in
the second term, one obtains

Q, =<y *iviy*> - <y *iviy*> =0, (A.13)

Hence all the matrix elements of Q; - diagonal as well as non-
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diagonal - are identically vanishing, and one can draw the

conclusion that UTW1*' ulw;B =0, ie. that vyi1* = y1B. The
proof is then completed. It is then fairly easy to test whether the
stability conditions (3.76) are valid or not.

It should be observed that there are also other forms than
(A.9) for the expansion matrix B. Multiplying the relation (A.7) to

the left by <% |, where % = {x1, %2, ---- » ¥nJ IS an arbitrary set of
N linearly independent functions, one obtains

B=<xly>t<xlviy*> (A.14)

provided that the matrix A, = < |¥y;> is non-singular. For the

special choice % = v* ¥, one obtains e.g. that
A, = <v* — -1 = H-1,,-1 -
1—<VW1|W1>—<W1|V IW1>—<W1|(u) u lW1>—
-1 -1
=<u "y, lua V1>, (A15)

which is a positive definite matrix. As before, one proves that the
relation B! = B* must necessarily be valid, and one has hence
also the alternative form

( B*)'l = <y* vl IW1>'1<x* lyi*>, (A.16)

which corresponds to the introduction of the set v*x* instead of
% in the original formula (A.14). We note, however, that - in the
case of a general set - one can no longer expect that the
condition B = ( B*)"! should be sufficient for the required
stability property, and that our proof is limited to the specific
choice g = v*y;. This completes the appendix.
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1. INTRODUCTION

One of the most important advances in molecular quantum
mechanics of the last fifteen years has been the increased ease
and accuracy of predicting molecular conformation through purely
theoretical models [1-4]. The stable geometries of molecules as
yet unmade can be determined and molecular properties of these
systems studied. The conformations and properties of
electronically excited molecules can be examined theoretically,
whereas experimentally these geometries are often very elusive.
Transition states, the species that separates reactants from
products, and that have but fleeting existence -- if at all,
experimentally -- are also obtainable using molecular quantum
quantum mechanics.

Much of this progress has been centered around the discovery
that energy derivatives can often be explicitly evaluated {3-7],
freeing potential energy searches from inefficient minimization
algorithms such as uniaxial methods, simplex methods and even
numerical derivative methods [8].

Ve might classify methods that search potential energy
surfaces as [9]:

1. Methods without derivatives,

2. Methods with numerical gradients (first derivatives),

3. Methods with analytic gradients, and

4. Methods with analytic gradients, second derivatives

(Hessian).
with obvious extension and divisions. Methods of the first type
such as the simplex methods [10] are simply not competitive with
the more modern methods which obtain gradients (except for
diatomic molecules). Since first derivatives for nearly any
wavefunction can be obtained analytically, at least with the help
of the coupled perturbed Hartree-Fock Theory (CPHF) [11], methods
that use only numerical gradients will not be competitive except,
again, for very small systems. Analytic second derivatives are

generally time consuming to obtain, even for Hartree-Fock
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(molecular orbital) type wavefunction. The evaluation of second
derivatives inevitably involves at least the CPHF and, as such,
is a factor of N more difficult than obtaining only the
gradients, where N is the size of the basis set. Because of
this, methods of the third type, those that use analytic first
derivatives and numerical second, are important and are likely to
remain important.

In this paper we examine various optimization procedures that
build up information on the second derivatives as they minimize
the energy. We focus in this work only on energy minima,
although the connection with techniques for finding saddle point,
such as transition states, is reasonably straight forward, at
least in concept {12,13]. The descriptions of the various
potentially useful methods is reasonably complete, although we
have chosen to give examples only for the methods we have found
most promising. For comparisons we do calculate the exact
Hessian matrix and perform true Newton steps, although, except in
especially difficult cases, we do not recommend this time
consuming procedure. On the other hand, if vibrational spectra
about a minima are to be examined, or if a transition state is
sought, a "good" Hessian is required. The update procedures that
we examine are not reliably "good" enough for these purposes.

In the next two sections we briefly detail the problem.
Sections 4 and 5 describe two aspects of optimization algorithms,
the line search and the search direction. These sections are
somevhat lengthy as befits "art," for there is still a good deal
of artistry in optimizing functions that do not explicitly show
dependence on their independent variables. 1In section 4 we give
an overview of the various suggested procedures in the context of
a normal mode analysis where the "physics" of the situation is
somevhat more transparent.

In Sections 7 and 8 we present results for the more
successful approaches. The calculations presented are of the
Hartree-Fock self consistent field type utilizing the INDO/1
[14,15] model Hamiltonian. Although the force constants from
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such calculations are generally twice as large as those obtained
from ab-initio results [16], this nearly constant scaling can be
shown not to affect the generality of the conclusions presented

in the last section of this paper.

2. CHARACTERIZATION OF MINIMA

Ve assume that the energy hypersurface E(x) is a unique
single-valued function of the nuclear coordinates x. We further
assume E(x) and its derivatives with respect to x are continuous.
Under these conditions, the second order Taylor series for the

energy hypersurface E(x) is well defined.

+

+
E(xk + 1) = E(xk) + gk sk + % sk Gsk (1a)
k ]
g; = 3%, lx - £ (1b)
i
2
3°E
ij T ax,ox, |x - %K (1c)
1)
where gk = g(xk) is a column vector of the energy gradients, and

Gk is the matrix of second derivatives, called the Hessian

Matrix. sk is the "step" vector, given by

K k1 k (1d)

A strong local minimum with

*
E(x ) < E(x) for all x # x* (2a)
*
occurs at x vwhen

* *t
g =0org s=0 (2b)

6 >0 or s'6*s > 0 for all s (2¢)

Condition (2c¢) requires the Hessian matrix to be positive
. s . K] *
definite; that is, the eigenvalues of G are all greater than

zZero.
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The minimum usually found in a geometry optimization using
cartesian coordinates is a "weak" minimum, distinguished by the

equality of

E(x*) < E(x), X#x - (3a)

The equality of Eq. (3a) arises because of the translational

and rotational invariance of the energy. At the weak minimum we

also have
g =0 (3b)
*
G >0 (3¢)

where the Hessian matrix G* has 6 (or 5) zero eigenvalues
corresponding to the rotational and translational modes; the
remaining 3N - 6(5) eigenvalues should all be positive [17}. The
6(5) coordinates corresponding to translations and rotations can
be removed by a suitable choice of internal coordinates.
However, the energy expression is invariant to this removal, and
to any choice of linearly independent coordinates. This
invariance property means that there is no particular advantage
in an optimization procedure for any given choice of coordinates
providing the initial steps (see below) are the same. O0f course,
it may be easier to constrain chemically meaningful coordinates,
such as a bond length or angle, in an internal set of
coordinates.

A potential energy surface in general will have many extreme
or stationary points, all characterized by g* = 0. If s+G*s > 0,
Eq. (2c), the point x* represents a minimum. Such a minimum may
be local or the global minimum; the latter by definition will
have the lowest energy in the hypersurface. All the methods
presented in this paper are only capable of finding local minima.
In contrast, a transition state with positions given by x# is
characterized as an extreme point having all eigenvalues of the
Hessian matrix positive except one and only one which is negative
[18]. On such a "saddle point" the energy increases in all

directions except along the "reaction path." Along this
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direction E(x#) is a maximum separating two local minima. Other
extreme points with two or more negative eigenvalues of the

Hessian are of less immediate interest in chemistry.

3. OPTIMIZATION ALGORITHMS

Optimization methods are generally based on the typical
algorithm as follows [9]: Choose an initial set of coordinates
(variables) x° and calculate the energy E(x?) and gradients
g(x°), then

1. Choose a search direction sk, then

2. Perform a line search to determine how far along this

direction to move to reduce the value of E(xk). In the
simplest case one chooses an o value in xk 1 xk +
ask, then

3. Test for convergence. If the system has not converged,

increase k to k + 1, and go to Step 4. If convergence is
obtained, the optimization is complete.

4. Calculate or estimate Gk + 1 a new Hessian at xk +1 and

repeat Steps 1 through 4.

ki1 in Step 4 is used to

The information gained about G
choose the search direction sk of Step 1. Generally the first
search direction is chosen along the direction of steepest
descent although other choices, as discussed below, are possible.
An efficient algorithm balances the work of finding the best
search directions (sk) against that of finding the optimal

distance to move along that search direction (a).

4. LINE SEARCH STRATEGY

The aim of the line search is to determine the appropriate
displacement along a search direction. This is, if at the point

xk we have found a search direction sk, the k + 1 point is that



246 John D. Head and Michael C. Zerner

given by

x =X +as (4)

where ak is obtained from the line search and should be such that
k + 1

E(x

The decrease in energy should be reasonable enough to ensure the

) is "reasonably" less than the previous energy E(xk).

optimization algorithm converges to the local minimum. The weak
requirement that E(xk * 1) < E(xk) can, of course, by itself
result in very slow convergence.

Figure 1 illustrates a typical variation of energy with
respect to o« along the search direction sk. In an exact line
search, the minimizing value o , which gives a minimum in
LI "
gradient evaluations along sk. Such calculations may be more

), is located. This often requires several energy and

useful in selecting alternate search directions. The more
efficient approach is to perform an inexact or "partial” line
search where an a value is selected to give a reasonable decrease
in the function. For example, in Figure 1, an appropriate «
might lie in the interval
(al,a2). The problem now is

to determine from E(xk + 1)

and gk + 1 appropriate value
of oy and oy -
The energy along the

search direction sk up to

quadratic terms is given by

Figure 1

+
E(xk + ask) = E(xk) + ag+(xk) - sk + %azsk Gsk (5)

The energy at xk + ask will be lowered providing

g+(xk) © S <0 (6)

Inequality (6), called "the descent condition," selects the sign

R . . k : .
required for the search direction s~ to ensure a reduction in the
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energy. The minimum E(xk + aMsk) value is found by
differentiating (5) with respect to o

+

%% = g+(xk) . sk + ask Gsk = g+(xk + ask) . sk 7
Thus the exact line search requires
g+(xk + aMsk) . sk =0 (8)

that is, the gradient g at xk + aMsk is perpendicular to the
search direction sk (see, for example, Figure 2). An estimate

for the reduction of the energy can be obtained from Egqs. (5 -

8). k

9

wvith the greatest reduction »I/ZuMsk+ . gk when a equals Oy -

Vhen o > oy there is a reduction in the energy if

1
- Fa
0 < [iM__Z] (1 (10)
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which implies that

+ +
0 < -past . g ER gkt 1 %aMsk L& (11a)

when

0<pg (11b)

NI =

Equations (11), originally suggested by Goldstein [19]
motivate the test for whether « is less than 0%y For o to be
inside the right extreme of the line search interval (al,az),

+
—Ek+12—-pdsk ‘gk (12)

Ek
wvhen p = 1/2 the line search becomes exact.

For the left extreme a test similar to Eq. (12) could be
used. However, a more successful test in our experience is based

on the gradients [20]. Since the Hessian G is positive definite,

Eq. (7) gives

g -8 >2g s (13)

k +1

indicating for the new point x the gradient vector component

along sk should decrease. A successful test for the left extreme
o is

k* k

.
g5t LK) <-ag LK 5 o0, (l4a)

An exact line search is obtained when o = O.

Occasionally, and especially when starting with a poor
initial geometry the gradient norm ng * 1| > ]gkl, even when
Ek +1 < Ek- Such a situation is depicted in Figure 2. VWhen

this occurs we use the "cosine test" of Eq. (1l4b)

k+1 ko Kk
Kk 7 1 K ~5—E~———E— = cos ek (14b)
& st le"l Is™]

rather than the test of Eq. (l4a); that is, the cosine of the

angle between the step direction and the gradient along that
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direction. This is because the new gradient becomes
perpendicular to the direction of the step as the line search
becomes more exact regardless of the magnitude of the gradient.
WVith left and right extremes of « as chosen from Eqs. (12)
and (14) the optimization procedure can be shown to converge,

providing gk+ . sk # 0. Numerically, however, the condition that

gk+ . sk ~ 0 results more often than appreciated. In the Newton-
like methods described below, this pathology is associated with
ill-conditioned Hessian matrices. We discuss further this point
in Section 6.

One additional constraint is needed in the discussion of line

searches. The condition,
<4 (15)

safeguards against large coordinate changes which might
accidentally lead to points outside the region of interest (in
the neighborhood in which we have initiated the search), or
beyond the neighborhood that we might reasonably expect quadratic
behavior.

In our update procedure, after considerable numerical
experimentation, we have adopted the following line search
algorithm which is a variant of Fletcher [9a]. Initially an
interval (ag,ag) is chosen, where the superscript T emphasizes
trial values. A of Eq. (15) is taken as 0.4 a.u. when x is
chosen as cartesian coordinates. ag is initially taken as O.

We then calculate uT from Eq. (15). o« is initially set to 1

2
as suggested by a quadratic potential, unless a? < 1 in which

%

case ve set o = ag. We then evaluate E(xk + as ) and perform the
right extreme test given by Eq. (12). If this test fails o > o
(as opposed to ag) and is reduced in value using the

interpolation formula
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T 1 T E(x%) - B(xK k17
anew-a1+5(a-a1)[1+ X ‘T(",*“j)} (16a)
(@ - ) E (o)
E (") = gt (X + alTsk) o sk [g—i] T (16b)
o

:al

The energy at xk + ahew§k is now computed and the right line
search test is repeated with oy = @ and « = % ow until Eq. (12)
is satisfied.

The gradient g(xk + ask) is now evaluated and used in the
left extreme test, Eq. (14).

If the left extreme test fails then « is too small. A trial

% ey is computed from the extrapolation formula

(¢ - o) E ()
(16c)

ev T T D) - B (o
so that a < % ow providing E’(al) > E’(a). The energy is re-
evaluated at x + % euS andTboth the right and left line
searches are repeated with o = o« and a = * o When both tests
have been successfully completed, the partial line search is
finished and a new search direction is sought.

The line search algorithm outlined is parameter dependent.
After much numerical experimentation, we choose o = 0.9 and p =
0.03, parameters which constitute a fairly weak line search. 1In
our experience it is more effective to change search directions
than to determine a more exact minimum of energy along a given
search direction. In practice « is usually equal to unity. When
a line search fails, however, the subsequent treatment of « can
have a marked affect on the efficiency of the optimization.

For steepest descent search directions, after the first step
in any update procedure where the Hessian matrix is as yet

unknown, aI = 0.4 is most useful.
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5. SEARCH DIRECTIONS

5.1 Steepest Descent.
The search direction in steepest descent is given by the

negative of the gradient

s = -g (17)

While the steepest descent search direction sk can be shown to
converge to the minimum with a proper line search, in practice
the method has slow and often oscillatory behavior. Most Quasi-
Newton procedures, however, make this choice for the initial
step, for there is no information yet on G.

When working with different coordinates, q, the Taylor series

expansion suggests

s Y 18
g q * Bq (18)
vhere
§ =B
q 8 (19)
defines the new set of coordinate steps 8q. From Eq. (18)
g=-8" g (20)
leading to
k k +
=B - -BB 21
Sq s g, (21)

as the proper replacement for Eq. (17). Failure to use Eq. (21)
correctly for the steepest descent can lead to symmetry breaking
[21]). It has also on occasion led to incorrect conclusions on

the importance of linear coordinate transformations.

5.2 Newton’s Method.
Newton’s method includes the gquadratic nature of the energy
hypersurface in the search direction computation. Consider the

Taylor’s series for the change in gradient given by
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g T h gy LK (22)

at an extremum g(x*) is zero. Hence a step in the direction of

minimum is predicted by

B s W e PO (23)

Equation (23) is used to generate search direction sk for all the
Newton-like algorithms. The actual step taken sk = ask is
determined by the line search and allows for the non-quadratic
part of the function.

In molecular quantum mechanics, the analytical calculation of
G is very time consuming. Furthermore, as discussed later, the
Hessian should be positive definite to ensure a step in the
direction of the local minimum. One solution to this later
problem is to precondition the Hessian matrix and this is
discussed for the restricted step methods. The Quasi-Newton
methods, presented next, provides alternative solution to both

of these problems.

5.3 Quasi-Newton Methods.

The Quasi-Newton, or variable metric, methods of optimization
are essentially based on the algorithm

1. Set search direction sk = -Hkgk.

2. Perform line search to give xk w1 xk + aksk.

3. Update Hk to Hk +1
where the search direction is essentially given as a Newton step,
Eq. (23), but with Hk approximating the inverse Hessian. H
avoids the explicit evaluation of G~1 and is updated on each
algorithm cycle.

The inverse Hessian H is updated by relating the differences

in the gradients
Yk + 1 _ gk +1 —gk (24)

to the differences in the coordinates
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8 =as =x - X (25)

For a quadratic function, the coordinates and gradients are
related by

Bk + 1 Yk - 8k (26)
Equation (26) is the "Quasi-Newton" condition; it is fundamental
to all the updating formula. There have been many updates
proposed, and we briefly review some of the more important ones.

The simplest are based on

Hk +1 k k k

=H +E =H + a|u><u| (27)
where | u> is a vector; | u><u | forms a dyadic, and thus the
correction matrix is of rank one. Substituting Hk +1 into the

Quasi-Newton condition gives

k k

Y e L (28)

and hence | u> is proportioned to | gk> - Hk | Yk>. Taking, for

simplicity, the scale a = <u|yk>—1 ve obtain from Eqs. (27) and
(28)

k+1 k (|® - Hly»)(<8] - <vlH)
H = <& - Ep

(29)

wvhere the k superscript has been dropped for convenience. Rank
one formula of this type have been proposed by Broyden [22],
Davidon [23], Fiacco and McCormick [24], and Murtagh and Sargent
{25}, and examined for their utility in molecular quantum
mechanics by many workers [2,26]. A common approach used is to
take H1 as a unit matrix, and thus the first step s1 is in the
direction of steepest descent. An alternative procedure,
potentially useful when the initial search is near the minimum of
energy, is to start the Hessian as a diagonal matrix of known
force constants for bonded atoms that have been tabulated for the
model at hand (27,28). In such a case, internal coordinates
should be used, Egs. (20) and (21). 1In later cycles more of the

quadratic nature of the energy is included in Hk. Unfortunately,
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this simple rank one update procedure has two serious
disadvantages. The positive definiteness of the inverse Hessian
may be lost on updating. Secondly, the denominator in Eq. (29)
may become close to zero, with resulting loss in numerical
precision. Murtagh and Sargent [29] have developed successful
algorithms for detecting these problems but not correcting them.
Often the only solution is to reset the inverse Hessian back to
the unit matrix. This results in the loss of all the previous
curvature information. Nevertheless, the Murtagh Sargent variant
of the rank one formula has in the past been the most successful
in molecular geometry searches.

There is a whole class of rank two update formula, the two

most important members are

[8><8] H|y<y|B
DFP FUGTS T TKGH[Y (30

where the subscript DFP indicates Davidson, Fletcher and Powell

[30] who developed this update; and

k + 1 <v[B[v>| |8><8]
i B+ [1 * G | <[

(31)

|&><y|H + H]y><8]
- <8ly>

suggested by Broyden, Fletcher, Goldfarb and Shanno (BFGS) [31].
The complete family of rank two update is given by a linear
combination of the DFP and BFGS formula [32]

Hk + 1 k +1 + k +1 (32)

¢ = $Hppp - 9 Hppes

and is known as the Broyden rank two "family." These rank two
updates have several desirable features, but perhaps the most
important property is that they retain the positive definiteness
of the Hessian if the appropriate line search is used. The
advantage of a particular rank twvo formula over another in

molecular problems is not clear, and for exact line searches all
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the formula give the same search directions. As is indicated in
the result section, the BFGS formula in our experience tends to
be the most successful with partial line searches.

An alternative type of update formula has been suggested by

Greenstadt [33]. The updating formula has the usual form

Hlé +1 Hé . |a><y<| 4]»Y>ly><€l . <8ly>z|y><yl (33)
v <vlv>
wvhere | & = | & - H| y>. In the Greenstadt formula, the

positive definiteness of the inverse Hessian is not retained, nor
is it invariant to coordinate changes. In the above we have
given update formula for the inverse Hessian for direct use in
such equations as Eq. (23). 1In the Appendix we summarize the
update formulas for the Hessian itself. Such formulas may be of
greater utility in methods such as the augmented Hessian and

resricted step methods, discussed below.

5.4 Approximate Analytic Hessians

Exact second derivatives methods require the solution of the
coupled perturbed Hartree-Fock equations, CPHF [11,34,35]. At
the Hartree-Fock level this requires several steps in addition to
the usual SCF procedure and the evaluation of the first
derivatives.

1. An ao to mo transformation. Only those integrals with
twvo occupied and two virtual indices are required,
<ij]ab> and <ij|ba>. This is a N5 step. This
transformation step can be avoided by working directly in
the ao basis [36] but at the expense of increased I/0.

2. Evaluation of the integral second derivatives, a step
proportional to the number of nuclear coordinates times
the number integrals, about N5.

3. The solution of the CPHF equations, a N[4 step for each

. . 5
nuclear coordinate, or again about N7.
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Obtaining the second derivatives for a SCF wave function is
thus a factor of N times more difficult than it is for evaluating
the SCF energy and the first derivatives.

The resulting CPHF equations to be solved are

a-auD _B_oo (34a)
(1) _
L &4 b5 ~ Bai,bj) Ypj " Bai -
b,j
(34b)
5 %at,by ~faihy 1 L
€,(0) - ¢,(0) bj ai ~
bj a
8E5 by = [£,(0) - &,(0) - <aillai>] (34c)
Byibg = <ab||ij> + <aj|]ib>(1 - 8ai, b3 (344)
vhere U(l) is the matrix of first order changes in the mo
coefficients
C(X) = C(Xy)U(X, + 8K) = CU(X, + 8K) (35a)
@)
U(X, + 8X) = U(Xy) + 8XU +oaen (35b)
and
(1)
a_,
al
Bai = & -5, (35¢)
1 a
ey
with Q , the matrix of first derivatives given by
a A1) (D (D
0, =f,; -8, & - LS5, <allik
(36a)

* 3
+ % Cuo Cui an[ﬁy (ux||va)]y -0
HVoA
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(1) o
Hai = Z o {—=— ay ]y _ O g0 ete. (36b)
W,V
From Eq. (35c¢c), regrouping terms,
- (1) ()
D RS L T UPI (37a)
or
- D
v - e - 5§ (37b)
Expanding U(l) itself as a second perturbation sequence
(1) - D
AR -t BRI con v1: ke R
(38a)
ey . @ b
(1)
1 \ A B
v < ey - 5+ <atllai>i (39)

Equations such as (38) are immediately suggested by the original
CPHF Eq. (34),

-@-m"1tB- Y A" (40)

the only difference being the denominator shift by <ailjaid>.

Whereas Eq. (40) is slow to converge, Eq. (38a) is not.
oD py ¢

Replacement of in
azﬂuv
ny = Z Pu\’ W + Z o axay <U)\| '\JU) (40a)
H,V o A
2 2
9 VNUC _ Z v ® SU\J + Z aP)J\’ aHLl\) +
oxdy UV Xy 3y Ix

U,V H,V
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aPuv 3 awuv asuv
+ Z Z —ay— P “(U)\“\)CO Z 3y Tax

Ao 9x Ay
HV oA TRV
with
v Ve C.C b
HY © & “ui “wi (40b)
occ
EEH! = EEEX = X: Z c c_.. U(})*
ay dy y = ! pp “vi Tpi
1 p
(40c¢)
+ c*. c U(})
pi “vp pi

generally give the second derivatives to within +0.01 au/bohr,
far better than any of the update procedures. For the first
iterates, V(l), only the <ai|ai> and <ai]ia> integrals are
required, "a" virtual and "i" occupied. All the integral second
derivatives are required. For semi-empirical methods the
reduction of two of the three additional steps after the SCF and
first derivative evaluation is enormous, a full factor of N as
seen in the results section. For ab-initio theories, reduction
of the integral transforms is approximately a factor of 4.
Realized efficiencies then depends on the relative time/rate
required for the integral transform step and the derivative
integral steps, and this is often a function of the computer

used.

5.5 Restricted Step Methods.

The Quasi-Newton methods are very powerful techniques for
locating local minima. The success of these procedures can
largely be attributed to the retention of the positive
definiteness of the Hessian. In this section we present an
alternative approach which has the added capability of handling
Hessians which may contain negative eigenvalues. Such procedures
will prove especially useful for starting geometries which are

well removed from the desired minima. For example, a starting
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geometry may correspond to a transition state structure with one
negative eigenvalue in the Hessian. The restricted step
algorithm should be capable of optimizing towards both the
reactant and the product geometries.

The restricted step method of the type discussed below were
originally proposed by Levenberg and Marquardt [37,38] and
extended to minimization algorithms by Goldfeld, Quandt and
Trotter [39]. Recently Simons [13] discussed the restricted step
method with respect to molecular energy hypersurfaces. The basic
idea again is that the energy hypersurface E(x) can reasonably be
approximated, at least locally, by the quadratic function

E(x + 8) = E(x) + g'(x) - 8+ £ 8'G(x)3 (41)

vhere the step 8 is restricted in some way. In our case we
restricted the step norm |8 to be smaller or equal to some trust
region size A which is a measure of the extent of the quadratic

approximation.
[8] < a (42)

The minimum on such a quadratics surface can readily be
identified. it is either a minimum within the region, with the
gradient vector g null and the Hessian matrix G positive definite
or the minimum is on the boundary of the region.

The step 8 towards the minimum is found by minimizing
E(x + 8) with respect to 8 imposing the constraint from Eq. (42).
Introducing a Lagrange’s undetermined multiplier A we obtain the

functional
FoE(x+ 8) - % (88 - 0%y (43a)

which on differentiation becomes
VF =g+G8 -X8=0 (43b)

and

8- -(¢- 1) lg (43c)
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A is a parameter which ensures that the matrix (G - M) is a
positive definite and that 8 is essentially given by a Newton-
like step. Analysis of Eqs. (43) reveals that a downhill search

requires

A< (44)

where xmin is the lovest eigenvalue of G. When XA is zero we
obtain the usual Newton step. If X\ equals zero satisfies the
inequality (44) and the step size |&| is smaller than 4, then we
have the situation where the minimum is within the quadratic
region.

The restricted step method requires the two parameters A and
A to be defined. Various numerical tests have been suggested for
varying the trust region size A depending upon the quality of the
quadratic surfaces [9,37,38].

Until now we have defined this trust region & as fixed, as
explained with the discussion on Eq. (15). It may be the nature
of the energy surfaces we have examined, but very little seems
gained in searching for energy minima by examining the trust
region in detail. In addition, solving for X\, which determines A
is a non-trivial problem [38]. The augmented Hessian procedure
described next circumvents this particular problem by introducing
a natural choice for A.

In our experience the Newton and Quasi-Newton methods with
the line search described is faster to reach a minimum than the
restricted step method with confidence region. This latter
method is a more "conservative" method as discussed in the
results section. The restricted step methods, however, are very

effective in searching for transition states [40,41].

5.6 The Augmented Hessian Method
The starting point in the augmented Hessian approach is the

eigenvalue equation
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SRNEEN

vhere the gradient g is scaled by «. The step s is found by
diagonalizing Eq. (45a) for the lowest eigenvalue X and lowest
normalized eigenvector v2 + 62 = 1. By expanding Eq. (45a) two
equations are obtained.

Gv + aB g = Av (45b)
o <g|v> = X8 (45¢)
Rearranging (45b) gives the step

s--- - (450)

to be compared with the restricted step equation, Eq. (43c¢), and
Newton’s equation, Eq. (22b). The eigenvalues of the augmented

m+ 1) will bracket those of the Hessian itself,

Hessian (X,
i
m+ 1

(Xim). In particular, the lowest eigenvalue Xl must be zero
or negative.

In the diagonalization one of the following three situation

are obtained.

1. A< 0 and B = 0. In this case v = v(low) is the
eigenvector of G corresponding to the lowest eigenvalue.
<v(1ow)|g> is zero and XA = M low). A displacement along
v(low) will reduce the energy. Alternatively, if a
displacement along v(low) is not desired, then v(low) is
shifted to a higher eigenvalue by G’ = G +
X(shift)lv(low)><v(low)| and the Augmented Hessian
reformed.

2. A< 0and B=1. G is now positive definte. The step
will vary from Newton like for X small to steepest
descent for X large. The step length will usually be

inside the restricted region.
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3. 1Intermediate between the two conditions is A < O and
B # 0. G has a negative eigenvalue but s given by Eq.
(45d) will give a reduction in energy along the negative
eigenvector mode.

The step size, |s|, depends in a non-linear way on «. Since
|s| is a monotonically decreasing function of «, interpolation
can be easily used to find a step of the appropriate length.

The augmented Hessian method requires an exact Hessian, or an
update method on the Hessian itself. The update formula for the
Hessian analysis to the inverse Hessian appear in the Appendix.
At each step in the update procedure, the procedure is defined

such that the Hessian times its inverse is unity.

5.7 Conjugate Gradients

Of some historic value, and for completeness, we mention that
an alternative method for selecting search directions is to use
the conjugate gradient approach [9]. The initial direction is

taken as that given by steepest descent

sl - gt (46a)
then for k > 1, sk +1 is given by
k
k+1l__gk+1,7y g s’ (46b)
j=1

where Bj is determined by requiring all the search directions be

"conjugate" to each other; that is

s 68l -0 i (46c)
In the Flecher-Reeves algorithm [42], Eq. (46b) is simplified to

g+l k1 gk (464)

with
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k+1; k +1
k <g lg >
B - & (46e)
<g |g >

vhere Eq. (46d) is exact for a quadratic function. Other
algorithms present different ways of forming Bk which are
equivalent for a quadratic function. The principle drawback of
conjugate-gradient methods are that they are designed for use
with exact line searches. They do have the interesting feature
of not explicitly requiring the Hessian in the equations. It is
now fairly well established, however, that when there is gradient
information available, the conjugate gradient approaches are not

competitive with the quasi-Newton methods [9].

6. ANALYSIS OF SEARCH DIRECTION METHODS

The Hessian matrix G is real and symmetric. It can then be
resolved for analysis in terms of its eigenvalues Xi and its

eigenvectors Iwi> as

G =) |wi>)\i<wi (47)
i
Since the set |wi> is complete, the gradient |g> and the step

|s> can be decomposed as

|e>

[l
1t

X & Iwi> , €
i

<, |e> (48a)

|s>

L}
il

Lo lep> , Ny = <uy |s> (48b)
i
From Eq. (47) and Eq. (44)

€.
s> = - 5 5= lup (48c)
. 1
1
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ng - - 5/% (48d)

The descent condition <s|g> < 0 becomes

<slg> = ¥ oen = L - €5/4 <0 (49)
i i

and is certainly obeyed if each &N < 0 or if Xi > 0 for all i.
This is, of course, the case, if G or its approximations are
positive definite. When G is indefinite, the restricted step
method modifies the Xi, Eq. (43), so they are all positive. The
most common techniques when they run into trouble, however, reset
all Ai to 1 as in the Murtagh Sargent procedure [29]. Some
techniques diagonalize G, and, if Ai is negative, simply change
its sign. Such approaches do not systematically modify the
Hessian and reduce the overall efficiency of the optimization
algorithm.

The angle, 6, between the step and the gradient is given by

- <slg> N Amin (50)

cos 6 = 2
(<s|s><g|g>)1/2 Amax

wvhere Xmin and Xmax are the minimum and maximum eigenvalues of G.
When cos © approaches zero, the step and the gradient become
perpendicular, leading to slow convergence. In practice this may
occur when the a gradient vector has major components associated
with the large eigenvalues of G, while the step has major
components elsevhere. Again the restricted step method, or the
augmented Hessian method, which shift all X equally, give a more
favorable Xmin/xmax ratio for descent.

In terms of the normal mode analysis the Taylor series

expansion for the energy can be rewritten as

E(x})

il

E(x°) - ol - 1/20) J noX; (51a)

i

E(xl)

E(x°) - ol - 1/20) % e3x; " (51b)-

i
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Eqs. (51) demonstrate the need for G to be positive definite. Ve
see explicitly from Eq. (5la) that for similar step displacements
hi the major energy contribution comes from those modes with
large eigenvalues. Conversely, Eq. (51b) indicate the major
energy contribution comes from the small eigenvalue modes when
the gradient components €; are comparable. 1In an optimization,
the large eigenvalue modes are minimized quickly at first, until
al the gradient components € become similar; then larger step
displacements along softer modes occur. This is illustrated in
the Results Section.

1f g = 0, then there will be no displacements in these
directions whether Xi is zero or not. Since the energy is
invariant to translations and rotations, the center of
coordinates and moments about these coordinates will be
conserved. In the former case it can be shown that Xi = 03 in
the case of rotation the corresponding Xi may not equal zero
except at the extreme point, but the corresponding g = 0. Since
the energy is also invariant to symmetry operations that leave
the Hamiltonian invariant, the gradient vector will have non-
vanishing components only along totally symmetric modes, "A" (see
[43] for a more detailed proof).

le> = X gl (52)
ieA
Since motion along totally symmetric modes cannot change the
point group symmetry, this symmetry is preserved throughout the
optimization. The exception is at the extreme points themselves,
where a higher symmetry might be obtained.

Symmetry greatly reduces the number of natural parameters in
the optimization problem. The number of parameters is simply the
number of totally symmetric vectors in G. At the same time, if
the local minimum being sought is at lower symmetry than the
starting geometry it will not be found. For example, a planar
molecule will remain planar throughout the optimization even if a

non-planar structure is of lowver energy.
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7. COMPUTATIONAL PROCEDURES

All calculations reported are performed within the INDO/1
semi-empirical framework [14,15]. These methods have also been
programmed for the Quantum Theory Project ab-initio programs, and
similar conclusions are drawn.

The energy derivatives with respect to the nuclear
coordinates are obtained from analytical formula. The "exact”
second derivative matrix is obtained from the CPHF equations.

For comparison, these results are compared with numerical second
derivatives in which each coordinate X3 is symmetrically

displaced in turn by 8x1 to give the central difference second

derivative
9E_ i
83143 + 8xi - ij X - 6xi
Gij = 26xi (53)

Hence in a system of N-nuclei the formation of the numerical
Hessian matrix requires 6N full SCF calculations, one for each
coordinate displacement. Second derivatives are obtained much
more rapidly through analytic expressions such as those of Eq.
(40), than through the use of numerical expressions such as that
of Eq. (53). A projection technique is used to eliminate from G
the small non-zero eigenvalues associated with the rotation and
translation normal modes [44]. The exact inverse Hessian matrix
H is obtained by diagonalizing G and discarding those
eigenvectors with zero eigenvalues when back transforming to H.
Selection of a convergence criterion in an optimization
procedure is an important consideration. In theory, optimization
is complete when g = 0. The more practical alternative is to ask

1/2
o

for a maximal gradient component, or gradient norm <g(g> r

1/2, or for a minimum change in the energy, or for

step size <§|&
all of these. An assumption, often not true, is made that the
norms of the gradient and step size monotonically decrease

through the optimization.
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In practice, when all cartesian gradients are less than 10_3

atomic units, bond lengths are usually within +0.01 A and bond
angles within +2° of their final optimized values. Torsional
dihedral angles require a much finer optimization. In some
cases, large changes in coordinates can be driven along very soft
modes by very small gradients, Eq. (48). The physical meaning of
optimizing along such soft modes, however, is not clear. Its

Justification lies only in the aesthetics of the mathematics.

8. RESULTS

8.1 General Conclusions,

Table I summarizes results for an arbitrary starting and the
final geometry for hydrogen peroxide. The starting geometry is
not greatly different from the final geometry, the largest
cartesian coordinate difference is approximately 0.02 A along the
z direction. The relatively small starting gradients, also given
in Table I, reflect the closeness of the initial geometry to the
optimized geometry.

A summary of the Newton iterations for hydrogen peroxide is
given in Table II. We report the variation of the 6 non-zero
eigenvalues of the exact Hessian matrix G, four of which
transform as a, irreducible representations and two as a,. Ve
see that the eigenvalues stay roughly constant throughout the
optimization except for the smallest one which is initially
negative indicating that we are more or less in the quadratic
region of the energy surface. The eigenvalues also have a large
range in values, the very small eigenvalue 0.0178 corresponds to
a torsional mode of the hydrogens around the oxygen axis.

Table II also gives the scalar products € of the Hessian
vibrational eigenvectors with the gradient |g> and the step

component ni calculated by Eq. (52). For the Newton optimization



268 John D. Head and Michael C. Zerner
TABLE I: H202 COORDINATES AND GRADIENTS.
a) Trial Coordiates (A)
X y z
0 1.1527552 -0.1322834 0.1511810
0 -1.1527552 0.1322834 0.1511810
H 1.8897626 1.0771647 -1.1338576
H ~1.8897626 ~1.0771647 -1.1338576
Initial Gradients (a.u.)
gy gy g,
0 -0.0079031 0.0238236 -0.0226673
0 0.0079031 -0.0238236 -0.0226673
H -0.0124657 -0.0210846 0.0226673
H 0.0124657 0.0210846 0.0226673
b) Final Geometry (A)
X y z
0 1.1563486 -0.1356317 0.1695288
0 -1.1563486 0.1356377 0.1695288
H 1.8934178 1.0810208 -1.1522053
H -1.8934178 -1.0810208 -1.1522053
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TABLE II: H20 - ALL QUANTITIES ARE IN ATOMIC UNITS.
A AEE THE HESSTAN EIGENVALUES.
a) X Values
a; a; a; a; a a
cycle 1 2 3 4 5 6
1 4,5053 2.1933 .1630 -.0178 2.3411 .2592
2 4.3564 2.0450 .1807 .0159 2.1600 .2818
3 4.3572 2.0334 .1788 .0181 2.1518 .2873
4 4,3586 2.0346 .1784 .0178 2.1538 .2874
5 4.3586 2.0346 .1784 .0178 2.1538 .2874
b)e, = (glwi>a, Eq. (48a)
1 2 3 4
1 -4.804 D-3 6.702 D-2 -8.171 D-4 -3.186 D-4
2 9.044 D-4 2.131 D-3 ~-5.109 D-4 5.550 D-4
3 9.220 D-6 ~-6.721 D-4 4.507 D-5 5.067 D-5
4 9.406 D-7 -5.526 D-6 5.309 D-6 9.319 D-6
5 5.250 D-8 -3.705 D-7 8.705 D-7 1.522 D-6
a
c) n - <s|w1> , BEq. (48b)
1 2 3 4
1 1.066 D-3 -3.055 D-2 5.014 D-3 -1.786 D-2
2 -2.076 D-4 -1.042 D-3 2.827 D-3 -3.493 D-2
3 -2.116 D-6 3.305 D-4 -2.521 D-4 -2.799 D-3
4 -2.158 D-7 2.176 D-6 ~-3.021 D-5 -5.227 D-4
5 -1.204 D-8 1.821 D-7 -4.896 D-6 -8.530 D-5
d) Summary of the Optimization
Energy (a.u.) jg| (a.u./bohr) Max |gi|
1 -34.828473 0.067195 0.023824
2 -34.829517 0.002435 0.000994
3 -34.829530 0.000676 0.000276
4 -34.829530 0.000012 0.000007

#A11 Computed le;| and |n;| along the a, modes (i = 5 and 6) are

less than 10_14 a.u.
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all searches were successful with o = 1. The scalar products n1
and €; are essentially zero for the a, vibrational modes as
anticipated from symmetry conservation. Initially the largest
gradient and step scalar products occur for the Zal vibrational
mode which corresponds to a symmetric OH stretching mode.
Although fhe Zal gradient component £ remains the largest for
the next two optimization cycles, the largest step component ni
occurs along the soft 4a1 mode for the reasons discussed in the
previous section.

Table III presents an analysis of the energy change between
the second and third optimization cycles. emn, = <slwi><wi|g> is
the descent condition and should be negative for each "i." Here
only the symmetric modes contribute (see Section 6). For this
cycle the major decrease in energy is along the soft fourth mode.
This is so even though the largest gradient component (Table II)
remains along the second mode. There is from this specific
analysis and the more general one of the previous section an
apparent danger in using only the magnitude of the gradient as a

check for convergence of the optimization procedure.

TABLE III: ENERGY DESCENT FOR HZOZ
FROM CYCLE 2 TO CYCLE 3 (10—6H).

1 2 3 4
<s |, ><a |c;§>al -0.18775 -2.22050 -1.44431 -19.38615
1/2)<s |wg> b 0.09388 1.11019 0.72207 9.69983
0Ei -0.09387 ~1.10931 -0.72224 - 9.68632

Total: -11.61174

This is the descent condition and should be negative.
The contribution of the first two terms in the Taylor series
expansion of the energy.
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TABLE IV: GEOMETRY OPTIMIZATION OF H,0, USING THE BFGS ALGORITH.

272
a
Xl AZ X3 X4

1 1.0 1.0 1.0 1.0

2 2.1776 1.0 1.0 0.9849
4 3.9361 1.4179 1.0 0.9400
6 4.4429 2.0445 0.9996 0.8710
8 4,.8876 2.3818 1.0324 0.1471
10 6.2775 2.6888 0.3846 0.0552
15 4.4232 2.1109 0.1948 0.0178
Exact 4.3586 2.0346 0.1784 0.0178

%Atomic units or Hartrees.

TABLE V: STEP SIZES (a.u.) IN THE BFGS OPTIMIZATION OF THE
. GEOMETRY OF H,0

272
Cycle/Mode 1 2 3 4
2 3.924 D-3 C -——— -6.861 D-3
4 1.707 D-3 4,171 D-3 ——— 3.028 D-3
6 -1.194 D-5 1.200 D-4 ~-4.148 D-5 9.083 D-4
8 7.146 D-5 1.015 D-4 -2.094 D-4 -6.410 D-4
10 -5.193 D-5 -4.750 D-5 -5.344 D-4 -2.389 D-3
15 - -1.012 D-5 -1.380 D-5 -3.654 D-5 2.907 D-4

A similar analysis for a BFGS quasi-Newton optimization of
hydrogen peroxide is given in Tables IV and V starting with the
same initial geometry a in Table I. Only the symmetric
vibrational modes are included in Tables IV and V since only
these are updated. A more detailed discussion of the Hessian
eigenvalue evolution for the BFGS scheme is given below, but in
Table IV we see that it takes over eight Hessian updates before
the low frequency normal mode is realized. However the eighth

cycle energy is only 2uH above the converged energy.

8.2 Newton’s Method.

In this section, we present a summary of some Newton
optimizations. The number of energy and gradient calculations
required to reach the minimum forms a frame of reference for

considering the efficiency of the different optimization
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procedures. The molecules studied are HZCO, NH3 and c2H6' The
initial geometry for each molecule has been chosen to have low
symmetry (Cs) by making a 0.08 a.u. coordinate displacement along
each vibrational mode from the minimum. A second initial
geometry for NH3 is considered with 0.05 a.u. displacements along
each mode from the minimum.

The number of line searches, energy and gradient evaluations
are given in Table VI for both the Newton and Quasi-Newton
methods. Table VI clearly indicates that the use of an exact
inverse Hessian requires less points to arrive at the optimum
geometry. However in Table VI we have not included the relative
computer times required to form the second derivative matrix. If
this is taken into account, then the Newton’s method with its
requirement for an exact Hessian matrix is considerably slower

than the quasi-Newton procedures.

TABLE VI: NUMBER OF OPTIMIZATION CYCLEg REQUIRED FOR DIFFERENT
UPDATE FORMULAE™.

Exact Rank 1 BFGS DFP Greenstadt
H)CO  4(5,5) | 9(11,10) 11(12,12) 12(13,13)  16(18,17)°
NH3d 6(8,7) 7(11, 8) 7( 8, 8) 11¢12,12)  12(13,13)°
NH3e 3(4,4) 7¢ 9, 8) 7( 8, 8) 10(11,11) 11(13,12)b
CZHG 6(7,7) 17(19,18)  19(20,20) 29(30,30)¢ 19(27,20)b

8The notation x(y,z) refers to x line searches, y energy
bevolutions and z gradient evaluations.

Energy changing less than 5.D-07 07 Ha but above true minimum
energy value.

Optimizaton not quite converged.

Displaced 0.08 a.u. along each normal mode.

Displaced 0.05 a.u. along each normal mode.
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EXACT HESSIAN OPTIMIZATION OF H2
EIGENVALUES (a.u.).

273

CO - HESSIAN

1 5.281D+00 1.592D+00 7.879D-01 1.996D-01 1.922D-01 1.104D-01
2 4.209D+00 2.146D+00 1.060D+00 1.996D-01 1.906D-01 1.417D-01
3 4.249D+00 2.046D+00 1.023D+00 2.217D-01 1.847D-01 1.584D-01
4 4.279D+00 2.033D+00 1.023D+00 2.396D-01 1.830D-01 1.589D-01
5 4.279D+00 2.033D+00 1.023D+00 2.396D-01 1.830D-01 1.589D-01
Eval. No. Opt

E G Energy lg| Max g, | o Type

1 1 -24.316168 0.369646 0.264229 0.00000D+00 1

2 2 -24.336801 0.084631 0.066710 1.00000D+00 1

3 3 -24.339573 0.009807 0.007186 1.00000D+00 1

4 4 -24.339593 0.000050 0.000034 1.00000p+00 1

5 5 -24.339593 0. 000000 0.000000 1.00000D+00 1
TABLE VIII: THE OPTIMIZATION NH, WITH THE EXACT HESSIAN - HESSIAN

EIGENVALUES (a.u.).

1 3.405D+00 2.209D+00 1.341D+00 1.684D-01 3.866D-02 -3.840D-03
3 3.179D+00 2.072D+00 1.431D+00 1.689D-01 8.842D-02 5.403D-02
4 2.440D+00 2.355D+00 1.354D+00 1.553D-01 1.492D-01 1.122D-01
5 2.216D+00 2.213D+00 1.468D+00 1.750D-01 1.567D-01 1.564D-01
6 2.270D+00 2.270D+00 1.454D+00 1.609D-01 1.543D-01 1.543D-01
7 2.274D+00 2.274D+00 1.451D+00 1.599D-01 1.543D-01 1.543D-01
8 2.274D+00 2.274D+00 1.451D+00 1.599D-01 1.543D-01 1.543D-01
Eval. No.

E G Energy lgl Max ]gil o

1 1 -12.499372 0.358164 0.198326 0.00000D+00

2 -12.492400 1.83049D-01

3 2 -12.502913 0.321531 0.176294 5.95025D-02

4 3 -12.521926 0.032392 0.021575 1.00000D+00

5 4 -12.523048 0.016203 0.012235 1.00000D+00

6 5 -12.523215 0.000832 0.000694 1.00000D+00

7 6 -12.523216 0.000012 0.000010 1.00000D+00

8 7 -12.523216 0.000000 0.000000 1.00000D+00

for H,CO and NH

Tables VII and VIII examine the nature of the Hessian matrix

2

3 as the geometry varies during the optimization.

In both cases the starting geometry is far from the quadratic

region about the minima.

After the first geomet

ry update in HZCO

(cycle 2) the Hessian eigenvalues are within 10% of their final
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value. The next step (cycle 3) shows gradients reduced by a
factor of 10, and Hessian eigenvalues within 1% of their final
values. A step with these values leads to a reduction of the
gradient by a factor of 200. Similar conclusions can be reached
for NH3 from the information in Table VIII. Highly accurate
Hessian matrices at the early stages of an optimization are
probably unnecessary. In the final stages of an optimization,
when the quadratic region is being approached, an accurate
Hessian has a big impact. This is also demonstrated in Table VI
wvhen comparing the optimization of NH3 with two different
starting geometries. When the starting geometry is far enough
removed from the neighborhood of the first geometry each
successive step takes the molecule through regions of the energy
hypersurface with quite different quadratic behavior, see below.

In the case of NH3, Table VIII, the final Hessian shows two
degenerate modes, a requirement of C3v symmetry. The initial
distorted geometry has quite different eigenvalues for the
"parents" of these modes, and it is quite interesting to follow
the evolution of the eigenvalues of these modes through the
optimization procedure.

The starting geometry is poor enough to produce very large
gradients and a negative eigenvalue in the Hessian. The step,
with o« = 1, produced from this gradient is sufficiently large as
to produce coordinate displacements larger than allowed by Eq.
(15). The geometry and energy, E2’ obtained from the step scaled
by the value 0.183 [from Eq. (15)] fail the right hand line
search test. The step is then scaled by 0.0595 obtained from the
quadratic interpolation formula (16a) leading to an energy E3
lowver than the starting energy El' After this, optimization is

rapid.

8.3 Quasi-Newton Methods with Unit Hessian.
Here we consider the relative efficiencies of the different
inverse update formula. The calculations take the initial

inverse Hessian as a unit matrix and the initial « in the line
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search as 0.4. Table VI provides a comparison of the number of
line searches, energy and gradient evaluation for the different
formula. The results of Table VI as well as studies on other
systems, indicates that the rank one and BFGS methods are the
most successful formula and are similar in their optimization
efficiency for small molecules. Our experience and those of
others [9] suggest that popular DFP formula may be quite
successful with very exact line searches, although still not as
good as the rank one and BFGS methods. The Greenstadt method was
found not to converge for many of the systems studied.

A study of the eigenvalues of the updated Hessian are
revealing. Tables IX, X, XI and XII report these values for NH3
with the initial displacement 0.08 a.u. along each normal mode as
described previously. As expected, the rank one update
summarized in Table IX updates one eigenvalue each cycle until
all six modes are realized. The negative eigenvalue shown in the
first mode on the fourth cycle is an example of a serious flaw.

A step taken with this approximate inverse Hessian led to an
increase in energy and a succession of right line search
failures. The eighth evaluation is finally taken with a very
small step, o« = 0.007. Most optimization, of course, do not work
with the normal modes and do not diagonalize the Hessian as we
have done here to examine the problem. If this were done, then
this particular negative eigenvalue could have been set back to
its previous value, or even back to unity. Working in normal
modes might be desirable in ab-initio calculations, however,
vhere this diagonalization, of order N3, is a small step compared
with the formation of the integrals and Fock matrices, both N4
steps, where N is the size of the basis.

The rank two BFGS and DFP formula form two non-unit
eigenvalues on the first update, again reflecting the rank two
nature of the update. Both formula, as expected, preserve the

positive definite nature of the Hessian.
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TABLE IX: RANK 1 UPDATE OPTIMIZATION OF NH3 - HESSIAN
EIGENVALUES (a.u.).

1 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00

2 2.724D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00

3 3.227D+00 2.714D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00

4 -2.354p-02 2.717D+00 1.802D+00 1.000D+00 1.000D+00 1.689D-01

8 2.719D+00 2.331D+00 1.458D+00 1.000D+00 1.000D+00 1.689D-01

9 2.587D+00 2.303D+00 1.456D+00 1.000D+00 9.994D-01 1.581D-01
10  2.370D+00 2.267D+00 1.438D+00 9.999D-01 9.862D-01 1.552D-01
11 2.359D+00 2.262D+00 1.435D+00 9.997D-01 5.302D-01 1.506D-01

Exact
2.274D+00 2.274D+00 1.452D+00 1.600D-01 1.543D-01 1.543D-01

Eval. No.

E G Energy lg| Max |gi| o

1 1 -12.499372 0.358164 0.198326 0.00000D+00

2 2 -12.521284 0.050917 0.031968 4.00000D-01

3 3 -12.522080 0.028010 0.017822 1.00000D+00

4 4 -12.522281 0.019552 0.012914 1.00000D+00

5 -12.476193 8.67976D-01

6 -12.520752 8.01833D-02

7 -12.522073 1.55110D-02

8 5 -12.522235 0.020010 0.012987 3.67105D-03

9 6 -12.523207 0.004431 0.002909 1.00000D+00
10 7 -12.523216 0.000612 0.000343 1.00000D+00
11 8 -12.523216 0.000086 0.000049 1.00000D+00
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1

TABLE X: BFGS OPTIMIZATION OF NH HESSIAN EIGENVALUES (a.u.).

3
1 1.00D0+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00
2 2.723D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 9.784D-01
3 3.719D+00 1.755D+00 1.000D+00 1.000D+00 1.000D+00 6.725D-01
4 2.836D+00 2.378D+00 1.032D+00 1.000D+00 1.000D+00 2.641D-01
5 2.785D+00 2.377D+00 1.527D+00 1.000D+00 1.000D+00 1.618D-01
6 2.577D+00 2.364D+00 1.514D+00 1.000D+00 9.994D-01 1.541D-01
7 2.423D+00 2.265D+00 1.476D+00 1.000D+00 9.952D-01 1.627D-01
9 2.434D+00 2.347D+00 1.472D+00 1.000D+00 9.254D-01 1.586D-01

Exact

2.274D+00 2.274D+00 1.452D+00 1.600D-01 1.543D-01 1.543D-01

Eval. No.
E G Energy lg| Max |g; | o
1 1 -12.499372 0.358164 0.198326 0.00000D+00
2 2 -12.521284 0.050917 0.031968 4.00000D-01
3 3 -12.522072 0.028891 0.018206 1.00000D+00
4 4 -12.522491 0.019688 0.010447 1.00000D+00
5 5 -12.523027 0.016294 0.010447 1.00000D+00
6 6 -12.523199 0.007948 0.005281 1.00000D+00
7 7 -12.523215 0.000941 0.000621 1.00000D+00
8 8 -12.523216 0.000101 0.000059 1.00000D+00
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TABLE XI: DFP UPDATE OPTIMIZATION OF NH3
- HESSIAN EIGENVALUES (a.u.).

1 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00

2 2.732D+00 1.000D+00 1.000D+00 1.00D+00 1.000D+00 9.918D-01

3 2.721D+00 1.926D+00 1.000D+00 1.000D+00 1.000D+00 7.735D-01

4 4.,004D+00 2.584D+00 1.112D+00 1.000D+00 1.000D+00 4.347D-01

5 5.743D+00 2.602D+00 1.285D+00 1.000D+00 1.000D+00 2.399D-01

6 6.785D+00 2.601D+00 1.294D+00 1.000D+00 9.999D-01 1.578D-01

7 5.846D4+00 2.600D+00 1.310D+00 1.001D+00 9.999D-01 1.555D-01

8 3.321D+00 2.589D+00 1.328D+00 1.000D+00 9.999D-01 2.168D-01

9 2.620D+00 2.175D+00 1.277D+00 1.000D+00 9.953D-01 2.842D-01
10 2.629D+00 2.475D+00 1.215D+00 1.001D+00 9.884D-01 2.120D-01
11 2.814Db+00 2.584D+00 1.242D+00 1.001D+00 9.838D-01 1.611D-01
12 2.638D+00 2.431D+00 1.258D+00 1.000D+00 9.828D-01 1.571D-01

Exact
2.274D+00 2.274D+00 1.452400 1.600D-01 1.543D-01 1.543D-01

Eval. No.

E G Energy lg] Max |g, | o

1 1 -12.499372 0.358164 0.198326 0.00000D+00

2 2 -12.521284 0.050917 0.031968 4.00000D-01

3 3 -12.522077 0.028333 0.017964 1.00000D+00

4 4 -12.522434 0.018602 0.013570 1.00000D+00

5 5 -12.522807 0.019927 0.009532 1.00000D+00

6 6 -12.523011 0.021627 0.012255 1.00000D+00

7 7 -12.523144 0.016718 0.009988 1.00000D+0