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PREFACE 

In investigating the highly different phenomena in nature, scientists have 
always tried to find some fundamental principles that can explain the variety 
from a basic unity. Today they have not only shown that all the various kinds 
of matter are built up from a rather limited number of atoms, but also that 
these atoms are constituted of a few basic elements of building blocks. It seems 
possible to understand the innermost structure of matter and its behavior 
in terms of a few elementary particles: electrons, protons, neutrons, photons, 
etc., and their interactions. Since these particles obey not the laws of classical 
physics but the rules of modern quantum theory of wave mechanics established 
in 1925, there has developed a new field of “quantum science” which deals 
with the explanation of nature on this ground. 

Quantum chemistry deals particularly with the electronic structure of atoms, 
molecules, and crystalline matter and describes it in terms of electronic wave 
patterns. It uses physical and chemical insight, sophisticated mathematics, and 
high-speed computers to solve the wave equations and achieve its results. Its 
goals are great, and today the new field can both boast of its conceptual frame- 
work and its numerical accomplishments. It provides a unification of the nat- 
ural sciences that was previously inconceivable, and the modern development 
of cellular biology shows that the life sciences are now, in turn, using the same 
basis. “Quantum biology” is a new field which describes the life processes 
and the functioning of the cell on a molecular and submolecular level. 

Quantum chemistry is hence a rapidly developing field which falls between 
the historically established areas of mathematics, physics, chemistry, and 
biology. As a result there is a wide diversity of backgrounds among those 
interested in quantum chemistry. Since the results of the research are reported 
in periodicals of many different types, it has become increasingly difficult 
for both the expert and the nonexpert to follow the rapid development in 
this new borderline area. 

The purpose of this serial publication is to try to present a survey of the 
current development of quantum chemistry as it is seen by a number of the 
internationally leading research workers in various countries. The authors have 
been invited to give their personal points of view of the subject freely and 
without severe space limitations. No attempts have been made to avoid 

xi 



xii Preface 

overlap-on the contrary, it has seemed desirable to have certain important 
research areas reviewed from different points of view. 

The response from the authors and the referees has been so encouraging 
that a series of new volumes is being prepared. However, in order to control 
production costs and speed publication time, a new format involving camera- 
ready manuscripts is being used from Volume 20. A special announcement 
about the new format follows. 

In the volumes to come, special attention will be devoted to the following 
subjects: the quantum theory of closed states, particularly the electronic 
structure of atoms, molecules, and crystals; the quantum theory of scattering 
states, dealing also with the theory of chemical reactions; the quantum theory 
of time-dependent phenomena, including the problem of electron transfer 
and radiation theory; molecular dynamics; statistical mechanics and general 
quantum statistics; condensed matter theory in general; quantum biochemistry 
and quantum pharmacology; the theory of numerical analysis and 
computational techniques. 

As to the content of Volume 20, the Editors would like to thank the authors 
for their contributions, which give an interesting picture of part of the current 
state of art of the quantum theory of matter: from computational methods 
of optimizing the electronic energy and molecular conformations, over 
coupled-cluster expansion methods for the study of the open-shell correlation 
problem and the calculation of lifetimes of metastable states by means of 
the method of complex scaling, to a survey of the current state of surface 
structural chemistry. 

It is our hope that the collection of surveys of various parts of quantum 
chemistry and its advances presented here will prove to be valuable and 
stimulating, not only to the active research workers but also to the scientists 
in neighboring fields of physics, chemistry, and biology who are turning to 
the elementary particles and their behavior to explain the details and innermost 
structure of their experimental phenomena. 

PER-OLQV LOWDIN 



ANNOUNCEMENT OF NEW FORMAT 

Starting with Volume 20, the Advances in Quantum Chemistry published 
by Academic Press assumes a new format. As before, all contributions will 
be by invitation only, but all authors will be asked to submit their manuscripts 
in photoready form in a format specified by the publisher. This procedure 
will eliminate copyediting, typesetting, and proofreading, and, in this way, 
will hopefully reduce the publication time to 6-8 months. 

The text prepared by the author(s) should be single-spaced within a frame 
which measures 14 x 21 centimeters, and fonts of the type Courier 12, Times 
12, Symbol 12, etc. should be used for the running text and the equations. 
The final text is conveniently prepared on 85% blue-line paper supplied by 
the publisher by means of a high-quality typewriter or printer. More detailed 
instructions are available from the publisher. 

After going over to the new format, we further plan to publish two volumes 
of the Advances per year: one regular volume in the same style as before, and 
one thematic volume concerned with one specific subject, for example, 
computational methods in quantum chemistry, theoretical organic chemistry, 
quantum pharmacology and drug design, density functional theory, and 
relativistic quantum chemistry. 

There has further been established an Editorial Board and an Advisory 
Editorial Board (the latter on a rotating basis) of eminent specialists in the 
field to suggest authors to be invited to make contributions both to the regular 
and thematic volumes and to help with questions such as publication policies. 
The names are listed in the front of this volume. 

The Editors will be happy to answer inquiries about the Advances sent to: 
the Editorial Office of the Advances in Quantum Chembtry, Florida Quantum 
Theory Project, 362 Williamson Hall, University of Florida, Gainesville, 
Florida 32611. Telephone: (904) 392-1597, Telex: 510 601 6813 QTP UF UD; 
Bitnet: advances.orange.qtp.ufl.edu; FAX telephone: 904-392-8722. 
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FUTURE NEEDS AND DIRECTIONS OF SURFACE STUDIES 

1 .  INTRODUCTION 

T h e  atomic and molecular structures of clean solid surfaces and of 

monolayers of adsorbed molecules are at the heart of most problems in surface 

science. T h e  surface chemical bond can be investigated by determining the bond 

distances and bond angles of surface atoms with respect to their neighbors. 

Changes of surface structure with temperature, adsorbate coverage and surface 

composition are important ingredients of surface phenomena, including catalysis, 

corrosion, surface phase transformations (reconstruction, sintcring, crystal 

growth and evaporation) and lubrication. 
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During the last ten years profound changes have occurred in surface science 

tha t  resulted in the rapid improvement of our understanding of surface structure. 

Electron, a tom and ion scattering techniques proved to be very sensitive to the 

surface monolayer structure and composition. High intensity photon fluxes can 

also be employed in ways to obtain high surface structure sensitivity. 

Low energy electron diffraction (LEED) has produced most of the 

information on surface structure, while other techniques increasingly contribute 

to the d a t a  base. From these studies we learned tha t  clean and flat solid surfaces 

often restructure; a toms often “relax” t o  shorten the first interlayer distance or 

seek new equilibrium positions that  alter the long range order of the surface 

(reconstruction). Atoms of more open, rough surfaces relax more readily and 

often exhibit periodic steps of one atom in height. The  surface composition of 

polyatomic solids (alloys, oxides, sulfides, etc.) can be very different from t h a t  in 

the bulk, resulting in altered atomic surface structures. Adsorbed atoms and 

molecules often form ordered two-dimensional layers. T h e  structure and bonding 

in these layers changes with coverage and temperature. 

T h e  two-dimensional world of surface structural chemistry is rich, diverse, 

and full of surprises tha t  reflect our incomplete knowledge of bonding and 

chemical interactions in the surface phase. This  review at tempts  to summarize 

much of the knowledge tha t  was gained in recent years. 

We first discuss the various experimental methods of surface structure 

determination. Next we discuss the theoretical questions t h a t  arise when 

experimental d a t a  are analyzed to obtain surface chemical bond distances and 

angles, in particular the problem of electron propagation in solids, and the 

progress tha t  has been made in answering these questions. A number of 

important techniques in addition to LEED rely on a proper understanding of 

electron propagation in solids to enable surface structure determination. This  is 

followed by a discussion of the application of theoretical quantum chemistry to 

the calculation of the structure and bonding of chemisorbed atoms and molecules. 

Various calculational methods are reviewed, along with the results t h a t  have been 

obtained. T h e  last section of this review surveys the surface structural results 

tha t  have become available, ranging from clean surfaces t o  reconstructed 
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surfaces, multi-component systems and chemisorbed atoms and molecules. In 

conclusion we indicate the needs and possible directions for future studies of 

surface structural chemistry. 

2. EXPERIMENTAL TECHNIQUES FOR SURFACE 

STRUCTURE DETERMINATION 

Most quantitative information on surface structure and chemical bonding 

comes from studies of the solid-vacuum interface. In large par t  this is because 

the most powerful probes of surface structure rely on the propagation of electron, 

ion or a tom beams. New developments such as the scanning tunneling 

microscope (STM), which can also investigate the solid-gas and solid-liquid 

interface, and new optical techniques, which can potentially investigate all types 

of surfaces and interfaces, may greatly extend our understanding of surface 

s t ructural  chemistry in the future. At  this time, however, the solid-vacuum 

interface is the focus of most active investigations in surface structural chemistry. 

In this chapter we review the major experimcntal mcthods used in Llie study of 

surface structure and their application, along with recent experimental 

developments. 

T h e  majority of the known surface structures have been solved by 

comparing experimental d a t a  with theoretical predictions based on models of the 

surface. A theoretical description of the interaction of the probe with the surface 

is used to calculate spectra for a given model geometry (see par t  3). Different 

geometries are tried, and structural parameters within a given model are varied, 

until a good fit is obtained between the experimental d a t a  and the theoretically 

calculated spectra. This  basic approach has been used t o  interpret results from 

low-energy electron diffraction (LEED) and other electron diKraction techniques, 

as well as from helium diffraction and ion scattering. 

Structural information has also been obtained by matching the observed 

frequencies of surface vibrational and electronic excitations with spectra 

calculated from structural models (see par t  4). This approach has been applied 
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to  the frequencies of electronic s ta tes  as measured by angle-resolved ultra-violet 

photo-emission (ARUPS) and t o  the frequencies of vibrational excitations as 

measured by high-resolution electron energy-loss spectroscopy (HREELS). 

There has been an ongoing search for a way to “image” surface structure 

directly from experimental results without fitting experimental d a t a  to 

theoretical calculations for model systems. So far this search has not been 

successful, although certain techniques yield more direct information for some 

special cases. Structure sensitive techniques such as scanning tunneling 

microscopy (STM) and field ionization microscopy (FIM) d o  give results t h a t  can 

be interpreted directly, but these results d o  not provide complete information on 

atomic coordinates in the near-surface region. Extended fine-structure techniques 

provide direct information on bond-lengths in many cases, but  this is sometimes 

insufficient to fully determine the surface structure. 

Most surface structural studies combine results from several different surface 

science techniques applied to the same system. For an approach based on model 

calculations to be successful, it  is necessary to construct reasonable structural 

models of surfaces. T h e  application of techniques which cannot give explicit 

information on the arrangement of a toms in the near-surface region is often 

necessary to develop good surface structural models. 

A wide range of techniques have been developed to study surfaces in 

vacuum, and many techniques are commonly referred to by acronyms. Table  I 

lists acronyms and brief descriptions of most common techniques used in surface 

science. 

2.1. Electron Diffraction Techniques 

T h e  majority of known surface structures have been solved with electron 

diffraction techniques. Low energy electrons (below - 400 eV) interact strongly 

with atoms through both elastic and inelastic processes. Inelastic scattering in 

solids limits electrons with energies below a few hundred eV to a mean free path 

of - 2-20 A. Elastic interactions are strong enough t h a t  multiple scattering is 

important in this energy range, so elastically scattered electrons are sensitive to 
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TABLE I. Surface Science Techniques 

Acronym Name Description 

AD Atom or Helium 

DifTr act ion 

AEAPS Auger Electron Ap- 

pearance Potential 

Spectroscopy 

Auger Electron Spec- 

troscopy 

AES 

A F M  Atomic Force Micros- 

COPY 

Monoenergetic beams of thermal en- 

ergy neutral a toms are elasticly scat- 

tered off of ordered surfaces and 

detected as a function of scattering 

angle. This  gives structural informa- 

tion on the outermost layer of the 

surface. Atom diffraction is extreme- 

ly sensitive to surface ordering and 

defects. 

The  EAPFS cross-section is moni- 

tored by Auger electron intensity. 

Also known as APAES. 

Core-hole excitations are  created, 

usually by 1-10 KeV incident elec- 

trons, and Auger electrons of charac- 

teristic energies are  emitted through 

a two-electron process as excited 

atoms decay to  their ground s ta te .  

AES gives information on the near- 

surface chemical composition. 

Similar t o  STM. An extremely deli- 

cate mechanical probe is used to scan 

the topography of a surface, and a 

STM-type tunneling-current probe is 

used t o  measure the deflection of the 

mechanical surface probe. This  is 

designed to provide STM-type im- 

ages of insulating surfaces. 
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TABLE I (continued) 

Acronym Name Description 

APAES Appearance Potential 

Auger Electron Spec- 

troscopy 

APXPS Appearance Potential 

X-ray P ho toem ission 

Spectroscopy 

ARAES Angle-Resolved Auger 

Electron Spectroscopy 

ARP EF S Angle- Resolv ed 

Photo-Emission Fine 

Structure 

See AEAPS. 

T h e  E A P F S  excitation cross-section 

is monitored by fluorescence from 

core-hole decay (also known as 

SXAPS). 

Auger electrons are detected as a 

function of angle to provide informa- 

tion on the spatial distribution or en- 

vironment of the excited atoms (see 

AES). 

Electrons are  detected at given an- 

gles after being photoemitted by po- 

larized synchrotron radiation. T h e  

interference in the detected photoem- 

ission intensity as a function of elec- 

tron energy - 100-500 eV above the 

excitation threshold gives s t r  uctur a1 

information. 

~ 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

ARPES 

ARUPS 

ARXPD 

ARXPS 

Angle-Resolved 

Photo-Emission Spec- 

troscopy 

Angle-Resolved Ultra- 

violet Photoemission 

Spectroscopy 

Angle-Resolved X-ray 

P hotoemission 

Diffraction 

Angle-Resolved X-ray 

Photoemission Spec- 

troscopy 

A general term for structure sensitive 

photoemission techniques, including 

ARPEFS, ARXPS, ARUPS, and 

ARXPD. 

Electrons photoemitted from the 

valence and conduction bands of a 

surface are detected as a function of 

angle. This  gives information on the 

dispersion of these bands (which is 

related to surface structure), and also 

structural information from the 

diffraction of the emitted electrons. 

Similar to ARXPS and ARPEFS. 

T h e  angular variation in the pho- 

toemission intensity is measured at a 

fixed energy above the excitation 

threshold to provide structural infor- 

mation. 

The  diffraction of electrons photoem- 

itted from core-levels gives structural 

information on the surface. 

~~ 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

CEMS Conversion-Electron A surface-sensitive version of 

MGssbauer Spectros- MGssbauer spectroscopy. Like 

COPY hf8ssbauer Spectroscopy, this tech- 

nique is limited to some isotopes of 

certain metals. After a nucleus is ex- 

cited by ray absorbtion, it can under- 

go inverse ,@decay, creating a core- 

hole. The  decay of core-holes by 

Auger processes within an electron 

mean free path of the surface pro- 

duces a signal. Detecting emitted 

electrons as a function of energy 

gives some depth-profile information, 

because of the changing electron 

mean free path. 

DAPS Dis-Appearance Po- 
tential Spectroscopy 

T h e  EAPFS cross-section is moni- 

tored by variations in the intensity of 

electrons elasticly back-scattered 

from the surface. 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

E A P F S  Electron Appearance 

Potential Fine- 

Structure 

ELNES Electron energy-Loss 

Near-Edge Structure 

ELS 

ESCA 

Electron Energy Loss 

Spectroscopy 

Electron Spectroscopy 

for Chemical Analysis 

A fine-structure technique (see EX- 

AFS). Core-holes are excited by 

monoenergetic electrons at - 1 KeV. 

The  modulation in the excitation 

cross section may be monitored 

through adsorption, fluorescence, or 

Auger emission. 

Similar to NEXAFS, except monoen- 

ergetic high-energy electrons - 60- 

300 KeV excite core-holes. 

Monoenergetic electrons N 5-50 eV 

are scattered off a surface the energy 

losses are measured. This  gives in- 

formation on the electronic excita- 

tions of the surface and adsorbed 

molecules (see HREELS). Sometimes 

called EELS. 

Now generally called XPS. 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

ESDIAD Electron Stimulated Electrons break chemical bonds in 

Desorption Ion Angu- 

lar Distribution 

adsorbed atoms or molecules, causing 

ionized atoms or radicals to be eject- 

ed from the surface along the axis of 

the broken bond by Coulomb repul- 

sion. T h e  angular distribution of 

these ions gives information on the 

bonding geometry of adsorbed 

molecules. 

EXAFS Extended X-ray Ad- Monoenergetic photons excite a 

sorption Fine- 

Structure 

core-hole. T h e  modulation of the ad- 

sorption cross-section with energy - 
100-500 eV above the excitation 

threshold yields information on the 

radial distances to neighboring 

atoms. The  cross-section can be mon- 

itored by fluorescence as core-holes 

decay or by the attenuation of the 

transmitted photon beam. EXAFS is 

one of many "fine-structure'' tech- 

niques. This  is not intrinsicly surface 

sensitive (see SEXAFS). 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

EXELFS Extended X-ray Ener- A fine-structure technique similar to 

gy Loss Fine Struc- 

ture  

EXAFS, except that  60-300 KeV 

electrons rather than photons excite 

core-holes. Like EXAFS, this tech- 

niques is not explicitly surface sensi- 

tive. 

FIM Field-Ionization Mi- 

croscopy 

A strong electric field - 
volts/angstrom is created a t  the tip 

of a sharp, single crystal wire. Gas 

atoms, usually He, are polarized and 

attracted to the tip by the strong 

electrostatic field, and then ionized 

by electrons tunneling from the gas 

a toms into the tip. These ions, ac- 

celerated along radial trajectories by 

Coulomb repulsion, map out the 

variations in the electric-field 

strength across the surface with 

atomic resolution, showing the sur- 

face topography. 

(continued) 
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TABLE I (continued) 
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Acronym Name Description 

FTIR Four  ier-Tr ansfor m Broad-band IRAS experiments are  

performed, and the IR adsorption 

spectrum is deconvoluted by using a 

doppler-shifted source and Fourier 

analysis of the data .  This  technique 

is not restricted to surfaces. 

Infra-Red spectros- 

COPY 

HEIS High-Energy Ion 

Scattering 

High-energy ions, above - 500 KeV, 

are scattered off of a single crystal 

surface. The  "channeling" and 

"blocking" of scattered ions within 

the crystal can be used to triangulate 

deviations from the bulk structure. 

HEIS has been used in particular to 

study surface reconstructions and the 

thermal vibrations of surface atoms 

(see also MEIS, ISS) 

HREELS High-Resolution Elec- A monoenergetic electron beam, usu- 

ally - 2-10 eV, is scattered olf a sur- 

face and energy losses below - 0.5 

eV t o  bulk and surface phonons and 

vibrational excitations of adsorbates 

are measured as a function of angle 

and energy (also called EELS). 

tron Energy Loss 

Spectroscopy 

(continued) 
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TABLE I (continued) 

~ 

Acronym Name Description 

+ INS Ion Neutralization Slow ionized atoms, typically He , 
Spectroscopy are incident on a surface where they 

are neutralized in a two-electron pro- 

cess which can eject a surface elec- 

tron, a process similar t o  Auger em- 

ission from the valence band. The  

ejected electrons are detected as a 

function of energy, and the surface 

density of s ta tes  can be determined 

from the energy distribution. T h e  

interpretation of the  d a t a  is more 

complicated than for SPI or UPS. 

IRAS Infrared Reflection Monoenergetic IR photons are  

Adsorption Spec t ros- 

COPY 

reflected off a surface, and the at- 

tenuation of the IR intensity is meas- 

ured as a function of frequency. This  

yields a spectrum of the vibrational 

excitations of adsorbed molecules. 

Recent improvements in the sensi- 

tivity of this technique allow IRAS 

measurements to  be made on single 

crystal surfaces. 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

IRES Infra-Red Emission The  vibrational modes of adsorbed 

Spectroscopy molecules on a surface are studied by 

detecting the spontaneous emission 

of infra-red radiation from thermally 

excited vibrational modes as a func- 

tion of energy. 

ISS Ion-Scattering Spec- . Ions are inelasticly scattered from a 

troscopy surface, and the chemical composi- 

tion of the  surface is determined 

from the momentum transfer to sur- 

face atoms. T h e  energy range is - 1 

KeV to 10 MeV, and the lower ener- 

gies are more surface sensitive. A t  

higher energies this technique is also 

known as Rutherford Back- 

Scattering (RBS). 

LEED Low Energy Electron Monoenergetic electrons below - 500 

Diffract ion eV are  elasticly back-scattered from 

a surface and detected as a function 

of energy and angle. This  gives in- 

formation on the structure of the 

near surface region. 

(continued) 
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TABLE I (continued) 

~~ 

Acronym Name Description 

LEIS Low-Energy Ion Low-energy ions, below - 5 KeV, are  

scattered from a surface, and the ion 

"shadowing" gives information on 

surface structure. A t  these low ener- 

gies the surface atom ion scattering 

cross-section is very large, resulting 

in large surface sensitivity. Accuracy 

is limited because the low energy ion 

scattering cross-sections are not well 

known. 

Scattering 

LEPD Low Energy Positron Similar to LEED with positrons as 

Diffraction the incident particle. The  interac- 

tion potential for positrons is some- 

what different than for electrons, so 

the form of the structural informa- 

tion is modified. 

MEED Medium Energy Elec- Similar t o  LEED, except the energy 

tron Diffraction range is higher, - 300-1000 eV. 

LEED calculational methods break 

down in this energy range. New 

methods are being developed for 

glancing angle scattering, which em- 

phasizes forward scattering. 

(cont i n  iird) 
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TABLE I (continued) 

~~~~ ~ 

Acronym Name Description 

MEIS Medium-Energy Ion 

Scattering 

Neutron Diffraction 

NEXAFS Near-Edge X-ray Ad- 

sorption Fine Struc- 

ture 

Similar t o  HEIS, except tha t  incident 

ion energies are  - 50-500 KeV. 

Neutron diffraction is not an explicit- 

ly surface-sensitive technique, bu t  

neutron diffraction experiments on 

large surface-area samples have pro- 

vided important  structural informa- 

tion on adsorbed molecules, and also 

on surface phase transitions. 

A core-hole is excited as in fine- 

structure techniques (see EXAFS), 

except the fine-structure within - 30 

eV of the excitation threshold is 

measured. Multiple scattering is 

much stronger at low electron ener- 

gies, so this technique is sensitive t o  

the local 3-dimensional geometry, 

not just  the radial separation 

between the source atom and i ts  

neighbors. T h e  excitation cross- 

section may be monitored by detect- 

ing the photoemitted electrons or the 

Auger electrons emitted during core- 

hole decay. 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

NMR Nuclear Magnetic hWR is not an explicitly surface- 

Resonance sensitive technique, but  NMR d a t a  

on large surface-area samples has 

provided useful d a t a  on molecular 

adsorption geometries. 

N P D  

RBS 

Normal Photoelectron 

Difhaction lower energy range. 

Similar to A R P E F S  with a somewhat 

Rutherford Back- 

Scattering 

Similar t o  ISS, except the main focus 

is on depth-profiling and composi- 

tion. The  momentum transfer in 

back-scattering collisions between 

nuclei is used to identify the nuclear 

masses in the sample, and the small- 

er, gradual momentum-loss of the in- 

cident nucleus through electron- 

nucleus interactions provides depth- 

profile information. 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

RHEED Reflection High Ener- 

gy Electron 

Diffract ion 

SEELFS Surface Electron En- 

ergy Loss Fine Struc- 

ture  

SERS Surface Enhanced Ra- 
man Spectroscopy 

Monoenergetic electrons of ,- 1-20 

KeV are elasticly scattered from a 

surface a t  glancing incidence, and 

detected as a function of angle and 

energy for small forward-scattering 

angles. Back-scattering is less impor- 

t a n t  at high energies, and glancing 

incidence is used t o  enhance surface 

sensitivity . 

A fine structure technique similar to 

EXELFS, except the incident elec- 

tron energies are  - 100-3000 eV. 

SEELFS is surface sensitive because 

of the lower excitation energy. 

Some surface geometries (rough sur- 

faces) concentrate the electric fields 

of incident light sufficiently to 

enhance the Raman scattering cross- 

section so tha t  it  is surface sensitive. 

This  gives information on surface vi- 

brational modes, and some informa- 

tion on geometry via selection rules. 

(continued) 
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TABLE I (continued) 

Acronym Name Description 

SEXAFS Surface Extended X- A surface-sensitive version of EX- 

ray Adsorption Fine- 

Structure 

AFS, where the excitation cross- 

section fine-structure is monitored by 

detecting the photoemitted electrons 

(PE-SEXAFS), Auger electrons emit- 

ted during core-hole decay (Auger- 

SEXAFS), or ions excited by pho- 

toelectrons and desorbed from the 

surface (PSD-SEXAFS). 

SHG Second Harmonic 

Generation 

A surface is illuminated with a high- 

intensity laser, and photons are  gen- 

erated at the second-harmonic fre- 

quency through non-linear optical 

process. For  many materials only 

the surface region has the appropri- 

a te  symmetry to produce a SIIG sig- 

nal. T h e  non-linear polarizability 

tensor depends on the nature and 

geometry of adsorbed atoms and 

molecules. 

~ 

(continued) 
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TABLE I (continued) 
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Acronym Name Description 

SIMS Secondary Ion Mass Ions and ionized clusters ejected from 

Spectroscopy a surface during ion bombardment 

are  detected with a mass spectrome- 

ter. Surface chemical composition 

and some information on bonding 

can be extracted from SIMS ion frag- 

men t distributions. 

SPI Surface Penning Ioni- 

zation 

Neutral atoms, usually He, in excited 

s ta tes  are incident on a surface at 

thermal cncrgies. A surface electron 

may tunnel into the unoccupied elec- 

tronic level, causing the  incident 

a tom to become ionized and eject an 

electron, which is then detected. This  

technique measures the density of 

s ta tes  near the Fermi-level, and is 

highly surface sensitive. 

SPLEED Spin-Polarized Low Similar to  LEED, except the incident 

electron beam is spin-polarized. This  

is particularly useful for the study of 

surface magnetism and magnetic ord- 

ering. 

Energy Electron 

Diffraction 

~~~ ~ 

(continucd) 
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TABLE I (continued) 

Acronym Name Description 

STM Scanning Tunneling T h e  topography of a surface is meas- 

Microscopy ured by mechanically scanning a 

probe over a surface with Angstrom 

resolution. T h e  distance from the 

probe t o  the surface is measured by 

the probe-surface tunneling current. 

Also known as Scanning Electron 

Tunneling Microscopy (SETM). 

S U P S  Soft X-ray Appear- Another name for APXPS. 

ance Potential Spec- 

troscopy 

TEM Transmission Electron 

Microscopy 

TEM can provide surface informa- 

tion for carefully prepared and 

oriented bulk samples. Real images 

have been formed of the edges of cry- 

stals where surface planes and sur- 

face diffusions have been observed. 

Diffraction patterns of reconstructed 

surfaces, superimposed on the bulk 

diffraction pat tern,  have also provid- 

ed surface structural information. 

(continued) 
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Acronym Name 

TDS Thermal  Desorp t ion 

Spectroscopy 

T P D  

UPS 

WF 

Temperature Pro- 

gr ammed Desorp tion 

Ultra-violet Photoem- 

ission Spectroscopy 

Work Function meas- 

urements 

Description 

An adsorbate-covered surface is heat- 

ed, usually at a linear rate, and the 

desorbing atoms or molecules are 

detected with a mass spectrometer. 

This  gives information on the nature 

of adsorbate species and some infor- 

mation on adsorption energies. 

Similar to TDS, except the surface 

may be heated a t  a non-uniform rate  

to get more selective information on 

adsorption energies. 

Electrons photoemitted from the 

valence and conduction bands are 

detected as a function of energy t o  

measure the electronic density of 

s ta tes  near the surface. This  gives 

information on the bonding of adsor- 

bates to the surface (see ARUPS). 

Changes in the work-function during 

the adsorption of a toms and 

molecules provide information on 

charge-transfer and chemical bond- 

ing. 

(con tin ued) 
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TABLE I (continued) 

Acronym Name Description 

XANES X-ray Adsorption Another name for NEXAFS. 

Near-Edge Structure 

XPS X-ray Photoemission Electrons photoemitted from atomic 

core levels are  detected as a function 

of energy. T h e  shifts of core level en- 

ergies gives information on the chem- 

ical environment of the atoms (see 

ARXPS, ARXPD). 

Spectroscopy 

XRD X-Ray Diffraction X-ray diffraction has been carried out  

a t  extreme glancing angles of in- 

cidence where total reflection assures 

surface sensitivity. This  provides 

structural information t h a t  can be 

interpreted by well-known methods. 

An extremely high x-ray flux is re- 

quired to get useful d a t a  from single 

crystal surfaces. Bulk x-ray 

diffraction is used t o  determine the 

structure of organo-metallic clusters, 

which provide comparisons to 

molecules adsorbed on surfaces. X- 

ray diffraction has also given struc- 

tural information on large surface- 

area samples. 
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the three-dimensional geometry of the near-surface region. Electron scattering 

also depends on the chemical identity of the scattering atoms, so electron 

diffraction techniques are sensitive t o  both chemical composition and structure 

throughout the near-surface region. Therefore low-energy electrons are  an ideal 

probe of surface structural chemistry. The  main difficulty with electron 

diffraction methods is tha t  the strong electron-surface interaction makes d a t a  

analysis difficult -- it  is not possible in most cases t o  “invert” diffraction d a t a  t o  

obtain the original surface structure. 

2.1.1.  Low energy electron diffraction 

In a conventional LEED experiment a focused bcam of monoenergetic 

electrons is reflected off an ordered single crystal surface and the elastically 

backscattered electrons are detected. Several types of information can be 

extracted from LEED patterns. First, the  symmetry of the LEED pattern is 

related t o  the symmetry of the surface, so changes in surface symmetry because 

of reconstruction or chemisorption are immediately detected. Second, 

imperfections and deviations in long-range order change the shape of diffraction 

beams. This  can be used to study the process of ordering in phase transitions or 

the growth of ordered domains within overlayers. Finally, the integrated 

intensity of diffraction beams depends on the detailed bonding structure of the 

surface. This  information is most important for the study of surface chemical 

bonding. The  intensity of LEED beam is a function of the incident electron beam 

energy and angles of incidence on the surface. 

T h e  intensity of a given diffraction beam can be measured as the incident 

electron energy or beam voltage is varied, producing an intensity-voltage or I-V 

curve; or as the angle of the incident electron beam relative to the surface is 

varied, producing an 1-8 or rocking curve; or as the crystal is rotated around its 

own normal at a given angle of incidence, producing an 1-4 curve. F o r  structure 

determination LEED d a t a  are most often recorded in the form of I-V curves with 

the incident electron beam at normal incidence or lying in a mirror plane of the 

surface. This  form of d a t a  are usually simpler to work with both experimentally 

and theoretically. 
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One advantage of LEED is tha t  the diffraction process filters ou t  effects due 

to local defects or deviations from long-range order. The  contribution of defects 

to I-V curves is proportional to the first power of the number of defects, while the 

contribution of the par t  of the surface with long-range order is proportional to 

the square of the number of a toms involved, so the LEED beam integrated 

intensity reflects the equilibrium geometry of the ordered surface structure. 

LEED has been used to determine the structure of a wide variety of 

surfaces, including clean and reconstructed surfaces of metals and 

semiconductors, and atomic and molecular physisorption and chemisorption on 

many different substrates (see par t  5). As the theoretical and experimental tools 

of LEED have improved, the structure of systems with larger and more complex 

unit cells have been determined. Successful LEED structure determinations have 

been carried out  for systems with several molecules adsorbed in unit cells up  to 

16 times larger than the substrate unit cell,/l/ and for reconstructed surfaces 

where the structural rearrangement involves several surface layers./2/ 

There are  still a number of surface systems where the structure cannot be 

determined by LEED for theoretical and experimental reasons. High Miller-index 

surfaces, such as stepped or kinked surfaces, have layers separated by very small 

distances normal to the surface. The  calculational tools normally used for LEED 

break down in this case, and no new approach has yet been developed to solve 

this problem. Experimental difficulties restrict the study of insulator surfaces, 

because of charging problems, and of molecular crystal surfaces, because of beam 

damage problems. 

A reliable LEED structure determination requires a large d a t a  base, usually 

a number of different I-V curves collected at more than one angle of incidence. 

Electron beam damage to the surface must be prevented during d a t a  acquisition. 

Over the last decade both the speed and accuracy of d a t a  acquisition and the 

sensitivity of the LEED experiment have been significantly improved. In most 

s t ructure  determination experiments the LEED patterns are displayed on a 

phosphor screen. LEED EV curves are  then measured by photometric or 

photographic means. Fast d a t a  acquisition systems have been developed t h a t  

record LEED patterns with video cameras interfaced to computers and generate 

I-V curves during the experiment./3,4/ T h e  sensitivity of LEED is also being 

greatly increased with the development of instruments t h a t  can detect single 
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diffracted electrons, which completely solves the problem of electron beam 

damage./5,6,7/ Such instruments should be able to extend the range of LEED 

structure determination to delicate systems such as molecular crystals and 

physisorption systems, and to systems without long-range order, where the 

diffracted intensity is much lower than for ordered systems. 

There are variations of LEED tha t  use positrons (low energy positron 

diffraction, or LEPD)/8/ or spin-polarized electrons as a probe./9/ T h e  latter 

technique is especially useful as a probe of magnetic ordering in surfaces. Spin- 

polarized LEED, or SPLEED, has been used t o  study surface magnetism and 

phase transitions on nickel. 

A t  higher energies the surface sensitivity and the importance of multiple 

scattering is reduced. Diffraction techniques in this energy range have primarily 

been applied to the study of defects and deviations from long range order, as in 

the use of reflection high-energy electron diffraction (RHEED) to monitor 

epitaxial growth on surfaces. T h e  higher-energy diffraction techniques have only 

infrequently been used for surface structure determination/lO/ due to theoretical 

complications, but  new approaches are promising./ll/  

2.1.2. Diffuse low energy electron diffraction 

Conventional LEED experiments are done on systems with long range order. 

This  is not a fundamental restriction. T h e  energy-dependent variation in 

diffracted intensity at a given point in the Brillouin zone is primarily determined 

by the local scattering geometry at the surface. Long range order gives rise to 

sharp diffraction beams which reflect this intensity dependence. If angle resolved 

intensity d a t a  are collected from a system with definite local geometry but  

without long range order, the local geometry can still be determined by LEED 

calculations./lZ/ This  “diffuse” LEED experiment will be difficult to interpret 

unless there is one predominant local scattering geometry. Unlike the 

conventional LEED experiment, the diffraction process does not filter ou t  the 

contributions of defects and impurities from the contribution of the equilibrium 
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structure in the diffuse LEED experiment. If the scattering from different kinds 

of sites is superimposed in the experimental d a t a  it will be difficult to construct a 

reasonable model of the surface. 

There are  a number of “lattice-gas” chemisorption systems, where atoms or 

molecules are adsorbed in well-defined sites on the surface, as determined by 

vibrational spectroscopy, but  where there is no long range order. T h e  adsorption 

sites and bond lengths for such systems can be determined by diffuse LEED 

calculations, as has been done for oxygen on the tungsten (100) surface./l3/ 

2.1.3. Photoelectron diffraction 

T h e  interference and diffraction of photoemitted electrons can provide 

structural information, as in angle-resolved photo-electron fine structure 

(ARPEFS) spectroscopy, angle-resolved x-ray photoelectron spectroscopy 

(ARXPS), and angle-resolved x-ray photoelectron diffraction (ARXPD). T h e  

main advantage of photoemission over LEED is tha t  the initial s t a t e  of the 

photoemitted electron is a simple spherical wave, and can be controlled to 

emphasize particular structural features, especially in chemisorption systems. 

Because the initial s ta te  is simple, in some high-energy cases the d a t a  analysis can 

be more straight forward than a full LEED multiple-scattering calculation. 

In photoelectron diffraction experiments monoenergetic photons excite 

electrons from a particular atomic core level. Angular momentum is conserved, 

so the  emitted electron wave-function is a spherical wave centered on the source 

atom, with angular momentum components 1 f 1, where 1 is the angular 

momentum of the core level. If the incident photon beam is polarized, the 

orientation of the emitted electron wave-function can be controlled. These 

electrons then propagate through the surface and are detected and analyzed as in 

LEED experiments. A synchrotron x-ray source normally produces the intense 

beams of variable energy polarized photons needed for photoelectron diffraction. 

In angle-resolved photoemission fine-structure (ARPEFS) experiments 

electrons are detected at a given angle as a function of energy. Structural 

information is obtained from the variation in intensity due to interference 

between different scattering paths for electrons over an energy range of - 100- 
500 eV. In this energy range the interference effects are dominated by single 
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scattering, so the scattering amplitude can be readily calculated for a model 

system. A Fourier transform of the interference pattern will show the 

distribution of different scattering path-lengths tha t  contribute to the detected 

intensity. This  can be a guide to the proper surface structure, but  this result 

must be confirmed by a calculation of the interference for a model geometry./l4/ 

ARPEFS has been used t o  solve several surface structures, including sulfur on 

nickel./l5/ Long-range order is not required for ARPEFS experiments. In spite 

of the name, ARPEFS is not a normal “fine-structure” technique (see below). 

The  variations in the detected intensity as a function of energy are  orders of 

magnitude larger than the fine-structure modulation in core-level excitation 

cross-sections. 

Photoelectron diffraction is most useful for systems where the photoexcited 

atoms all have the same local geometry, as in a chemisorption problem. If there 

are source atoms in different local geometries, there will be interference between 

multiple sets of scattering paths, and the resulting interference spectrum will be 

harder to interpret. For  these cases LEED experiments are probably better, with 

diffuse LEED used for disordered systems. 

2.2. Fine Structure Techniques 

There are  a large number of “fine structure” techniques, all based on the 

same physical principle. In all of these techniques a n  electron is ejected from a n  

atomic core-level by incident photons or other particles. T h e  different names 

refer to different experimental arrangements for the  excitation and detection of 

core-holes. 

As the excitation energy is varied the energy of the emitted electron varies. 

The  emitted electron wave can be scattered back t o  the source atom from 

neighboring atoms, where it interferes with the source wave-function with a 

phase tha t  depends on the electron energy, interatomic distance and the identity 

of the neighboring atom. This  energy dependent interference changes the 

coupling of the incident excitation to the final s ta te ,  producing a modulation or 

“ fine-str ucture” in the excitation cross section. 
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Fine structure experiments a re  often carried out with synchrotron sources, 

since the initial electron s ta te  is better defined for photoemission than for 

electron excitation. When core-hole decay is detected by Auger or secondary 

electron emission, the technique is surface sensitive. Core-hole decay can also be 

detected by fluorescence, or by adsorption of the incident photon beam. These 

methods are  not intrinsically surface sensitive, but they are useful when the 

source atoms are  exclusively located at the surface. 

If there are different local geometries for source atoms, the different fine 

structures will be superimposed in the experimental spectrum, which will then be 

more difficult to interpret. Fine structure techniques are particularly useful when 

a chemisorbed atom is used as the source atom. 

2.2.1. Near-edge fine structure techniques 

In the “near-edge fine structure” region emitted electrons have energies up  

to -50 eV and multiple scattering effects are  predominant. An emitted electron 

wave can scatter several times and still return with a significant amplitude to the 

source atom. Therefore the variation in the observed cross-section depend not 

only on interatomic bond distances, but also on bond angles, so the full three- 

dimensional geometry around the source atom can be determined. T h e  

theoretical analysis of near-edge fine structure d a t a  is very similar to LEED d a t a  

analysis. 

A few structures have been solved by x-ray adsorption near-edge fine 

structure (XANES), including oxygen on Ni(100)./16/ This  technique is also 

known as near-edge x-ray adsorption fine structure (NEXAFS). 

A variation of XANES or NEXAFS has been used to determine the structure 

of molecules chemisorbed on surfaces. In this approach photoemitted electrons 

excite molecular orbitals in the chemisorbed molecules. By varying the 

polarization of the incident photons, molecular orientation can be determined 

from selection rules for excitation. T h e  bond lengths can be determined from a 

quasi-empirical correlation between bond-length and the shift in the molecular 

orbital excitation energy. This  technique has been used to study the 

chemisorption of several hydrocarbon molecules on different metal surfaces./l’l/ 
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2.2.3. Extended fine-structure techniques 

For  emitted electrons above -50 eV, the “extended fine structure” region, 

the modulation of the excitation cross section is dominated by single 

backscattering between near-neighbor a toms and the source atom. A Fourier 

transform of the extended fine structure as a function of momentum transfer 

gives the distribution of radial distances between the source atom and 

neighboring atoms. With empirical or theoretical correction for scattering phase 

shifts, which have been calibrated using results from bulk structures known from 

x-ray diffraction, this gives chemical bond lengths with an accuracy of better than 

0.05 A. 
There are  a large number of extended fine-structure results available. These 

techniques, after LEED, have provided the largest amount of quantitative 

information on surface structure and chemical bonding. T h e  extended fine 

structure techniques give quantitative information on surface s t ructure  without 

the need for complex model calculations. In simple systems and when combined 

with qualitative d a t a  from other experiments, knowledge of bond lengths may be 

sufficient to completely describe the surface geometrical structure. These 

techniques are most useful in multi-component or chemisorption systems, where 

atoms of a particular chemical species have only one local geometry. By 

selectively exciting an appropriate core level, near-neighbor bond lengths are  

determined. In systems with non-equivalent atomic sites, such as reconstructed 

surfaces, the extended fine structure will be complicated by a superposition of 

radial distribution functions for the different sites. Additional d a t a  will be 

needed t o  solve these structures. Data  interpretation is generally simpler with 

photon excitation, since the polarization and orientation of final-state electrons 

can be controlled by using single crystal samples and polarized photons from a 

synchrotron source. One important advantage of extended fine s t ructure  

techniques is that  they d o  not require long range order or single crystal 

substrates, so they can be directly applied to many systems of technological 

importance. 

A number of different experimental methods are available to observe fine 

structure. In extended x-ray adsorption fine structure (EXAFS) experiments x-ray 

photons excite core levels and the cross section is determined by x-ray absorption 
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or fluorescence from excited atoms. When Auger or secondary electrons emitted 

from the excited atoms are  detected, the process, now called surface EXAFS 

(SEXAFS), is surface sensitive. SEXAFS experiments have also been done by 

detecting ions emitted from surfaces in photon stimulated desorption SEXAFS 

(PSD-SEXAFS). 

There are  analogous processes using electrons instead of photons to excite 

atomic core levels. Diffraction effects may perturb the cross section fine structure 

when electrons are  used to excite core levels or monitor cross section. This  is not 

a problem for systems without long range order. For  cases involving long range 

order i t  is desirable to integrate over detector angles, and also electron beam 

incidence angles where this is practical, to average out  multiple-scattering effects 

in the initial and final electron states. In electron appearance potential fine 

structure spectroscopy (EAPFS) incident electrons at -1 KeV excite shallow core 

holes, and the cross section is monitored by soft x-ray fluorescence in soft x-ray 

appearance potential spectroscopy (SUPS-EAPFS) ,  Auger electron appearance 

potential spectroscopy, (AEAPS-EAPFS), or by the variation in elastic 

backscattering in disappearance potential spectroscopy (DAPS-EAPFS), which is 

also referred to as surface electron energy loss fine structure (SEELFS). With 

excitation by high energy electrons (60-300 KeV) and detection by fluorescence 

the process is called extended x-ray energy loss fine structure (EXELFS), or 

electron energy loss near-edge spectroscopy (ELNES) in the near edge region. 

This  last process, like EXAFS, is not inherently surface sensitive. 

2.3. Surface Topography Techniques 

Field ion microscopy (FIM), a tom diffraction (AD) and scanning tunneling 

microscopy (STM) provide atomic scale information on surface topography. 

These techniques produce good qualitative images of surfaces. I t  is difficult to get 

atomic coordinates directly, but  knowledge of the surface topography can lead 

directly to structural models of a surface. 
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2.3.1. Field ion microscopy 

Field ion microscopy (FIM) is the oldest of these techniques, developed in 

the 50’s./18/ A sharp, single crystal metal tip with a radius of -1000 A is 

maintained at - 10 kV in a low pressure (- 
Gas molecules are polarized and attracted to the t ip  by the strong, 

inhomogeneous electrostatic fields. The  field strength near the tip is several V/A. 

Valence electrons in a gas atom can tunnel into the metal surface as the neutral 

atom approaches the tip, creating an ion which is repelled by the high field 

around the tip. T h e  ions project an image of the high field regions of the tip onto 

a phosphor screen. If the tip is cooled, individual surface atoms can be imaged. 

Pairs  of a toms separated by as little as 1.5 A have been resolved. 

torr) gas, usually helium. 

A field-ion microscopy image is a two-dimensional projection of the 

outermost surface layer. This  image provides a qualitative image of the surface, 

but very little information on distances normal to  the surface. Although the 

direct information on the surface chemical bond is limited, FIM has added 

greatly to the qualitative understanding of surface structure. Because of the high 

field strengths required, application of the FIM has been limited to refractory 

metals, although some chemisorption systems on these metals have been 

studied./lg/ 

2.3.2. Atomic beam diffraction 

A thermal energy atomic beam (20-200 meV) has a wavelength on the order 

of inter-atomic distances. T h e  atomic beam diffracts from a contour of the 

surface potential corresponding to the beam energy. This  contour is located 3-4 A 
above the ion cores in the outermost layer of the surface. Atomic beam 

diffraction patterns are normally interpreted using model surface scattering 

calculations, where the scattering is described as a Van dcr Waals interaction. 

T h e  low energy probe of atomic diffraction does not damage even delicate 

physisorbed overlayers, and i t  is sensitive t o  hydrogen, which is an important 

component of many surface systems of current interest. Electron scattering 

techniques are  relatively insensitive t o  hydrogen because of i ts  small scattering 
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cross section. T h e  position of hydrogen chemisorbed on Pt(ll1) was determined 

using helium diffraction./20/ Finally, atom diffraction is extremely sensitive t o  

surface order and defects, and it has been very useful in the study of disorder and 

kinetic processes on surfaces. Because neutral a toms scatter well outside the ion 

cores of the surface atoms, structural details can be lost and no information on 

subsurface s t ructure  can be obtained. 

2.3.3. Scanning tunneling microscopy 

T h e  scanning tunneling microscope (STM) is one of the most recently 

developed surface sensitive techniques./21/ In STM a metal probe is brought 

close enough to the surface under study for the electron wave functions to 

overlap. A fixed potential difference between probe and surface is maintained and 

the probe approaches the surface until a given tunneling current is observed. T h e  

probe is mechanically scanned over the surface, and a feedback loop adjusts the 

vertical spacing to maintain a constant tunneling current. STM has achieved a 

horizontal resolution of - 2 hi and a vertical resolution of - 0.1 A under 

opt imum conditions. By changing the probe-surface potential difference it is 

possible to m a p  out  different surface profiles of wave function overlap. The  S T M  

is very flexible and can be applied to all kinds of surfaces. Unlike electron 

techniques i t  is not limited to the solid-vacuum interface, although the best 

resolution has been obtained in vacuum. 

T h e  S T M  can give a direct qualitative image of surface topography. An 

early STM experiment confirmed the LEED result tha t  the “missing row” model 

correctly describes the 2x1 reconstruction of the gold (111) surface./%/ Because 

the tunneling current is a complicated function of the electronic and geometric 

s t ructure  of the tip and surface, so i t  is difficult to relate a constant tunneling 

current contour to the geometrical structure of the surface, especially if more 

than on type of a tom is involved. Information on the surface electronic structure 
is available, however. T h e  lateral resolution of S T M  images is not good enough 

to provide accurate information on chemical bond lengths and angles. As the 

experimental and theoretical tools develop, scanning tunneling microscopy should 

provide increasingly useful information on surface structure. 
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2.4. Ion Scattering 

A t  high energies (- 1 MeV) the interaction of ions with surfaces can be 

described by classical Rutherford scattering. This  simple interaction has been 

used to study surface structure by directing ion beams along bulk crystal axes at 

solid surfaces. T h e  “channeling” and “blocking” of these beams is very sensitive 

to deviations from bulk structure. Ion scattering has been used in particular to 

study relaxation and reconstruction at crystal surfaces. Measurements of surface 

relaxation have provided accurate structure determinations, as in the case of 

reconstructed Au( 110)./23/ However, if a surface structure involves a large 

departure from the bulk crystal structure, it  can be difficult to solve from ion 

scattering results. 

In any case, because ion scattering is strongly affected by the thermal 

vibrations of surface atoms, experimental d a t a  must be compared to Monte-Carlo 

simulations for model surfaces to achieve quantitative results. T h e  available d a t a  

base for structure-fitting is rather small compared to electron spectroscopies, so 

the sensitivity t o  structural parameters is sometimes limited. But  when the 

surface structure is close to the bulk structure, ion channeling d a t a  can be 

strongly sensitive t o  small variations in structural parameters. 

2.5. Complementary Techniques 

There are  a number of other surface probes tha t  are  sensitive to the local 

geometry of the surface or give important information on surface composition, 

but which d o  not give direct information on atomic coordinates in the surface 

region. These techniques provide vital information needed to construct reasonable 

models of surface structure, which are needed to interpret d a t a  from quantitative 

techniques such as LEED and SEXAFS. 
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2.5.1. Chemical composition 

Chemical composition is the most basic information needed to describe a 

surface, and a pre-requisite for structure determination. Auger electron 

spectroscopy is the most generally used techniques for measuring surface 

composition, and it is sensitive to all elements except hydrogen and helium. 

Thermal  desorption spectroscopy (TDS) is a simple and particularly useful 

technique for chemisorption studies -- i t  gives a general idea of the chemical 

identity of adsorbates, and some information on the type of binding to the 

surface. Secondary-ion mass spectrometry (SIMS) is another way to get 

information on surface chemical composition -- its interpretation is generally 

more complicated, but  SIMS is sensitive to hydrogen, and also gives some 

information on the molecules present on the surface. 

2.5.2. Electronic spectroscopy 

One group of techniques is sensitive t o  electronic structure a t  the surface, 

and can probe the electronic band structure and density of s ta tes  near the Fermi 

level. This  electronic information is useful for understanding the bonding 

mechanisms responsible for chemical process operating at the surface. Structural 

information can also be obtained by comparing experimentally observed 

electronic s t ructure  with theoretical calculations of electronic s t ructure  for model 

systems (see par t  4). 

Ultra-violet photoemission spectroscopy (UPS) probes the density of states, 

and ion neutralization spectroscopy (INS) and surface Penning ionization (SPI) 

provide similar information with probes of ions and metastable atoms, 

respectively. Angle-resolved UPS can determine the valence band structure. X- 
ray Photoelectron Spectroscopy (XPS) provides information on chemical shifts of 

the atomic core levels, and this can also help in understanding chemical bonding 

a t  the surface. 
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5.5.3. Vibrational spectroscopy 

Another class of techniques monitors surface vibration frequencies. High- 

resolution electron energy loss spectroscopy (HREELS) measures the inelastic 

scattering of low energy (- 5eV) electrons from surfaces. I t  is sensitive to the 

vibrational excitation of adsorbed atoms and molecules as well as surface 

phonons. This  is particularly useful for chemisorption systems, allowing the 

identification of surface species. Application of normal mode analysis and 

selection rules can determine the point symmetry of the adsorption sites./%/ 

Infra-red reflectance-adsorption spectroscopy (IRRAS) is also used to study 

surface systems, although it is not intrinsically surface sensitive. IRRAS is less 

sensitive than HREELS but has much higher resolution. 

2.5.4. Optical techniques 

Non-linear optical techniques, such as second harmonic generation (SHG), 

have recently been used as surface probes. Bulk materials with inversion 

symmetry d o  not generate second harmonic signals, while surfaces and interfaces 

cannot have inversion symmetry, so the total SHG signal will come from the 

surface region for many systems. T h e  components of the non-linear polarizability 

tensor have been used to determine the orientation of chemisorbed moleculcs. 

/25/ Optical techniques are  not limited t o  solid-vacuum interfaces like charged 

particle techniques, so their further development can expand the range of surface 

structural studies to solid-solid, solid-liquidJ solid-gas and liquid-gas interfaces. 

2.5.5. Electron-stimulated desorption 

Observation of the ion angular distribution after electron stimulated 

desorption of chemisorbed species (ESDIAD) can provide direct quantitative 

information on the orientation of adsorbed molecules on surfaces. Electrons 

incident on the surface can excite chemical bonds into non-bonding states, 

causing molecular decomposition. The  excess energy can be converted into 

kinetic energy, which accelerates an ionic fragment of the molecule along the axis 
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of the broken bond. The  angular distribution of desorbed ions can be related t o  

the orientation of the bonds in the unperturbed adsorbed molecules. This  

technique gives direct information on the number and symmetry of sites for 

chemisorption, and approximate information on bond angles. 

3. T H E  THEORY OF MODERN TECHNIQUES FOR 

SURFACE STRUCTURE ANALYSIS 

Although the wide range of experimental techniques described in par t  2 have 

made significant contributions to understanding surface structure and bonding, 

many of these techniques d o  not yield explicit information on atomic coordinates 

in the near surface region, the information required to characterize the surface 

chemical bond. Other  techniques can provide some of this information in certain 

cases, but  can only be applied to a limited range of surface systems, for example 

ion channeling studies have provided important information on the 

reconstructions of solid surfaces, but  are  much more difficult to apply to most 

chemisorption systems. Optical techniques are  being developed which have the 

potential to contribute direct, quantitative information on surface structure, 

including surface x-ray diffraction and non-linear optical probes, but  these have 

not yet reached the stage of routine use. 

Almost all of the existing quantitative d a t a  on surface s t ructure  was 

obtained through experimental techniques t h a t  involve the propagation and 

scattering of electrons in solids. This  class of surface probes includes the whole 

range of “fine-structure’’ techniques, in addition to LEED and angle-resolved 

photoemission experiments. This  chapter will provide a theoretical description of 

these techniques and the methods of analyzing the experimental d a t a  to 

determine surface structure. 
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3.1. General Four-Step Description of 

Electron-Diffraction Techniques 

The  most promising techniques for obtaining detailed surface s t ructural  

information about molecular adsorbates rely on electron diffraction in one way or 

another. These include LEED,/27,28,29/ IV-HREELS,/30/ EAPFS,/31/ 

SEELFS,/32,33/ ESELFS,/34,35/ ARUPS, ARXPS, ARPEFS,/36,37,38/ PE- 

SEXAFS, SEXAFS, EXAFS, and NEXAFS (XANES). These and other 

techniques have been discussed above in par t  2 ,  and were summarized in Table  I. 

Among these techniques, LEED has been the most productive. 

We shall in the following discuss the surface sensitive techniques involving 

electron diffraction from a common viewpoint. These techniques can all be fit 

within a four-step description, which will be very useful for comparison. Various 

techniques are illustrated in terms of this description in Figure 1, and the four 

steps are defined below. 

3.1.1. Step 1: incoming particle 

Either a photon or an electron impinges on the surface. This  photon or 

electron may be polarized to yield additional surface information. T h e  electron, 

par t  of a well-collimated and monoenergetic electron beam, may be multiply 

scattered by surface atoms before reaching s tep 2. Multiple scattering is most 

marked at kinetic energies below about 200 eV and can make the process 

particularly sensitive to the surface structure a t  these lower energies. 

3.1.2. Step 2:  primary event 

A variety of processes may take place at this stage, distinguishing the 

different techniques -- photoelectron emission, Auger electron emission, ion 

emission, energy loss due to core-hole, plasmon or phonon excitation, as well as 
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elastic electron scattering. Thus,  in the primary event, the incoming particle 

generates an outgoing particle. More than one type of particle may be emitted 

simultaneously, e.g. an electron and a photon in SEXAFS. 

From the point of view of obtaining surface structure information, the 

nature of this primary process is important in two ways. First, the  process may 

be atom-specific, giving chemical selectivity, as in photoelectron emission and 

Auger electron emission. Second, the process can affect the characteristics of the 

outgoing particles, especially in terms of angular distribution, and in terms of the 

exact location within the surface where this primary process takes place. T h e  

angular distribution can give direct evidence of the molecular orientation with 

respect to the surface; this happens, for instance, when an electron is emitted 

from a valence orbital. 

In terms of location, the primary process may be concentrated at one atom, 

as in an electron-atom scattering in LEED or in electron emission from core 

levels. I t  may also be delocalized over many atoms, as in photoelectron emission 

from a delocalized valence band level. T h e  latter case is again of value to obtain 

molecular orientations directly. The  polarization of the incident electron may 

also be used to determine molecular orientations, through its effect on the 

primary process. 

3.1.3. Step 3: secondary event 

P a r t  of the outgoing electron wave resulting from step 2 will back-scatter 

from neighboring atoms to the site of emission or initial scattering. If the kinetic 

energy of the outgoing electrons does not exceed a few hundred eV this results in 

detectable interference between the outgoing and back-scattered electron waves, 

which modulates the probability of the primary emission or scattering process. 

Such modulation is usually called “fine structure” and is the basis of techniques 

like SEXAFS (EXAFS) and EAPFS (EXELFS, SEELFS), as well as in NEXAFS 

(XANES). Note tha t  the electrons responsible for this fine structure are  rarely 

collected themselves -- other outgoing electrons or photons (or even ions) are  

normally detected experimentally. 



The State of Surface Structural Chemistry 41 

T w o  energy regimes are of importance here. A t  electron kinetic energies 

above about 50 eV, single back-scattering from neighboring atoms is usually 

predominant . By contrast, at lower energies electrons can also be multiply 

scattered by several nearby atoms before returning to the location of the primary 

process. T h e  single scattering regime modulates the outgoing particle current in 

a simple oscillatory manner. The  near-neighbor interatomic distances can be 

extracted relatively easily by Fourier transformation given appropriate scattering 

phase shifts (cf. SEXAFS). When multiple scattering is significant, a multiple- 

scattering computer simulation is required. This  makes the analysis more 

complex, but  gives access to bond angles as well as bond lengths (cf. NEXAFS). 

3.1.4. Step 4: outgoing particle 

Photons, ions or electrons are detected outside of the crystal. O n  their way 

out ,  electrons may be multiply scattered by surface atoms, especially at the lower 

energies, which again gives added sensitivities t o  the surface structure. 

3.2. Structural Information 

T w o  modes of electron detection are commonly used, which affect the kind 

of structural information tha t  can be extracted. 

In the angle resolved mode, which selects electrons traveling in well-defined 

directions, emphasis is laid on the properties of plane-wave diffraction within the 

surface -- this provides access to all interplanar distances (not only between 

atomic planes parallel t o  the surface) and thus, t o  the complete three-dimensional 

crystallographic structure (as for example in LEED and in ARPES). Significant 

structural information can come from steps 1 and 4. 

In the  angle integrated mode, electrons emitted in many different directions 

are accumulated simultaneously. To an appreciable extent this averages out  the 

structure-dependent effects of s tep 4, and therefore emphasizes the information 

arising from the primary and secondary events of steps 2 and 3, such as the 

radial distances determined in fine-structure techniques like SEXAFS. 
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Energy vs time diagrams 

for the event sequences in surface crystallography techniques that use electron scattering/diffraction 
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In several techniques an additional process associated with one of the four 

steps generates the detected particles, e.g. Auger emission in Auger-SEXAFS or 

ion emission in PSD-SEXAFS. This  additional process does not normally provide 

structure sensitivity, but  produces particles t h a t  are more conveniently detected. 

We shall include such processes in the discussion of s tep 4. 

In any of the steps 1, 3 and 4, multiple scattering of electrons can play an 

important  role in the techniques of interest here. On the one hand, multiple 

scattering provides a greater sensitivity to various aspects of structure; on the 

other hand, it complicates the theoretical treatment, i.e. it  complicates the 

extraction of the structural information. For  the following discussion i t  will be 

useful to first describe in more detail a couple of important features of electron 

scattering by individual a toms in a surface. 

At low kinetic energies (10 eV), electrons are scattered strongly but  

somewhat isotropically by each atom (Figure 2), generating multiple scattering in 

all directions. As the kinetic energy rises, back-scattering weakens considerably, 

while forward-scattering remains strong, and multiple scattering remains 

important  only for small scattering angles. This  effect is already noticeable 

around 100 eV and becomes more and more pronounced towards KeV and MeV 

energies as scattering concentrates in an ever narrower forward cone. This  gives 

the appearance of a more kinematic behavior, i.e. multiple scattering effects 

becomes less obvious. The  reason is t h a t  only small momentum transfers occur, 

which also provides little structure sensitivity. Thus, with rising energy, little 

back-scattering and therefore, little back-and-forth scattering between any pair of 

a toms can occur, although multiple forward-scattering along a chain of a toms 

can be significant. As we shall describe more explicitly in section 3.5.1 one often 

disregards multiple forward-scattering and talks of a kinematic or single- 

scattering situation. 

3.3. Theoretical Aspects of Individual Techniques 

We shall now individually discuss the various techniques in terms of the 

above four-step description. In all these techniques the flux of outgoing particles 

is measured as a function of the energy (or sometimes direction) of either the 
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incident or outgoing particles. T h e  flux (intensity) exhibits variations as a 

function of energy (or angle), from which the surface structure is extracted. In 

some cases, the outgoing particles are not energy-analyzed but  measured 

collectively. This  is done to enhance weak signal-to-noise ratios, as in SEXAFS. 

3.3.1. EXAFS 

Extended X-ray absorption fine structure (EXAFS) was the first technique in 

which “fine structure” was used to obtain structural iiiformation./39,35,40/ An 

incoming photon, penetrating the surface in s tep 1, undergoes a n  absorption 

process creating a core-hole excitation a t  an atomic site as the primary event 

(step 2), cf. Figure la. This  is accompanied by the photo-emission of electrons 

which back-scatter from near-neighbor a toms as the secondary event (step 3). 

Interference by the back-scattered electrons modulates (i.e. produces fine 

structure in)  the overall absorption cross-section as their kinetic energy varies in 

step with the incident photon energy. T h e  fine structure can be observed in the 

loss of intensity from the incident photon beam (“absorption EXAFS”) or instead 

in the intensity of fluorescence as the core-holes decay (“fluorescence EXAFS”). 

EXAFS is not intrinsically surface sensitive, and provides surface information 

only for high-surface-area materials, such as exfoliated graphite or highly 

dispersed particles, or when the signal comes from atoms which are  only present 

at the surface,/39/ or when total reflection provides surface selectivity. 

3.3.2. SEXAFS 

To obtain surface sensitivity with EXAFS, thereby creating surface extended 

x-ray absorption fine structure (SEXAFS), one may monitor instead the outgoing 

Auger electrons (Auger-SEXAFS), outgoing ions ejected during core-hole decay 

(PSD-SEXAFS), or outgoing photoelectrons (PE-SEXAFS) instead of a photon 

signal. Surface sensitivity comes from the short escape depths of electrons and 

ions./31,41,42,43/ T h e  electron kinetic energies involved in s tep 3 are  sufficiently 

high (> 50 eV) tha t  single back-scattering prevails over multiple back-scattering. 

Coupled with angle-integrated detection, this allows a simple Fourier transform 
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approach to obtain near-neighbor distances (although theoretical or empirical 

atomic scattering phase-shifts need to be included). Polarization of the incoming 

photons can be used t o  obtain additional information about bond directions if 

valence levels are involved, since the excitation cross-sections include simple 

selection rules tha t  depend on bond orientations. Chemical selectivity is provided 

by monitoring only Auger electrons or photoelectrons due to a particular 

chemical element. One may selectively investigate the structure in the immediate 

neighborhood of atoms of a particular element. T h e  outgoing particles are 

normally energy-integrated to provide a measurable signal. 

SEXAFS-type fine-structure can be obtained with photo-electrons in the 

low-energy region ( N 100-300 eV). To tha t  end, one must  reduce the effect of 

multiple scattering in s tep 4 until the effects of s tep 3 dominate. This  can be 

accomplished with polycrystalline surfaces and with angle-integrated detection, as 

has been done recently in PE-SEXAFS./44/ 

3.3.3. NEXAFS and XANES 

If in s tep 3 of EXAFS or SEXAFS, the electron kinetic energy is held within 

about  50 eV of the excitation edge, one reaches the “near-edge” regime where 

multiple back-scattering becomes important in the secondary process cf. Figure 

l b .  This  technique is referred to as near-edge x-ray absorption fine structure 

(NEXAFS) or x-ray absorption near-edge structure (XANES)./45,46,47,48/ 

Compared to EXAFS and SEXAFS, this multiple scattering gives more complete 

sensitivity to bond lengths and bond angles in the neighborhood of the atom 

where the primary process takes place. But  model calculations are generally 

needed t o  extract this information. As with (S)EXAFS, polarization of the 

incoming photon can also give direct access t o  bond directions. Furthermore, 

combining an empirical correlation between carbon-carbon bond lengths and 

resonance energies, it  appears to be possible to obtain these bond lengths./48/ 
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3.3.4. ARPES, ARLTPS and ARXPS 

In angle-resolved photoelectron emission spectroscopy (ARPES), incoming 

photons give rise t o  the primary event of photoemission (step 2), cf. Figure lc .  

This  can involve excitation from delocalized electron orbitals (as in angle-resolved 

ultraviolet photoemission spectroscopy (ARUPS)/49,50/ from valence levels) or 

from deeper-lying localized orbitals (as in angle-resolved x-ray photoemission 

(ARXPS) from atomic core-levels)./51/ If the photoemitted electrons have kinetic 

energies in the range 10-200 eV, they undergo multiple scattering (similar t o  tha t  

encountered in LEED) in the third and fourth steps, of the four-step process. 

This  yields sensitivity to the surface within a photo-electron mean free path 

length of the photoexcited atom, which can be chosen with chemical selectivity. 

Compared to ARUPS, ARXPS is a more convenient approach for the extraction 

of structural information, since core-level excitations are more easily described 

than valence-level excitations. Angle-resolved detection is normally used to 

obtain the most complete structural information, which is interpreted in a 

procedure very similar to tha t  of LEED with full simulation of the electron 

emission intensity as a function of energy or angle. 

3.3.5. ARXPS and ARXPEFS 

If, s tar t ing with angle-resolved x-ray photoelectron spectroscopy 

(ARXPS),/51/ the emitted electron kinetic energy is increased to a few hundred 

electron volts, the back-scattering of photoemitted electrons to the source atom is 

considerably reduced, cf. Figure I b  and d. Then the secondary event of s tep 3 

becomes negligible compared t o  the events of s tep 4. A t  the same time, s tep 4 

simplifies to include predominantly single scattering by neighboring atoms, (for 

convenience, we neglect the multiple forward-scattering in this description, since 

it yields little structure sensitivity). In this case, electrons reach the detector 

either directly from the photoemitting atom or after single scattering by atoms 

tha t  are near the photoemitting atom (again, x-rays, as opposed to ultraviolet 

radiation, provide the most convenient core-level emission). T h e  interference 
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between these different outgoing electron paths modulates the detected intensity 

as a function of the angle of detection: this measurement mode is used in 

ARXPD. 

Similarly, “fine-structure” arises as a function of the emitted-electron 

kinetic energy in the measurement of angle resolved photoemission extended fine 

structure (ARPEFS)./37,36,38/ This  “fine-structure’’ is different from tha t  of 

SEXAFS, EXAFS, etc., since it does not originate from back-reflection to and 

interference a t  the electron source atom. I t  yields the surface structure 

information relatively easily through Fourier-transformation if angle-resolved 

detection is used (suitable scattering phase-shifts must be available, however). 

The  full three-dimensional structural information can be so obtained. Sensitivity 

t o  a particular structural feature may be emphasized through appropriate 

selection of the detection angle and and the polarization of the incident photons. 

3.3.6. Extended Appearance Potential Fine Structure (EAPFS) 

In EAPFS,/31/ incident electrons excite core-level electrons into s ta tes  

above the Fermi level EF in the primary process cf. Figure le-g. This  requires a 

minimum incident energy for any given core-level, namely EF - El, where El is 

the core-level energy (hence the designation “Appearance Potential”). T h e  choice 

of core-level provides chemical selectivity. T h e  excited electron can then undergo 

back-reflection from neighboring atoms as the  secondary step. This  yields fine 

structure as a function of the incident energy tha t  can be used to obtain 

structural information by Fourier transformation. Since the incident electrons 

can undergo multiple scattering prior t o  the core-level excitation, amorphous 

materials are preferred to minimize any disturbing LEED-like modulations due to 

such scattering. 

There are  three main detection modes for EAPFS within the appearance 

potential spectroscopy (APS) technique./31/ First, one may monitor soft-x-ray 

emission due t o  the decay of the core hole left by the primary process. This  is 

called SXAPS-EAPFS (Figure le). Second, it is also possible to monitor Auger 

electrons due t o  the same core-hole decay, as in AEAPS-EAPFS and AMEFS- 

EAPFS,  cf. Figure If. Third, one may measure the remaining total intensity of 
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the elastically scattered electrons in DAPS-EAPFS (DA = Dis-Appearance) cf. 

Figure lg. Angle-integrated detection removes most of the s t ructural  sensitivity 

of s tep 4 (especially with amorphous materials). Normally one collects all 

emitted electrons in these experiments, i.e. energy-integration is used. However, 

in the Auger-Monitored Extended Fine Structure version (AMEFS-EAPES)/52/ 

energy resolution is used, which achieves chemical sensitivity at the cost of a 

lower signal/noise ratio, cf. Figure If. 

3.3.7. LEED, MEED, RHEED and Electron Microscopy (EM) 

In low-energy electron diffraction (LEED) only elastic scattering events are 

considered, i.e., no energy loss is allowed./27,28,29/ This  situation is sometimes 

referred to as ELEED (Elastic LEED). In LEED, the different steps of the 

general four-step process are equivalent t o  each other, in the sense t h a t  each s tep 

describes possible elastic electron-scattering events in a multiple-scattering chain 

(which of these scattering events is termed the primary event becomes arbitrary). 

Figure l h  schematically shows possible scatterings in LEED. T h e  four-step 

description makes vividly clear tha t  multiple scattering plays a large role in 

LEED, especially when compared t o  other techniques described here. This  

multiple scattering, together with angle-resolved detection, gives LEED a high 

sensitivity to all details of the surface structure: layer spacings, bond lengths and 

bond angles throughout the surface to a depth determined by the energy- 

dependent electron mean free path. To obtain structural information from 

LEED, the multiple scattering must be simulated on a computer for each 

plausible geometry until the correct geometry is found by trial-and-error. 

A t  increasingly higher energies, LEED becomes in turn medium-energy 

electron diffraction (MEED),/53,54,55/ reflection high-energy electron diffraction 

(RHEED)./56/ and electron microscopy (EM)./57,58/ cf. Figure l i .  Multiple 

scattering remains important, although the mean distance between successive 

scatterings increases gradually towards hundreds of Angstroms. On the other 

hand, to an increasing degree the only significant scattering events at these 

energies occur near the forward direction. A perfectly ordered surface yields 

sharp diffracted electron beams, unlike the other techniques which we describe in 
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this chapter. Any kind of disorder of defects generate diffuse intensities between 

the sharp diffraction beams. T h e  diffuse intensity contains information not only 

about deviations from long-range order, but  also about the short-range order or 

local geometry, including chemical bond lengths and bond angles. 

3.3.8. ILEED, HREELS and ELS 

If at least one of the scattering events in a LEED multiple-scattering chain 

involves an energy loss, one speaks of inelastic low-energy electron diffraction 

(ILEED),/59,60/ (multiple losses are possible but  infrequent). T h e  lost energy 

can be transferred to surface vibrations (e.g. molecular vibrations or phonons), 

as is the case in high-resolution electron loss spectroscopy (HREELS)/61, 62,63/ 

or to electronic excitations (e.g. single-electron excitations or plasmons), as is the 

case in electron loss spectroscopy (ELS)./64,65/ In ILEED, the primary event of 

the four-step process is the inelastic electron scattering. I t  is not necessarily 

localized at an atomic site (as illustrated for convenience in Figure l j , k )  instead, 

it is quite often delocalized over many atoms, as with dipole scattering in 

HREELS or plasmon excitation ELS. In HREELS cf. Figure lj,  multiple 

scattering is at last as important as it  is in LEED, and angle-resolved detection is 

also used. HREELS can therefore yield potentially the same structural 

iiiformation as LEED, e.g. when intensities are measured as a function of incident 

energy, a t  the cost of having t o  describe an additional inelastic process in the 

theory./63/ This  approach may be called IV-HREELS, since LEED-like IV curves 

are used. HREELS is however mostly used in a mode where the multiple 

scattering effects are virtually constant, namely by scanning the energy loss over 

a small range at fixed incident energy./61,62/ Then all tha t  mat ters  is the 

occurrence of sharp energy losses at values corresponding to frequencies of surface 

vibration. This  gives a loss spectrum similar t o  that  familiar in infra-red 

adsorption spectroscopy (IRAS) in the gas phase and at surfaces. This  is also the 

approach with ELS, cf. Figure l k ,  although here the wide scan of energy loss 

allows multiple scattering to significantly modulate the heights of the peaks 

corresponding t o  individual excitations. Under these circumstances the structural 

information is obtained indirectly through the measured vibrational and 

excitational properties of the surface, rather than through the diffraction effects. 
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3.3.9. Surface Extended Energy Loss Fine Structure (SEELFS) 

Another electron-based energy-loss technique is SEELFS./32,33/ Compared 

to HREELS and ELS, higher electron energies are used, so t h a t  a core-hole 

excitation-edge and the associated fine structure become available, cf. Figure 11. 

There is a great similarity between SEELFS and EAPFS.  However, in SEELFS 

the energy-loss is kept small compared to the incident energy, thus, one has a 

single-electron final-state problem in SEELFS rather than a two-electron final- 

s ta te  problem as in EAPFS. By keeping the incident energy fixed in SEELFS and 

by angle-integrating the detection, variable diffraction effects in steps 1 and 4 are 

minimized. This  yields fine structure t h a t  can be Fourier-analyzed to yield bond 

lengths around chemically-selected atoms. Complication can arise however, when 

several spherical waves with different angular momenta are needed t o  describe 

the electrons of s tep 3. This  produces in effect several overlapping fine structures, 

which may not be easy to isolate. Nevertheless, experimental evidence suggests 

t h a t  normally one of the angular momentum components is sufficiently dominant 

to avoid these complications. 

3.3.10. Extended X-Ray Energy Loss Fine Structure (EXELFS) 

By substantially increasing the electron kinetic energy in ILEED and 

SEELFS to 60-300 KeV, one reaches a situation tha t  can resemble EXAFS, with 

electrons replacing the EXAFS photons, cf. Figure 11. Chemical selectivity. is 

obtained by choosing an appropriate core excitation edge. And surface sensitivity 

on the atomic scale exists mainly for high-surface-area materials, as with EXAFS. 

3.3.11. Electron Energy Loss Near-Edge Structure (ELNES) 

ELNES/GG/ is the near-edge equivalent of EXELFS, with the same high- 

energy (60-300 KeV) electrons as incident particles. If focuses on final energies 

within about 30 eV of an absorption edge, so t h a t  the fine structure arising in 

s tep 3 behaves very much as in NEXAFS, cf. Figure 11. Here multiple scattering 
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is important, giving full structural information in the immediate vicinity of a 

selected chemical element. However, there is no simplifying dipole selection rule 

in the primary process, since electrons replace the photons. 

3.3.12. Angle-Resolved Auger Electron Spectroscopy (ARAES) 

One may directly monitor Auger electrons emitted following core-hole 

excitation induced by an incident electron or photon beam, using angle resolved 

detection, cf. Figure lm./67,68/ T h u s  the core-hole excitation together with the 

Auger process constitutes our s tep 2. A t  the lower energies used in ARAES (- 

20-200 eV), multiple scattering is often important as in LEED, especially in s tep 

4. Thus  s tep 3, as in LEED, is not distinguished by convenient fine-structure, but  

is much more complex due to multiple scattering. In addition, to obtain 

structural information, the complicated atomic Auger process must be modeled 

accurately. This  has  only been done in a few special cases involving atomic 

orbitals (as opposed t o  solid s ta te  orbitals)./69,70/ As a result, the Auger 

transition probabilities into the various outgoing spherical waves in s tep 2 are 

generally unknown. So far these probabilities have been fit to experiment, with 

limited success in terms of structural determination. The  orientation of adsorbed 

molecules appears to be accessible with the photon-excited version of this 

technique, by using photon polarization and symmetry selection rules./71/ 

Otherwise the angle-resolved detection of ARAES can yield the same relatively 

complete three-dimensional structural information as does LEED. 

3.4. Formalism for Individual Processes 

In section 2.3 we have decomposed various surface-sensitive techniques into 

a small set of more elementary processes. In this section we shall present 

appropriate formalisms tha t  describe these individual processes. Namely, we 

shall discuss the theoretical treatment of the propagation of electrons in the 

surface region, I L ~  well as the  treatment of elaslic and inelastic electron-atom 

scattering, photoelectron emission and of Auger electron emission. These par ts  
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can then be easily recombined to provide a complete theoretical description of 

each surface-sensitive technique. Some general features of particular interest will 

be highlighted in section 3.5. 

3.4.1. Overview of process formalisms 

We shall deal mainly with the propagation and scattering of electrons 

through solid surfaces. T h e  most appropriate formalism to describe these 

processes will depend very much on the situation, as computational efficiency is 

a t  a premium. Spherical-wave and plane-wave expansions are frequently used, 

often side by side within the same theory. Spherical waves are  convenient to 

describe the scattering or emission of electrons by an individual a tom. An 

important quantity will then be the complex amplitude of each spherical wave 

leaving tha t  atom. 

Plane waves are often used when two conditions are  satisfied: 1) many (but  

not necessarily all) atomic layers of the surface have a two-dimensional 

periodicity, and 2) either a plane-wave incident electron beam is present or 

angle-resolved electron detection is applied. Computation based on the plane- 

wave expansion are often much more efficient than those based on the spherical- 

wave expansion. This  explains their frequent use even in problems tha t  d o  not 

involve strict two-dimensional periodicity, as with disordered overlayers on an 

otherwise periodic substrate. 

T h e  fate of scattered or emitted electron waves depends on the occurrence of 

multiple scattering from atom to atom. With strong atomic scattering, a large 

number of scattering paths must be considered: this applies especially a t  low 

energies and with angle-resolved detection, e.g. in LEED and ARPES. A t  

higher energies fewer scattering paths  are important, because the atomic 

scattering is relatively weaker (except for forward-scattering). P a t h s  involving 

mostly forward-scattering dominate in angle-resolved techniques such as 

ARPEFS,  MEED, RHEED, and EM. By contrast, single back-scattering to the 

emitting atom dominates in angle-integrated fine structure techniques such as 

(S)EXAFS, EAPFS and SEELFS. T h e  individual formalisms strongly reflect 

these different circumstances. 
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3.4.2. Electron propagation 

T h e  interference effects resulting from electron propagation are  responsible 

for providing the desired structural information in all the  techniques discussed 

here. T h e  extraction of structural information, therefore, requires a knowledge of 

the electron wavelengths and of any phase shifts tha t  may occur in electron 

emission and electron-atom scattering. Failure t o  understand these processes can 

result in quite erroneous results. 

T h e  well-known muffin-tin model of the electron atom interaction potential 

has in most cases proved to be an adequate compromise between accuracy and 

computatioiial efficiency, at least for electron kinetic energies exceeding - 20 

eV./27,28,29/ T h e  muffin-tin potential is spherical inside the muffin-tin spheres. 

This  “ion core” usually provides the dominant contribution to electron scattering 

and emission, t o  be discussed shortly. 

T h e  interstitial region between these spheres is represented by a constant 

potential valve (the muffin-tin constant or muffin-tin zero). This  is the region of 

unscattered electron propagation, in which simple plane-wave or spherical-wave 

behavior describes the electron wave-field. The  plane-wave description is 

computationally advantageous when dealing with multiple scattering by periodic 

lattices, since such lattices diffract any plane wave into other well-defined plane 

waves. This  approach is often useful even with non-periodic overlayers adsorbed 

on an otherwise periodic substrate. 

T h e  spherical-wave description has its own great advantages. It is best 

adapted t o  the scattering and emission by the spherical ion cores and it does not 

require the presence of any structural periodicity. In particular, it  is well suited 

t o  tlie treatment of multiple scattering between different a toms within any 

cluster of atoms, in particular within a periodic unit cell as in LEED. I t  is also 

convenient for the treatment of fine structure arising from back-scattering by 

nearby atoms, as in (S)EXAFS, NEXAFS, EAPFS, etc. (i.e. in s tep 3 in our 

four-step description). 

For  energies lower than - 20 eV, the muffin-tin model is often inadequate 

outside the muffin-tin spheres. In the case of surfaces, this applies especially to 

low-energy studies of adsorbed molecules. For  instance, HREELS is normally 

performed at kinetic energies around 5-10 eV ( to  benefit from a strong reflection 
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coefficient from the substrate). HREELS is therefore highly' sensitive to the 

potential in the molecular bonding regions and couples strongly with weakly 

bound and relatively delocalized electron states. Also, NEXAFS is often 

measured down to energies of about 10 eV above an emission edge, giving similar 

sensitivity t o  bonding details. No satisfactory alternative treatment to the 

muffin-tin model has yet been applied in the surface context, mainly because 

excessive computational efforts would be involved (however this problem has been 

dealt with in the case of low-energy electron scattering by gas-phase 

molecules/72/ ). 

3.4.3. Single electron-atom scattering 

Electron-atom scattering is central to  all techniques under discussion here. 

As we have mentioned, electron-atom scattering a t  surfaces has been treated 

almost exclusively by means of the muffin-tin model. 

The  formalism of electron-atom scattering has been extensively dealt with 

elsewhere./27,28,29/ We shall only recall its main features here. Because of the 

assumed spherical symmetry, the partial-wave scattering approach is convenient. 

Namely, an incoming spherical wave hj2)(kr)  v ( r ) ,  ( - l < m < l )  can scatter only 

into the outgoing spherical wave Al(')(kr) y ( r )  (here h!') and hj2) are Hankel 

functions of the first and second kinds, k = 2~/h((2mE)', E is the kinetic energy 

and r = I r I ). This  occurs with amplitude t ,  ( t ,  is an element of the diagonal 

atomic t-matrix), which is related to the phase shifts 6, through 

T h e  phase shifts 6, are calculated by standard partial-wave scattering theory. It 

involves the electron-atom interaction potential of the muffin-tin model. There 

are a variety of ways to obtain this potential, which consists of electrostatic and 

exchange par ts  (spin dependence may be included, especially when the spin 

polarization of the outgoing electrons is of interest). One usually s ta r t s  from 

known atomic wave functions within one muffin-tin sphere and spherically 

averages contributions to the total charge density or potential from nearby 
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atoms. T h e  exchange term may be treated as non-local (e.g. Hartree-Fock) or 

local (e.g. Xa). T h e  muffin-tin constant with respect to the vacuum zero level is a 

by product of this approach, however in practice this constant is normally 

adjusted a posteriori to take into account surface-related work function changes. 

T h e  t-matrix of Eq. (1) will be useful in describing the scattering of a plane 

wave by an atom. Expansion of the plane wave eik'r, with I k I = k, into 

spherical waves yields the total  scattered wave 

a t  large values of kr. T h e  atomic scattering amplitude /(8) depends on the 

scattering angle 8 through the well-known relation 

where the functions P,(cos8) are Legendre polynominals. The  scattering 

amplitude / ( e )  can be used to illustrate the nature of electron scattering in solids. 

A large scattering amplitude implies strong multiple scattering. To discuss this 

issue, we need to first include the effect of atomic thermal vibrations. I t  has been 

found adequate for this purpose to replace the scattering amplitude /(8) by a 

statistical average over certain atoms, even in the presence of multiple scattering. 

In the case of diffraction by a periodic lattice, the average is preformed over 

a toms tha t  are  equivalent by two-dimensional periodicity, and in the case of 

back-scattering by shells of vibrating neighbors, around equivalent source atoms. 

In either case, one ends up multiplying /(8) by a Debye-Waller attenuation factor 

e-M, with 

where s is the linear momentum transfer and <(Ar)'> is the mean-square 

atomic displacement. 

Note tha t  the product e-M/(8) can be expressed in terms of effective phase 

shifts in direct analogy with Eqs. (1) and (3), then 6, is replaced by an effective 
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S,( T )  in those relations. These so-called “temperature-dependent” phase shifts 

S,( T )  are  commonly used in multiple scattering theory, because the effect of 

thermal vibrations is felt again and again at each scattering in a chain of 

scatterings. 

T h e  product e - M j ( 0 ) ,  shown as 1 j (0 )  1 in Figure 2, has a marked lobe 

structure in its angular dependence. There is always a pronounced lobe of strong 

scattering amplitude in the forward-scattering direction (0 = 0). This  lobe 

becomes narrower (more forward-focused) with increasing kinetic energy, 

becoming quite narrow (a few degrees) at cnergies above lo00 eV. High 

temperatures also favor a narrow forward scattering lobe since the Debye-Waller 

factor attenuates forward-scattering less than large angle scattering. In addition, 

there is usually a lobe centered on the back-scattering direction (0 = T). A t  low 

energies (-10 eV) this lobe is wide and comparable in strength to the forward 

lobe, yielding nearly isotropic scattering. But  a t  higher energies the back- 

scattering lobe rapidly loses strength, while also becoming narrower. Finally 

there are one or more side-scattering conical lobes which are usually of a strength 

comparable t o  or smaller than the back-scattering lobe. These become more 

numerous and narrower with increasing energy. Between lobes there may be 

directions with vanishing scattering amplitude, when accidental cancellation of 

partial scattered waves occurs. 

3.4.4. Multiple electron scattering 

We have just described electron scattering by a single atom. T h e  main 

feature t o  remember is the pronounced forward scattering within a more or less 

narrow forward cone, which occurs especially a t  the higher energies. T h e  

implications for multiple scattering are as follows. 

A t  low energies (-10 eV) the scattering is relatively isotropic and relatively 

strong, so t h a t  scattering in any direction is likely t o  be followed by scattering 

from another atom t h a t  finds itself in the electron path. In fact, several 

successive scatterings are quite possible, especially with heavy (high-Z) atoms, 

which scatter most strongly. This  includes the possibility of repeated back-and- 

forth scattering between two or more atoms, which is, when the interference is 
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constructive, similar to a negative-ion resonance in a molecule. With such strong 

multiple scattering, a perturbation expansion in terms of the number of 

scatterings will often fail to converge and a self-consistent solution is then 

necessary. 

A t  higher energies, back-scattering and side-scattering become increasingly 

less probable, leaving mainly forward-scattering, which itself remain quite strong. 

Even for very high energies, e.g. in HEED or EM at E N 10-1000 KeV, multiple 

scattering is still important. But  now all scattering paths remain bundled within 

a few degrees of the incidence direction. 

These facts explain many differences between surface-sensitive techniques. 

Those techniques which use low kinetic energies, such as LEED, ELS, HREELS, 

ARAES, ARPES and NEXAFS, require a rather complete multiple scattering 

treatment. Some perturbation theories d o  apply to them but  close attention to 

multiple forward-scattering as well as to several back-scattering events remain 

essential. Techniques using higher energies split up in two groups. The  fine- 

structure techniques, such as (S)EXAFS, EAPFS,  SEELFS and EXELFS, rely 

almost exclusively on the (weak) back-scattering from neighboring atoms to the 

emitting atom. Forward-scattering, though strong, is largely irrelevant in this 

situation (this is enhanced by angle-integrated detection, which averages over 

many exit directions). Other high-energy techniques are  much more sensitive t o  

multiple forward scattering events, e.g. MEED, HEED, E M  and ARPEFS 

(partly because of their angle-resolved detection mode in the forward direction). 

We shall next describe several formalisms used to calculate the effects of 

multiple scattering. We s ta r t  with the most accurate formalism in common 

usage and then introduce simplifications and specializations. 

Within the muffin-tin model of spherical scatterers, all multiple scattering 

can be properly included with the Green function formalism. We already have 

given the t-matrix for scattering by a single atom. I t  is now necessary to describe 

the propagation of the scattered spherical waves in the “near-field” region 

(without asymptotic forms). Consider the propagation of a wave of angular 

momentum quantum number L E (l,m) from an atom at location ri to an atom 

at location r j .  This  wave can be expressed in terms of spherical waves 

L’ E (1(,m’) incident on atom j with amplitudes given by the Green function 
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Here k = I k I and L ,  = ( l l ,ml)  extends over all values of I ,  and ml compatible 

with L and L’, namely such that  I 1 - ( I 5 I ,  5 1 + ( and m + m’ = M , .  This  

compatibility is manifest as non-zero values of the Clebsch-Gordon (or Gaunt)  

coefficients 

With the t-matrix and the Green function we can represent any multiple- 

scattering path explicitly. For instance, scattering by atom 1 to atom 2, then 

back to atom 1 and on to final scattering by atom 3 yields a scattering amplitude 

of 

where one should read from right to left (in the fashion of matrix multiplication) 

and where the superscripts on the t-matrices allow the different a toms to have 

different scattering properties. When strong multiple scattering occurs, the 

contributions from all such scattering paths should be included. This  can be done 

self-consistently by replacing the infinite series due to longer and longer 

scattering paths  by a matrix inversion./73/ T h e  result is the following expression, 

for diffraction by a set of N atoms labeled i = 1,2, . . . ,N. 

T’ 
T2 

T N  

Here ti, Ti, G’j and I are matrices indexed by L = ( l ,m)  and L’ = ((,m‘); I is the 

unit matrix. A multicenter expansion is used, i.e. the  spherical waves are 

centered on the respective atoms. The  quantity TiL* is the total amplitude of the 
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spherical wave YL tha t  leaves atom i after spherical waves YLn have initially 

impinged on every atom of the cluster and multiple scattering within the cluster 

has been taken into account. T h e  scattered wave accumulated over all terminal 

a toms i is obtained by simple addition of the T i  values with proper consideration 

of the relative amplitudes and phases of the initial wave incident of the cluster. 

T h e  dimension of the large matrix to be inverted in Eq. (8) is N(I,,+1)2, 

where I , ,  is the largest value of 1 included. This  dimension critically affects the 

required computing effort. The  number of spherical waves used, (!,,,u+1)2 is 

typically 16 to 64 at LEED energies ( I m w  is - inversely proportional to the 

electron wavelength). T h e  value of N is in general the number of atoms in the 

cluster needed to adequately account for all multiple paths involving any given 

surface atom. A t  20 eV this might be several hundred atoms, as defined by a 

sphere around the given atom and whose radius is a few times the electron mean 

free path. Thus,  matrix dimensions in Eq. (8) of the order of lo4 would be 

required within this formalism. This  is the situation for NEXAFS, ELNES and 

diffuse LEED. A similar single-center expansion approach has also been 

formulated for this problem./74,75/ I t  involves a new “wallpapering” scheme 

tha t  bypasses the larger matrix inversion of Eq. (8); instead it builds up  the 

cluster scattering properties as seen from a central atom in a shell-by-shell 

iteration, each s tep of which involves the inversion of a smaller matrix. However, 

the single-center expansion gives rise to much larger values of I , ,  (proportional 

now to the radius of the cluster instead of the muffin-tin radius) which still 

results in large computation times. 

Simplifications can be brought about whenever the surface structure has 

symmetries. Point-group symmetries help moderately to reduce the matrix 

dimensions. On the other hand, two-dimensional periodicity can help drastically 

by reducing the number N to the number of atoms within a single two- 

dimensional unit cell with a depth perpendicular t o  the surface of a few times the 

electron mean free path. For surface crystallography this is, however, not yet 

sufficient, because surface structural determination requires repeating such 

calculations for hundreds of different geometrical models of the surface structure. 

Great  computational advantage can ensue from using the plane-wave 

expansion between atomic layers. This  occurs when such a representation 

converges, which requires sufficiently large spacings between the layers. Various 
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calculational methods based on plane waves have been developed over the years, 

such as the Bloch-wave, Layer Doubling and Renormalized Forward Scattering 

methods. These have been extensively described previously in the context of 

LEED,/27,28,29/ but their use in other techniques merits further discussion here. 

In conventional LEED, the two-dimensional surface periodicity clearly defines a 

finite set of outgoing plane waves (corresponding t o  the discrete diffracted beams 

defined by the two-dimensional reciprocal lattice). Most other techniques d o  not 

share this feature -- no sharp electron beams emerge from the surface in 

photoemission, SEXAFS, diffuse LEED, etc. However, the use of angle-resolved 

detection is equivalent to defining a finite set of plane waves. This  situation has 

been described as inverse LEED or time-reversed LEED./76/ The  detector 

essentially singles out  an emerging plane wave, which, when time is reversed, acts 

like a plane wave incident on the surface. This  plane wave scatters through the 

periodic layers as does normal LEED, via the set of plane waves familiar in 

LEED, until they reach the original source of electrons. T h e  source can be a 

photoemitting atom, for instance. The  calculation need not proceed in this time- 

reversed manner, however, given the source of emission in the form of amplitudes 

of outgoing partial waves (which can be corrected for intra-layer multiple 

scattering), one can deduce the resulting amplitudes of the above-mentioned set 

of plane waves as they leave the source. From then on multiple scattering 

through the lattice proceeds as in conventional LEED using the finite set of 

outgoing plane waves defined by the direction of detection. 

Some techniques also involve a well-defined incident electron beam, even 

though the primary process at some point imparts  an arbitrary parallel 

momentum to the electrons. This  happens, for example, with energy loss in 

HREELS and ILEED, with diffuse scattering in LEED and with Auger emission in 

ARAES. In these cases the direction of the electrons leaving the surface has an 

arbitrary relationship to the incident beam direction. Up to the primary process, 

however, conventional LEED can be applied in the plane-wave representation, at 

least in the ordered par t  of the surface, using the finite set of plane waves defined 

by the direction of incidence. 
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3.4.5. Approximations in multiple scattering 

We shall now describe a series of approximations of increasing simplicity 

which have been developed to reduce computational effort required to  describe 

multiple scattering. These approximations are usually tailored to specific 

circumstances and are used only in those particular circumstances in order t o  

maintain the highest possible accuracy. 

We have mentioned the preponderance of forward scattering of electrons by 

atoms. Perhaps the earliest method used to exploit this feature was 

Renormalized Forward Scattering in LEED./27/ This  plane-wave method is a 

perturbation expansion in terms of the number of back-scatterings between 

atomic layers. I t  expressly does not count forward scatterings in the expansion. 

Instead, all forward scattering events tha t  may occur between successive back- 

scattering events are  explicitly included. This  approach is very economical and 

converges well except at the lowest energies ( - 10 eV) where multiple scattering 

is too strong (as with all plane-wave methods, a sufficiently large interlayer 

spacing is also required). More recently this ideas has  been applied to 

conventional LEED within the spherical-wave representation under the name 

Reverse Scattering Perturbation./77/ Most recently, this idea has  been adapted 

to a shell-by-shell t reatment  (as opposed to a layer-by-layer treatment),/78/ 

similar to the “wallpapering” scheme mentioned above. One then considers 

spherical waves leaving an atom or cluster and reflecting back from shells of 

neighboring atoms, including multiple scattering. This  approach is particularly 

useful when long-range order is absent or unimportant, as in NEXAFS/78/ and 

in one par t  of a diffuse LEED theory./79/ 

This  diffuse LEED theory consists of three parts: 

I )  multiple scattering of the incident electrons through the ordered region of 

the surface, yielding to a conventional LEED treatment; 

2) scattering by a defect site, e.g. an isolated disordered adsorbate, 

including multiple scattering from shells of neighboring atoms back to the defect 

site; 

3) multiple scattering on the way out  from the defect site to the detector 

through the ordered region of the surface, which corresponds to the inverse LEED 

problem. 
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Another method based on the number of back-scatterings by atomic layers 

is Beam Set  Neglect in LEED,/80/ which is particularly appropriate for 

adsorbates on simple substrates. This  method takes advantage of the fact t h a t  

some sets  of diffraction beams only affect the intensities of other beams through 

multiple scattering of third- or higher-order, therefore such sets of beams may be 

neglected. T h e  method is very efficient both large superlattice unit cells (which 

create large number of of beams, most of which may be neglected) and also yields 

a n  efficient solution to the diffuse LEED problem./79/ 

As the electron energy increases, back-scattering rapidly becomes weaker 

and multiple scattering occurs primarily within a narrow cone in the forward 

direction. This  is exploited in the chain method developed for MEED and 

R€IEED./53,54/ In these techniques, grazing incidence is normally used to obtain 

surface sensitivity and sufficient reflection. These factors favor scattering along 

chains of atoms oriented parallel t o  the surface in the direction defined by the 

incident beam. T h e  chain method uses this as a basis to calculate MEED and 

RHEED intensities exactly (allowing application to LEED as well). But  when 

back-scattering and side-scattering are very weak, they-call be selectively and 

efficiently neglected in favor of the multiple forward-scattering tha t  occurs within 

the chains of atoms. 

We next turn to the high-energy fine-structure techniques: 

EXAFS/SEXAFS, EAPFS, SEELFS, EXELFS and ARPEFS.  All but  one of 

these involve single scattering back to a source atom, resulting in interference 

modulation of the primary process (Auger emission, etc.). The  exception is 

ARPEFS,  where the source atom emits photoelectrons which are  scattered only 

once by neighboring atoms directly towards the detector (not counting multiple 

scattering which is insensitive to the structure). T h e  structural information 

stems from the interference at the detector between the waves directly traveling 

from the source atom to the detector and the waves scattered emitted from the 

source atom and scattered into the detector by different neighboring atoms. 

Furthermore, angle-resolved detection is used in ARPEFS unlike the other fine- 

structure techniques. T h e  common feature of all these techniques is high electron 

energies and a diffraction geometry which de-emphasizes forward scattering 

(although forward scattering effects have been observed)./47/ Under these 

circumstances substantial simplifications can be considered. First, single 
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scattering by neighboring atoms may be assumed. Second, one may ignore the 

finite radius of curvature of the spherical waves reaching the neighboring atoms, 

yielding the “plane-wave” or “small-atom” approximation. Third,  the radial 
e i k ~ r  

spherical functions may be given their asymptotic form -. 
r 

These simplifications lead to the following relative intensity modulations for 

ARPEFS: 

Here k is the electron momentum, a, is the scattering angle a t  the neighboring 

atom situated at position r i, I f(ai)  I is the corresponding scattering amplitude 

and 4 the  corresponding phase shift (i.e. the phase of j(ai)), while 7 is the angle 

between the polarization direction and the direct emission path t o  the detector, 

and pj is the angle between the polarization direction and the initial path of an 

electron scattered from site j .  (A Debye-Waller factor and a n  inelastic damping 

factor may be added t o  Eq. (9)). This  expression may involve many terms j ,  one 

for each neighboring atom which contributes. Neverless the expression remains 

simple to analyze in many circumstances. Namely, by suitable choice of the 

energy, which affects /(ai),  and polarization direction, most terms can be made 

negligible. Then it becomes relatively easy t o  extract the structural information 

in the form of the path length differences r j  (l-cosai). With the energy scans of 

ARPEFS, Fourier transformation of the k-dependent d a t a  is sufficient, although 

some care with d a t a  manipulation is required. In particular, the phase shifts $h 

have to be known from theory. There is also controversy about whether the 

plane-wave approximation is adequate in ARPEFS. 

With the other fine-structure techniques (EXAFS, S E W S ,  EAPFS, etc.), 

the  above mentioned approximations lead t o  the following general relationship 

for the intensity modulation at the detector: /41,42,43/ 
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Here 6, is the phase shift of the central atom for a partial wave of angular 

momentum I ,  while N j  is the number of identical a toms at a distance rj. (Here 

again a Debye-Waller and an inelastic damping factor may be added; also a 

polarization dependence may be included for EXAFS and SEXAFS.) Fourier 

transformation can yield the distances r with proper care. In this case the phase 

shifts are usually obtained from EXAFS results for bulk materials where the 

phase shifts are determined from the interatomic distances known from x-ray 

diffraction. Alternately, the phase shifts may be computed as is done in LEED. 

Note that  multiple forward scattering in not included in Eq. (10). 

3.4.6. Photoelectron emission 

T h e  first s tep in photoemission (and some other techniques) involves photon 

propagation through the surface region t o  the location of the electron excitation. 

3.4.7. Photon propagation 

T h e  propagation of electromagnetic waves in bulk solid materials and in 

molecules is well understood. This  understanding is appropriate for bulk 

EXAFS, for instance, but  not necessarily for surface studies. T h e  situation of a 

solid surface has only been studied recently in terms of atomic-scale phenomena, 

as is required by techniques such as photoemission. Although photons typically 

penetrate to a depth of about 1 pm into the metal surfaces of interest, the  only 

important photon-induced excitations occur within the electron escape depth of 

about 5 to 10 A. Therefore, the shape of the electromagnetic fields should be 

known in this near-surface region of a few atomic layers. 

I t  has been found tha t  for photon energies near and below plasmon energies ( - 20 eV) and near other excitations, the electromagnetic fields are quite 

structured, both as a function of depth from the surface and as a function of 

energy./81/ For  any quantitative structural studies, this situation is to  be 
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avoided. However, at all other photon energies, the fields are quite uniform and 

well described by the macroscopic bulk dielectric theory./82,83/ There remains, 

neverless, the unanswered question of where exactly to locate the boundary 

between solid and vacuum, especially in the case of adsorbed layers: at the 

substrate-overlayer interface, or at the overlayer-vacuum interface or elsewhere. 

It has been estimated that  this uncertainty leads t o  errors which d o  not exceed 

approximately 20% in absolute emission cross-sections and which d o  not vary 

when the polar incidence angle with respect t o  the surface normal is kept 

constant ./82/ 

To summarize, for photon energies above the plasmon energies (and away 

from other  excitation energies), the electromagnetic fields can be described 

adequately with macroscopic dielectric theory. 

3.4.8. Photoemission matrix elements 

The  cross-section for photoexcitation from an initial s ta te  lLi to a final s ta te  

Gf is: /81/ 

is the transition current density and A(r) is the vector potential of the photon 

field. Assuming t h a t  A(r) is spatially constant within the surface, one obtains the 

following dipole matrix element, written in the single particle model using the 

electron potential V(r): 

E f  being the kinetic energy of the emitted electron. 
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In the case of photoexcitation from a bound s ta te  Gi of a single a tom cr with 

a muffin-tin potential, one obtains/82/ the following amplitudes for out  going 

spherical waves L = ( l , n z ) :  

I A.VV(r) Gi(r) e x 17Jr - R,) - - 
27r mc (E , -EJ  

where the 6; are the phase shifts of atom a, the  j ,  are Bessel functions and the 

R /  are the normalized radial par ts  of the solutions to SchrBdinger’s equation 

inside atom (Y at energy E,. If Gi is an atomic core s ta te  with quantum number 

1), then the photoemission dipole selection rule (implicit in Eq. (13)) implies tha t  

1 = f 1. Usually, one of the two outgoing values of 1 is by far dominant, as is 

the case in the gas phase. 

Once ML has been computed, one knows the electron waves leaving the 

source atom and one can proceed to calculate the electron propagation through 

the surrounding medium, as described in preceding sections (this is the inverse 

LEED problem). It should be recalled that  in this subsequent propagation, 

scattering by the source atom itself may occur. This  is usually treated as if the 

source atom had already completely relaxed to its initial condition, i.e. as if the 

hole left by the emitted electron had already been filled. This  assumption does 

not appear to impair the ability to perform structural determination with 

photoelectrons. 

3.4.9.  Auger electron emission 

T h e  transition matrix element needed to describe Auger electron emission 

corresponds t o  the process in which an electron is ejected as a result of the filling 

of a deeper lying empty level by another electron. This  process can be localized 

on one atom or involve neighboring atoms, especially if valence and conduction 

levels are involved. T h e  Auger matrix element is/84/ 
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where +c, Ge, 111 and$2 are  respectively the wave functions of the core hole being 

filled, the emitted Auger electron and the initial s ta te  wave-functions of the two 

participating electrons. I t  is rather difficult to evaluate this matrix element, 

especially in the solid s ta te .  In the gas-phase atomic state, some results have 

been tabulated./69/ However, the difficulty of obtaining reliable values for the 

solid s ta te  is such tha t  few at tempts  have been made./67,68/ In addition, there 

are  no selection rules t h a t  limit the number of excited partial waves. Therefore, 

in ARAES the amplitudes of the outgoing partial waves have usually been left as 

adjustable parameters; and their relative phases have been neglected by assuming 

incoherent emission into the different partial waves. This  inconvenient situation 

is a major cause for the infrequent use of ARAES in surface structural 

determination. While some success has been achieved in understanding the 

angular dependence of AES (and to a limited extent some structural 

determination has resulted),/67,68,71/ rather more accuracy is needed to achieve 

structural results tha t  can compete with other techniques. 

Note tha t  in AEAPS-EAPFS, the Auger process is not the primary process 

which is modulated by fine structure since the energies involved in the Auger 

process are  constant. Given the angle-integrated defection mode in EAPFS,  the 

Auger step, therefore, need not be described in any detail. 

3.4.10. Inelastic electron-electron scattering 

T h e  matr ix  element for inelastic electron-electron scattering is given by the  

following golden-rule expression (spin-averaged): /85/ 
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Here < . . . > indicates an average over the possible magnetic quantum numbers 

of the core-hole; E,  is the core-hole binding energy; re represents the quantum 

numbers of the core electron, and k,, k, and El, E ,  correspond t o  the 

momentum and energies of the electrons in the final state. T h e  + and - 

subscripts indicate the  symmetry of the wave-functions under exchange of the 

spatial coordinates of the two electrons; N, is the number of scattering sites, and 

k, is the Fermi momentum. The  above expression is applicable in particular to 

the primary process of EAPFS. No strict selection rules emerge in this situation, 

but a “pseudo-selection rule” does exist:/85/ for nodeless core wave-functions, 

both final s ta te  electrons in the dominant channel have angular momentum 

increased by one over tha t  of the core state, at least for incident energies which 

d o  not exceed the ionization threshold by 500 eV. In addition, it is found tha t  the 

dipole component in a partial-wave expansion of the Coulomb interaction 

dominates the matrix elements. 

Phase shifts calculated following the above formalism are incorporated into 

the Fourier-transformation of the experimental EAPFS oscillations, together 

with phase shifts for back-scattering from nearby atoms./31/ This  allows the 

bond length to be determined with an accuracy on the order of 0.02 A. 
At the high energies E of SEELFS/32,33/ and ELNES,/66/ the final s ta te  

has only a single “active” electron (the incident electron). One obtains then, for 

momentum transfer q,  a differential cross-section/33/ 

where gL = 

approximation is valid when the  momentum transfer q is sufficiently small. As a 

result, one obtains a situation very similar to tha t  of (S)EXAFS. By utilizing 

phase shifts calculated for (S)EXAFS, one may then determine/32/ near-neighbor 

bond distances with a quoted accuracy of 0.05 A. 

+ ie2 is the longitudinal dielectric function. Moreover, a dipole 



74 M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorjai 

3.4.11. Electron-phonon scattering 

W e  are  concerned here with HREELS,/Gl, G2/ where the probe electrons lose 

a small amount  of energy (5 0.5 eV) to atomic vibrations in the surface. T w o  

regimes are  commonly discussed. In the case of “small-angle inelastic 

scattering”, also called “dipole scattering”, the energy is lost to a long- 

wavelength phonon with small momentum transfer. T h e  scattered electrons are  

made to reappear outside the surface by a LEED-type scattering, which supplies 

the large momentum transfer required for reflection, thus, these electrons emerge 

within a few degrees of LEED beam directions. 

T h e  second case is t h a t  of “impact scattering”, where the lost energy is 

transferred to a vibrational mode by a localized impact (distances in the 

Angstrom range). Impact scattering can occur with small as well as with large 

scattering angles, but  is often overshadowed by dipole scattering at the smaller 

angles. LEED-type elastic scatterings can occur in addition to impact scattering, 

but  are not essential to obtain a measurable effect. However, they are 

unavoidable and must  therefore be understood./30/ 

Dipole scattering does not require an atomistic theory. A phenomenological 

theory suffices, which includes a response function dependent on dielectric 

constants. T h e  cross-section for dipole scattering based on these assumptions is 

given in Eqs. 3.7 and 3.9 of Ibach and Mills./GI/ These formulae include plane- 

wave reflection coefficients from the surface, which are  solutions of the s tandard 

LEED problem. Since dipole scattering involves essentially only forward 

scattering, it is not necessary in practice to adopt the spherical-wave picture of 

our  s tep 2 (cf. section 3.4.3), the plane-wave approach is adequate in this 

situation. 

In the  case of impact scattering, an atomistic description is essential, since a 

short-range interaction is operative. The  cross-section is then (Eqs. 3.77-79 of 

Ibach and Mills/Gl/ ) 
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where 

Here m and la are the electron mass and Planck's constant, Bin and Bout the polar 

angles of incidence and emergence, A the surface area and TI, the number of 

vibrational quanta  present (following the Bose-Einstein statistics); N is the 

number of unit cells of the surface, W, the frequency of the vibrational mode and 

the partial derivative of the atomic scattering amplitude with respect to all ae, 
the nuclear displacements occurring in the vibrational mode. T h e  latter quantity 

can be related t o  the corresponding partial derivative of the atomic scattering 

potential V(r). If Ria is the nuclear displacement of atom i in vibration mode a,  

one obtains in the Green function language (Eqs. 3.80-81 of Ibach and Mills/61/ ) 

dV R 
= <k,,, I (G + GT,G) A(l + GT,) I kin> 'Ria 'Rim 

Here V({R}) is the scattering potential for the ensemble of scaLters at locations 

Ri G is the free-space electron propagator and To the  t-matrix for multiple 

scattering of the electron by the surface. 

Eq. (17) clearly exhibits the different steps of the HREELS process: $&&, is 

the LEED wave-function of the electron before the inelastic event; gPE is the 

photo-electron propagator of the electron following the inelastic event (this 

includes all multiple scattering paths  ending a t  the detector). Both $p2JD and gpE 

provide the sensitivity to surface structure, while contains the vibrational 
dR,  

properties of the surface. Given the low energies in most HREELS experiments 

(- 5-10 eV), the multiple scattering is extremely important and complex. Only a 

full multiple scattering calculation can properly simulate the diffraction effects. 
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Nevertheless, as a function of loss energy, the widely used loss peak structure 

appears./61,62/ This  often leads to a relatively simple vibrational mode 

assignment in the case of adsorbates. 

3.5. Unifying and Distinguishing Features 

In this section, we shall emphasize some aspects of electron diffraction tha t  

are  common to or differ among the various experimental techniques mentioned so 

far. 

3.5.1. Single vs. multiple scattering 

A clarification of terminology is necessary here. In essence, we shall describe 

why multiple-forward scattering can often be neglected, leaving only single 

(back-) scattering. We recall from section 3.2 the relative predominance of 

forward scattering of electrons by atoms over scattering into other directions, 

especially a t  higher energies (this is reinforced by the Debye-Waller factor). I t  is 

important  to realize that, as a result, multiple forward scattering is always 

present. For instance, in SEXAFS, where one traditionally speaks of single 

scattering from shells surrounding the emitting atom, there is in reality also 

multiple forward scattering from one atom to the next in a radial direction, 

whether outbound or inbound relative to the source atom. This  forward 

scattering often takes the form of focusing of electrons beyond the scattering 

atom. In this case, the main effect of forward scattering, as far  as structure 

information is concerned, is to change the effective wavelength of the electron, 

which can be modeled as a changed inner potential. Otherwise, forward 

scattering does not produce a position-dependent phase change (since e’s’r = 1 for 

forward-scattering where the momentum transfer s vanishes, whatever the 

atomic position r). 

This  shows how SEXAFS can be described kinematically with a suitable 

inner potential. Since in SEXAFS the phase shifts are  usually empirically 

determined from other experiments, this corrected inner potential is already 



The State of Surface Structural Chemistry 77 

implicitly built into the phase shifts. Consequently, the multiple forward 

scattering need not be explicitly accounted for and one can use a single-scattering 

theory in a n  effective sense. 

For the same reason, LEED I-V curves for clean unreconstructed surfaces 

often have recognizable Bragg peaks, despite strong multiple scattering. These 

Bragg peaks occur a t  energies tha t  may be explained kinematically with a 

suitably adjusted inner potential, which can differ considerably from the muffin- 

tin constant of a multiple-scattering theory: the difference is due again to the 

effects of forward scattering./28/ 

3.5.2. Range of multiple scattering 

Multiple scattering samples the environment of any surface atom and gives 

sensitivity to bond angles in addition t o  bond lengths within tha t  environment, 

An important question is therefore how large tha t  environment is. T h e  

determining factors are, primarily, the mean free path and, to a lesser degree, the 

atomic scattering amplitude. At  kinetic energies of a few eV the mean free path 

can be large (> 10 A) which results in a large sampled environment. T h e  

sampling radius may then be on the order of 30 A in metals, for instance, 

including many tens of neighboring atoms. 

As the energy is raised, the mean free path goes through a minimum near 

50-100 eV and slowly increases again, while the scattering amplitude steadily but 

slowly decreases, especially in non-forward directions and when the Debye-Waller 

factor is counted in. Then the sampled environment becomes generally smaller. 

We must now distinguish between different techniques. In fine-structure 

techniques (such as SEXAFS, EAPFS,  etc.), weak back-scattering combined with 

the usual - radial decay of spherical waves limits the range of scattering to a 

few shells of nearby atoms. In techniques like LEED and ARPES, including 

ARPEFS and ARXPD, multiple forward scattering can occur along electron 

paths tha t  leave any atom toward the detector or, in the case of LEED, t h a t  

arrive toward any atom from the source. Such nearly straight paths  extend the 

1 

r2 
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sampling range relative to the fine-structure techniques. Therefore, the range of 

multiple scattering which matters  in these techniques is mainly determined by 

the mean free path. 

It is clear tha t  the larger the range of multiple scattering, the more complex 

the corresponding calculations become. But  it has been found, in the context of 

LEED calculations, t h a t  one may markedly cut  the effective range of multiple 

scattering in the less dense materials, especially in molecular overlayers./86/ 

This  approximation is valid because relatively few neighboring atoms are 

available to  interfere with the primary kinematic process near a given atom. For 

example, in a typical organic molecule, each atom has at most four near- 

neighbors, compared with a maximum of 12 within a metal lattice. One may 

approximate the calculation by including only nearest neighbors in the multiple 

scattering process. This  approach has been used successfully in LEED structural 

determination of adsorbed molecules in the method called “near-neighbor 

multiple scattering”./86/ 

3.5.3. Long- vs. short-range order 

We address here the question whether LEED samples only long-range order, 

as is often stated, rather than short  range order, as d o  most other techniques 

described here. This  is an important  question, because many surfaces will not 

take on long-rang order, and this might prevent the application of LEED. We 

shall argue t h a t  LEED remains applicable. In the case of LEED we should make 

the following distinction: on the one hand, there is sensitivity to the long-range 

order, determined by the periodic lattice which produces the diffraction beams, 

and on the other  hand, there is short-range sensitivity to local geometry, 

determined by the range of multiple scattering as discussed above. This  

distinction becomes clearest in the case of diffuse LEED from disordered surfaces. 

Then,  the  diffracted intensity can be expressed approximately/79/ as the product 

of a kinematic structure factor representing the long-range arrangement of the 

surface and an effective form factor representing the short-range structure, 

including the sampling by multiple scattering in the neighborhood of any atom. 

This  factorization into structure and form factors is exact in the limit of 

dilute identical defects in an otherwise periodic lattice, and only approximate for 
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dense defects since multiple scattering between defects is neglected. Such a 

“defect” may be a vacancy or a s tep in an otherwise periodic surface, or a 

molecule in an adsorbed layer tha t  has no long range periodicity despite long- 

range periodicity in the substrate (a “lattice gas”). T h e  error made in the 

approximation mentioned above can be shown t o  be small in most cases of 

interest, since it involves higher-order multiple scattering events, which are  

relatively weak, as well as long range multiple-scattering paths, which are also 

relatively weak. Therefore, the main contributions to LEED intensities are  due 

t o  short-range structure, through the effective form-factor, and t o  long-range 

structure, through the kinematic structure-factor, and these terms can be 

separated out .  

This  factorization into structure- and form-factors can be applied to ordered 

surfaces as well (the traditional application of LEED), it then decouples long- 

range order from short-range order. I t  is particularly valuable for large unit 

cells, because one may then simply ignore the long-range order, and also the large 

number of beams tha t  give rise to very large computational efforts in the more 

exact traditional formalisms (where all beams are considered coupled). This  

approach has  been implemented and tested in  the Beam-Set Neglect method 

mentioned previously,/80/ in which most beams are  ignored and only selected 

s u b s e t s  of beams are included in the calculation. This  BSN method has enabled 

the study of large adsorbed molecules, e.g. benzene, including cases of several 

molecules per unit cell, with a much reduced computational effort compared to 

previous methods. In fact, the computational effort in this approach may even be 

chosen to be independent of the unit cell size, instead of being proportional to its 

second or third power. T h e  same BSN method has also been programmed and 

tested for the case of disordered overlayers./79/ 

3.5.4. Various forms of disorder 

Many kinds of disorder are  known at surfaces. “Clean, well-ordered” 

surfaces present, among others, point defects (impurities, dislocations, etc.) and 

line defects (steps, crystallite boundaries, etc.). Surfaces with adsorbates or 

reconstruction-induced superlattices can have a variety of additional defects, e.g. 
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out-of-phase, rotated or mirrored domains, disordered regions, isolated ad-atoms, 

etc. Also, different adsorption geometries can occur a t  substrate defects and a t  

domain boundaries. With adsorbed molecules (including adsorbed clusters), 

internal degrees of freedom of the molecules can lead t o  further disorder, e.g. 

rotational disorder, while chemical reactions can produce a variety of coadsorbed 

species. 

Different surface-sensitive techniques respond differently to the various kinds 

of disorder. T h e  measurement of LEED beams is unique in largely filtering out  

all defects t h a t  are  unrelated to the superlattice periodicity t h a t  defines the 

beams. Other  techniques (including diffuse LEED) generally include contributions 

from all defects, for instance from adsorbates located at undesired steps and 

crystallite boundaries. Then only a reduction of the defect concentration can 

remove defect contributions from the experimental data .  Rotational disorder of 

adsorbed molecules does not mat ter  for techniques which measure only bond 

lengths, and not bond orientations. Thus, NEXAFS is more sensitive to such 

disorder than SEXAFS. 

In the presence of a variety of chemical species, one may distinguish between 

the species by various means, e.g. by selection of Auger lines in SEXAFS, or 

core-levels in ARPEFS,  or vibrational frequencies in I-IREELS. 

3.5.5. Layer spacings vs. bond lengths 

A s  mentioned earlier, the  electron diffraction techniques under discussion in 

this paper divide into two categories, depending on whether they are primarily 

sensitive to layer spacings and bond orientations or to bond lengths. T h e  cause 

of this difference is the source of the structural information. In SEXAFS and 

EAPFS,  for example, the structural information comes primarily from step 3 of 

the 4-step description, as electrons emitted from the source atom back-scatter 

from neighboring atoms. Angle-integrated detection is used, which tends to 

remove all directional information from propagation effects (step 4) and, 

therefore, leaves only radial information, mainly bond lengths. By contrast, 

angle-resolved techniques, such as LEED and ARPES, emphasize the behavior of 

plane waves. In these techniques a lot of the information comes from 
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propagation effects (steps 1 and 4 of the 4-step description). These plane waves 

carry structural information through the phase of the interference function eis'r 

where s is the momentum transfer between two plane waves. Therefore, only the 

projection of the atomic position vector r onto the direction of s is relevant, and 

this projection can be viewed as a layer spacing. When many beams are involved 

and multiple scattering occurs, many values and directions of s are used 

simultaneously, such tha t  layer spacings in many orientations are  accessible. 

This  gives sufficient information to completely determine a surface structure. 

3.5.6.  Bond angles vs. bond directions 

We have pointed out  two methods to obtain bond angles or bond directions. 

One uses the sensitivity of electron multiple scattering, as in LEED and 

NEXAFS, and the other uses variable polarization of of incident photons, 

together with selection rules, as in SEXAFS. The  first method gives access to 

bond angles, i.e. the angle between two inter-atomic bonds. T h e  second method 

gives access t o  bond directions, i.e. the absolute orientation of a bond with 

respect to a laboratory coordinate system. T h e  bond angle is the chemically 

more relevant quant,ity, which can only be obtained from the bond direction with 

additional information of assumptions. For example, the direction of the bond 

between atoms A and B only provides the bond angle between atoms A, B and C 

if the bond direction B C  is also measured or is known from previous work. 

4. T H E  THEORY OF SURFACE CHEMISTRY AND BONDING 

T h e  goal of theoretical surface chemistry is to understand the surface 

chemical bond, and from this to be able to describe and predict the properties of 

atoms and molecules adsorbed on surfaces. The  primary properties of interest 

include adsorption sites and geometries, bond lengths and angles, the electronic 

structure of adsorbed species, adsorption energies, diffusion energies, and the 
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frequencies of vibrational excitations. Other  properties tha t  may be derived 

relate to reaction pathways, kinetics, rates and selectivities as a function of the 

nature  of surface on which the reaction proceeds. Significant progress has been 

made toward this goal in the last decade using both semiempirical and ab initio 

calculational methods. 

T h e  basic approach of chemical theory t o  surface science is to model a 

surface with a cluster of a finite number of atoms, with one or more “adsorbate” 

a toms or molecules bonded to various sites on the cluster. In parallel with the 

chemical theory there is also the solid s ta te  physics approach. This  s ta r t s  from 

an “extended” surface surface model, where an array of atoms perfectly periodic 

in two dimensions represents both the substrate and any adsorbates. Many 

theoretical techniques have been developed for the extended-surface model. W e  

can only refer the interested reader to the literature/87,88,89,90,91,92,93,94/ 

and remark tha t  the relative merits of the cluster and extended-surface 

approaches are still very much under active debate. I t  is clear tha t  certain 

properties, such as bonding, a re  very localized in character and are well 

represented in a cluster. On the other hand, there are  properties t h a t  have a 

delocalized nature, such as adsorbate-adsorbate interactions and electrostatic 

effects, for which an extended surface model is more appropriate. 

T h e  cluster approach is, like the extended-surface approach, characterized 

by many different calculational schemes. A recent review stresses electronic 

aspects of bonding. In this review we have chosen to concentrate on geometric 

aspects. W e  shall discuss a number of major techniques in order of increasing 

computational complexity: the extended Hiickel theory, self-consistent Xor 

scattered wave calculations, and self-consistent ab initio Hartree-Fock and 

valence bond methods. In tha t  order these techniques allow increasing accuracy. 

However, the cluster size must  decrease simultaneously due to calculational 

complexity, ultimately reducing the degree of analogy with surfaces. 
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4.1. T h e  Extended Nnckel Theory and Applications 

T h e  most widely used semiempirical quantum chemistry technique for 

theoretical chemisorption studies is the Extended Hiickel Theory (EHT). T h e  

method was first proposed by Hoffmann/95/ in i ts  nonrelativistic form, and by 

Lohr and Pyykk8/96/ and also Messmer/97/ in i ts  relativistic form, based on the 

molecular orbital theory for calculating molecular electronic and geometric 

properties. For a cluster the molecular orbitals are expanded as linear 

combinations of atomic orbitals 

On minimizing the total energy, one obtains a set of secular equations 

IIere i and j span Lhe n atomic orbitals in the basis set of valence orbitals (core 

electrons are  neglected) and the coefficients Cij are chosen to diagonalize the 

Hamiltonian matrix. T h e  quantity Sij is the overlap integral between orbital i 

and orbital j .  E H T  approximates the off-diagonal matrix elements Hij  by the 

Wolfsberg-Helmholz formula/98/ 

where the diagonal matrix elements Hii and H j j  are  approximated as valence 

s ta te  ionization potentials (IP) for atomic orbitals on atom i and atom j .  T h e  

constant K is commonly taken as 1.75. T h e  total energy is computed as a sum of 

one-electron orbital energies 
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T h e  E H T  total energy differs from the Hartree-Fock total energy EHF by the 

neglect of the nuclear-nuclear repulsion energy E” and by the overcounting of 

electron-electron repulsion and exchange. T h e  energy difference is 

Here Jij and Kjj are  the Coulomb and exchange integrals of the i and j orbital 

pairs. T h e  sum in Eq. (24) is usually positive. 

E H T  has the advantage of being computationally an extremely simple 

method and can be applied to large clusters, up t o  a few hundred atoms. 

However, due to the neglect of repulsion terms in Eq. (24), the EHT binding 

energies for molecules are  over-estimated and bond distances are  too short./95/ 

Unrealistic electron charge transfers have also been found for diatomic molecules 

when the difference between the atomic electro-negativities is large./95/ 

Improvements can be made by calculating the ionization potential self- 

consistently/99,100/ or by evaluating the matrix elements more accurately, as is 

done in the CNDO method./lOl/ 

Here we shall discuss a simple method of incorporating the repulsive energy 

terms as suggested by Anderson and Hoffmann./lO2/ T h e  method is called 

Atom-Superposition Electron-Delocalization Molecular Orbital (ASED-MO) 

theory. I t  uses the fact tha t  the cluster binding energy can be expressed exactly 

as the sum of pairwise repulsive energies ER, due to rigid atom superposition, and 

attractive electron delocalization energies E~./103/ 

I t  has been shown/l03/ t h a t  ED can be approximated by a one-electron 

molecular orbital energy EMo: 

EASED-MO = ER + EMO 
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EMo is obtained using Eq. (21) with matrix elements 

-0.13R,, 
H i j  = 1.125 (Hii + H j j )  e si j 

Here K = 2.5 has been used in obtaining Hij .  An exponential damping factor 

depending on the inter-atomic distance Rij is introduced which often improves 

the results. ER is given as the Coulomb interaction between the nucleus of one 

atom (usually the more electronegative atom) and the nuclear and electronic 

charges of the other. I t  has been shown tha t  the simulation of two-body 

interactions in this way appreciably improves the calculated molecular binding 

energies and bond lengths./l03/ 

There is a vast literature on the application of EHT to surface chemistry 

using model clusters. There are also recent reviews on this subject./l04,105/ We 

shall discuss next specific examples relevant to chemisorption of molecules on 

metal surfaces for illustrative purposes. 

Our first example is the widely discussed problem of CO chemisorption on 

transition metal surfaces. Ray and Anderson/lOG/ investigated CO 

chemisorption on a Pt (111) surface using the ASED-MO theory. In their work, 

Pt, and Pt,, clusters were used t o  model the P t  (111) surface. T h e  bulk P t - P t  

bond distance was used and other theoretical parameters are reproduced in Table 

11. T h e  calculated P t - P t  and C-0 bond distances and harmonic force constants 

are within 8% of experimental values for isolated Pt ,  and CO. T h e  results for 

dissociation energies are less satisfactory: 94.08 and 118 kcal/mole in comparison 

with experimental values of 84.5 and 258 kcal/mole, respectively. 

T h e  calculated binding energy for CO adsorbed on Pt, and Pt,, is largest for 

the 1-fold coordinated site (“top-site”), indicating a definite preference for the 1- 

fold site. With the %fold coordinated site (“hollow-site”), there is a small 

preference for the 3-fold site which has a vacancy in the second metal layer, 

corresponding to the fcc hollow site of the (111) surface. T h e  binding energies for 

2-fold (bridging) and 3-fold sites are  similar and the former is favored on the 

larger cluster. These results are  supported by experiment. High-resolution 
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electron energy loss spectroscopy (HREELS) obtained by Froitzheim e t  a1./107/ 

for CO adsorbed on the P t  (111) surface indicates sequential occupation of two 

binding sites with increasing coverage of CO: the 1-fold site is occupied first a t  

lower coverages, and a t  higher coverages the two-fold sites are  also occupied by 

C0./108/ Infrared reflectance-absorption spectroscopy (IRAS),/lO9/ XPS and 

work function measurements/llO/ also support these results. In addition the 

experimental adsorption energy derived from molecular beam experiments (1.52 

e V ) / l l l /  is in good agreement with the theoretical value of 1.66 eV. Both the 

calculated and measured force cons tan ts / l l l /  indicate a weakening of the C-0 

bond relative to gas-phase CO when adsorbed in the 1-fold site. This  can be 

explained by charge transfer from the sd band of Pt t o  the two antibonding s* 

Table 11. Extended Hiickel Parameters  for CO-Pt 

orbi t  a1 atom n IP(ev) s C 

S Pt 6 9.0 2.55 

0 2 28.48 2.246 

C 2 20.00 1.658 

P Pt 6 4.96 2.25 

0 2 13.62 2.227 

C 2 11.26 1.618 

d Pt 5 9.6 2.39 6.013 

0.5715 

0.6567 

Here n = principal quantum number, IP = ionization potential, s = 

orbital exponent and C = d-orbital coefficient. To mimic self- 

consistency in adsorption studies P t  ionization potentials a re  in- 

creased by 1.5 eV, 0 and C ionization potentials are  decreased by 1.5 

eV, and 0 exponents are decreased by 0.1 eV. 
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CO orbitals. T h e  calculated bond stretch is 0.07 A. On going t o  the 2-fold and 

3-fold adsorption sites, the C-0 force constant is progressively weakened and the 

C-0 bond lengthened. 

T h e  interaction of adsorbed CO and adsorbed oxygen has also been studied 

to estimate the energy of activation for the oxidation of CO on Pt (111) surface. 

Two mechanisms have been proposed: the Langmuir-Hinshelwood mechanism 

and the Eley-Rideal mechanism. In the Langmuir-Hinshelwood mechanism, the  

associatively adsorbed CO interacts with adsorbed oxygen. T h e  activation 

energy for oxidation is calculated as 1.6 eV for the transition s ta te  geometry. 

This  is in reasonable agreement with experimental results of 1 e V . / l l l /  In the 

Eley-Rideal mechanism, the CO molecule dissociates on the surface and only then 

interacts with the adsorbed oxygen atoms. The  calculated barrier to CO, 

formation is 1 eV greater than tha t  in the Langmuir-Hinshelwood case. Both the 

experimental evidence and the theoretical results favor the Langmuir- 

Hinshelwood mechanism. 

T h e  chemisorption of hydrocarbon molecules on surfaces presents another 

class of important and interesting systems for study. We shall discuss the case of 

acetylene chemisorption on  the Ni ( l l l ) ,  R h  (111) and Pt (111) surfaces, as they 

incorporate many features relevant to all hydrocarbon chemisorption systems. 

Gavezzotti e t  a1./112, 113/ have applied EI-IT to predict the chemisorption 

binding energies of acetylene and a number of organic fragments such as CH, 

CCH,, CCH, and HCCH on the Ni ( l l l ) ,  Rh (lll), and P t  (111) surfaces. T h e  

metal surface was modeled by a four-atom cluster, and the acetylene bond 

lcngths were held constant, although the C-C-H bond angle was allowed t o  vary. 

T h e  bond length was 1.2 A for C-C and 1.06 A for C-H. They found the behavior 

of acetylene chemisorbed on these different metals to be similar. Nil R h  and P t  

catalyze the rearrangement of adsorbed acetylene to vinylidene ( >C=C<g ), 

and Ni was also found t o  catalyze the reverse reaction. However, Ni was found t o  

be the best catalyst for carbon-carbon bond breaking in acetylene. Moreover, 

adsorbate-adsorbate interactions force the acetylene molecule t o  tilt ou t  of the 

plane parallel to the surface on Ni (loo), as shown in Figure 3. 

Anderson and Hubbard/l14/ also performed an ASED-MO calculation for 

acetylene chemisorbed on the Pt (111) surface. Various adsorption sites were 

considered in this calculation. T h e  hollow site with the C-C axis parallel t o  the 
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Fig. 9. Perspective view of acetylene over a hollow site of Ni(IOO), represent- 

ed by four N i  atoms. The C-Ni bonds are drawn to indicate geometrical relation- 

ships only, not the bonding character. 
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sides of the Pt3 triangle was definitely preferred, in agreement with the HREELS 

analysis of Ibach and Lehwald,/ll5/ (see Figure 4). In most sites the C-H bond 

axes rotated away from the surface by about 55 O and the C-C bond lengthened 

by about 0.3 A relative to the gas-phase. This  is in agreement with the bending 

results of Gavezzotti e t  a1./112/ as well as the  HREELS estimates of 60" and 

0.24 A for these quantities. 

A very stable species found on several metal surfaces, including P t ( l l l ) ,  is 

ethylidyne, CCH,. ASED-MO calculations agree t h a t  the CCH, species does take 

on the structure deduced from LEED analysis, namely the C-C axis is 

perpendicular to the surface, with one carbon bonded equally to three metal 

atoms. T h e  LEED estimates of a 2.0 A Pt-C distance and a 1.50 A C-C distance 

agree well with the calculated values of 2.0 A and 1.55 A (see Figure 5). 

Ethylidyne is produced either with acetylene cc-adsorbed with H, or with 

ethylcne adsorption, both of which are unstable relative to ethylidyne. 

Structures of CCH, and CHCH, have also been calculated and were found to be 

less stable than acetylene and CCH, when chemisorbed on P t  (111). 

We conclude this section with the observation tha t  the extended Hiickel 

method can produce results in good agreement with experiments when used with 

caution and appropriate parameter searching procedures. 

4.2. The SCF X a  Scattered Wave Method 

The  self-consistent-field-Xa-Scattered Wave (SCF-Xo-SW) method was 

developed by Johnson/l16/ t o  calculate electronic energy levels and 

eigenfunctions for polyatornic molecules and solids. In this scheme, the electronic 

wave functions are solved by a multiple-scattering method, equivalent to the 

I<orringa-Kohn-Rostoker/117,118/ (KKR) method used for energy band 

calculations. The  method has also been adapted to the calculation of magnetic 

problems, by use of a spin-polarized formalism,/llg/ and to the case of clusters 

containing heavy elements, by the use of a relativistic formalism./l20/ This  

method has been used quite successfully in correlating the electronic structure of 

chemisorption systems with the observed experimental photoemission spectrum 
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Metastable acetylene on Pt (I I 1 )  

Fig. 4 .  The structure of acetylene on Pt(1ll)  as determined from HREELS 

data. The lines between atoms are drawn to indicate geometrical relationships 

only, not the bonding character. 
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Fig. 5. The adsorption geometry 01 ethylidyne on Pt(l l1) as determined b y  

LEED intensity analysis. 
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assuming known adsorbate binding geometries. It has been less successful in 

obtaining the adsorption binding energies via total energy calculations. 

4.3. SCF-Xa-SW Calculations 

T h e  SCF-Xa-SW method makes the following major assumptions. First one 

replaces the nonlocal Hartree-Fock exchange potential with the Xci local 

exchange potential that  corresponds to the average exchange potential of a free 

electron gas. T h e  exchange potential is related to the local electronic density by 

T h e  value of a varies between 2/3 ( the Kohn-Sham potential)/l21/ and 1 

(the Slater potential)./l22/ Different methods for determining the value of ci 

have been proposed. Usually the value of (Y for an isolated atom is determined by 

requiring tha t  the total energy, using the statistical approximation, should equal 

the precise Hartree-Fock energy/l23/ or the experimental value. T h e  la t ter  

takes into account the atomic correlation energy in a phenomenological way. In a 

molecule or cluster ci values are usually chosen in one of two ways. The  values of 

a characteristic of the various atoms may be used within each atomic core, and 

an average may be used in the region between atoms; alternatively, one may set 

the parameter a to a universal value in all regions. /124/ Using the statistical 

approximation, no Slater determinant is required for the electronic wave 

functions. Instead, we have a one electron equation 

where V(r) = V,(r) + Vxa(r) and V, is the Coulomb potential. Once the 

eigenvalues and eigenfunctions for this problem are determined, one assumes tha t  

the orbitals of the lowest energy are occupied up t o  a Fermi level. From the 

resulting charge densities, one may compute the total energy of the cluster, using 

the statistical approximation for the exchange-correlation energy. 
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T h e  second assumption of the SCF-Xa-SW method is the introduction of 

“muffin-tin” approximation to the potential. Each atom j in the cluster is 

represented by a sphere of radius b where the inside of these spheres constitutes 

the secal led region I. T h e  potential Vi(r) in each sphere is spherically 

symmetric and nonoverlapping in the original SCF-Xa-SW method. Later, 

overlapping spheres were introduced t o  improve the results of total energy 

calculations./l24/ T h e  entire cluster is then surrounded by a sphere of radius b,, 

which is the smallest sphere containing all thc atomic spheres of region I. The 

outside of this large sphere defines the region 111, in which the potential V(r) is 

also taken to be spherically symmetric. T h e  space between the small spheres of 

region I and within the large sphere of region 111 defines the so-called region 11. 

Within region 11, the  potential is taken as a constant v, which is the volume 

average of Vj(r) in region 11. Assuming tha t  the position of the nucleus of the 

j t h  atom is at Rj, ( j  = 1,2, . . . ,N) and the center of the outer sphere is at R,, 

then: 

V(r) = 

Vi(rj) region 1; 
V region 11; 
Vo(r,) region 111; r, = I r - R, 

r J . = 1 r - R 
- 

The self-consistent field calculation requires tha t  as a first approximation Vj be 

calculated for each atom j with its associated atomic electron density. T h e  total 

potential V is then obtained as a superposition of the atomic potentials: 

N .  
V(r) = C VJ(rj) 

j - 1  

Next the total potential is made spherically symmetric within each atomic sphere 

and in region 111. T h e  constant potential v in region I1 is obtained by 

where R, is the volume of the interatomic region. It should be noticed tha t  the 
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potential in each atomic region includes not only the contribution of the atom 

located at i ts  center but also the spherically averaged contribution from all other  

atoms. 

After constructing the X a  potentials in each region, the one-electron 

Schrgdinger equation can be solved by matching together separate solutions in 

regions I, I1 and 111, just  as in the KKR method for crystals. T h e  wave matching 

conditions lead t o  a determanental equation, which can be solved only for certain 

values of E ,  the  eigenvalues. T h e  corresponding wave-functions yield a new 

electron density, from which the procedure can be iterated. 

We will now discuss the advantages and disadvantages of the SCF-Xa- 

Scattered Wave method. T h e  ab initio approach is the major advantage of this 

method, while i t  has the flexibility of semi-empirical methods through the 

incorporation of adjustable parameters such as cy and the muffin tin radii. I t  also 

need not t reat  the core and valence electrons separately: both are handled as 

parts  of the same calculation. On the other hand, the unrealistic “muffin-tin” 

approximation is disadvanta.geous in tha t  the bonding between atoms in the 

constant potential region is overestimated./l25,126/ This  results in unreliable 

total  energy values. Although overlapping atomic spheres/l27/ and non muffin- 

tin corrections/l28/ have been introduced to compensate for this problem, such 

corrections increase the computational work considerably. 

This  shortcoming is avoided in the Hartree-Fock-Slater method by removing 

the muffin-tin approximation./lf8/ This  will be discussed in section 4.5. T h e  

SCF-Xa-SW method has nevertheless been able t o  score successes in the 

determination of surface structures. This  success comes from the sensitivity of 

the calculated surface density of s ta tes  (DOS) to the surface geometry. It is t rue 

t h a t  the orbital energies obtained by the SCF-Xa-SW method contain unwanted 

self-interaction energies and are different from the HF orbital energies./l29/ 

However, by using Slater’s transition-state theory,/l28/ which assumes tha t  % 

electron is in the initial-state orbital and !4 electron is in the final-state orbital, 

one obtains good X a  orbital energies, since the self-interaction terms partially 

cancel, and most of the relasation energy is included. In this way good 

agreement between the calculated DOS with a given adsorbate geometry and the 

experimental photoemission spectra is often obtained, so t h a t  the most favorable 

adsorbate geometry may be determined. However, the interpretation of 
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experimental photoemission spectra presents its own complications, which can 

induce uncertainties in structural determinations. We shall discuss recent 

applications of this method in the next section. 

4.4. Results of the Xa-Method 

Determination of the adsorbate bonding geometries for CO chemisorbed on 

the Cu (100) surface provides an interesting example of the Xa-SW method. 

This  example illustrates the problems of interpreting photoemission spectra, since 

the location of CO on Cu(100) is found t o  be on a top-site by LEED, while Xa- 

SW calculations either favor a 4-fold hollow site or are  inconclusive. Yu/130/ 

has  carried out  calculations for CuCO and Cu5C0 clusters with CO bonded to 

the Cu surface through the carbon atom. In CuCO the CO molecule was put  

directly on top of a C u  atom and in C u 5 C 0  it was located in the four-fold 

coordinated hollow site, simulating CO adsorbed perpendicular to the (100) 

surface. T h e  calculated valence density of states for the four-fold adsorption site 

gives a satisfactory interpretation of the two main peaks observed below the 

copper d-band in the U\’ photoemission spectrum (UPS)./l31/ An observed weak 

third peak can be correlated with a minority of CO molecules adsorbed directly 

on top of a copper atom. 

Messmer and Lamson later calculated core and valence photoemission 

spectra using the Xa-SW method and offered another explanation for the CO-Cu 

(100) UV photoemission spectra./l32/ They pointed o u t  tha t ,  in addition to the 

main photoionization transitions, the outgoing electron can also excite valence 

electrons. Assuming tha t  a Cu5 cluster with CO bonded in a four-fold 

coordinated hollow-site models the Cu (100) surface, they obtained theoretical 

DOS to compare wit,h the experimental UPS of Norton e t  a1.133 

T h e  experimental spectrum was resolved into four peaks. T w o  of these are  

assigned to three shake-up transitions labeled ln+, 40, and 50+ arising from a 

hole in each of the l n ,  50,  and 40  orbitals. A third peak is assigned to the In  and 



96 M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorjai 

50 ionizations and the fourth peak to the 4 0  transition. Messmer and Lamson 

conclude tha t  CO adsorption in the four-fold symmetric hollow site is sufficient 

to explain the observed UPS data .  

A theoretical interpretation of the core-level satellite structure in the x-ray 

photoemission spectrum was also offered by Messmer e t  a1./134/ using a larger 

Cu&O cluster and assuming the chemisorption of CO in the one-fold and four- 

fold sites of the Cu (100) surface. T h e  qualitative differences in the intensity 

distributions suggest tha t  the CusCO cluster is a better model than the smaller 

Cu5C0 cluster for the Cu (100) surface. 

A three-peak structure of the carbon 1s x-ray photoemission spectrum for 

CO chemisorbed on Cu (100) is obtained experimentally. T h e  structure is from 

the photoionization of a carbon 1s electron, where three final ion s ta tes  with 

roughly the same energies but different degrees of hole screening are  excited. 

These differences in hole-screening lead to the observed differences in the carbon 

1s binding energies. 

A molecular orbital study using the Xa-SW method suggests t h a t  the first 

peak in the experimental XPS d a t a  arises from a transition between the ground 

s ta te  of the neutral chemisorption system and a final s ta te  in which a core hole in 

the CO molecule is created, together with the transfer of an electron from Cu to 

the Sfb-orbital of the chemisorption sysOem. T h e  other two peaks are caused by 

shake-up excitations from this core-hole-ion ground state. One of these two 

peaks can be viewed as a transition from this ground s ta te  ion to an excited-state 

ion via an excitation of electron from the 2eb-orbital to the higher energy 2fa-  

orbital. T h e  other peak is described as a one-electron excitation from the I f '  

level to the 2 i '  level. Unfortunately the core level shake-up spectra calculated for 

the 1-fold and 4-fold sites are qualitatively very similar, and this rules out  a 

definite conclusion regarding the CO binding site on the Cu (100) surfaces. 

Another way of making geometric structural determinations with Xcr-SW 

calculations is to compare the adsorbate photoemission energy level shifts with 

theoretical level shifts obtained with the assumed binding geometries. An 

example is the adsorption of ethylene (C,H,) on Ni (111). 

In the so-called mbonded model, the C,H, molecule lies flat on the surface 

and a a-bond is formed by the overlap of the Ni dz2 orbital and the C,H, b3"(r)- 
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orbital, which donates charge to the nickel atoms. T h e  “?r-back-bonding” refers 

to charge transfer from the Ni d,,,,,-orbitals into the unoccupied C,H, bzr(?r)*- 

orbital. UPS spectra show an ethylene derived ?r-level with a bonding shift of 0.9 

eV for adsorption on Ni (lll), in addition to a relatively uniform relaxation shift 

for both the ?r- and a-type orbitals./l35/ T h e  Xa-SW calculation of Rdsch and 

Rhodin/l36/ for the Ni,(C,H,) cluster gave a 0.72 eV bonding shift for the 

C,H, b3,  (T) orbital of the ?r-bonded complex and a 0.30 eV shift in the di-0- 

bonded complex. 

Howard and Dresselhaus later did calculations for the ?r-bonded model using 

a Nil, cluster and found t h a t  the level structure as a whole exhibits slow 

oscillations in energy from iteration to iteration./l37/ An accurate level shift 

cannot be determined without artificially shifting and aligning the calculated 

Fermi energy with the experimental one for the chemisorption system. T h e  

resulting level structure can explain the reported activation energy difference for 

ethylene hydrogenation on paramagnetic and ferromagnetic nickel. I t  is due to 

shifts in the Ni spd levels relative t o  the ethylene b,, (T) bonding orbital level, 

via an exchange splitting of - 0.1 eV. 

Finally we discuss the case of CO bonding to a platinum (100) surface using 

the relativistic version of the XCU-SW method./l38/ Adsorption in the top, bridge 

and four-fold hollow sites with the carbon atom bonded to the metal were 

examined for PtCO, Pt,CO and Pt,CO clusters, respectively. In general, the s- 

band in the transition metals hybridizes with the d-band and at the same time 

participates in bonding with an adsorbate. However, its hybridization with the 

d-band is sufficiently weak so the general appearance of the latter remains intact. 

When relativistic spin-orbit coupling is included the d-band splits into 

d312 and d612 components. Strong d3l2-d5,, hybridization is observed only for 

the sp  or spd orbitals, which are largely responsible for bonding among the Pt 

atoms. Upon addition of the CO molecule, the metal bands undergo different 

changes in each model cluster. In all cases, the s-band which overlaps the d- 

band, and which participates in bonding as well as back-bonding with CO, is 

partially depleted in the d-band region. T h e  orbitals responsible for bonding 

between CO and Pt clusters are the 50 and 2 ~ *  in the generally accepted bonding 

picture of 5a donation and 2w* back-donation. T h e  energy position of the 50- 

orbital with respect to the centroid of the d-band remains fixed for all three 
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clusters. In all cases the C-Pt bond involves at least one antibonding orbital. In 

the Pt&O cluster, but  not the other two, one of these antibonding orbitals is 

occupied. Thus,  qualitatively, we expect the four-fold site t o  have the lowest 

binding energy among the three sites considered for CO-Pt (100). This  prediction 

is confirmed by HREELS observations. 

In the two previous sections, we have discussed the use of the basic SCF- 

Xa-SW method. T h e  advantage of this method is its computational efficiency 

relative t o  other  ab initio methods which allows larger clusters t o  be handled. 

T h e  disadvantage is the inadequacy of the “muffin-tin” approximation for 

systems with low symmetry or open structure, which renders the determination 

of orbital energies and total binding energies unreliable. In the following section 

we shall describe an improved method which relaxes the “muffin-tin” 

approximation and is potentially valuable in adsorbate s t ructure  determination. 

4.5. T h e  Hartree-Fock-Slater Method and its Applications 

In the Hartree-Fock-Slater (HFS) method, one solves the X a  one-electron 

equation (Eq. (21)) directly without using the muffin-tin approximation. Various 

approaches can be taken. The  scheme called discrete variational linear 

combinations of atomic orbitals (DV-LCAO) uses Slater type orbitals (STO) as 

variational basis functions./l39/ T h e  charge density required to calculate 

V, and Vxa is cast into a STO-based multipolar form by applying a fitting 

procedure to each product of orbital pairs. Highly accurate results can be 

obtained, but  the large basis sets are  only treated with difficulty. Alternatively, 

the discrete variation self-consistent charge (DV-SCC) scheme uses numerical 

atomic-like wave functions as variational basis functions./l40/ Since these 

numerical basis functions can be chosen to form a computationally highly 

efficient contracted basis set, larger clusters may be treated. To facilitate the 

calculations, a shape approximation to the charge density is obtained through a 

Mulliken population analysis/l41,142/ of the cluster eigenvectors which leads to 
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spherically overlapping charge densities and Coulomb potentials. Generally DV- 

SCC results are  found to be of intermediate quality, between Xa-SW and full 

potential DV-LCAO results. 

An example of such an application is the calculation of molecular ionization 

energies for oxygen chemisorbed on Ni (100) surfaces using the DV-SCC method. 

A Ni,O cluster was used to model chemisorbed oxygen in the ~ ( 2 x 2 )  configuration 

in four-fold symmetric hollow sites on the Ni (100) surface. T h e  vertical distance 

of the oxygen atom to surface plane is taken as 1.7 a.u., a height near t h a t  

inferred from LEED data .  All 148 electrons of Ni50  were explicitly treated with 

a = 0.7 and basis sets including the 4 s  and 4p nickel states. At  this height the 

oxygen valence levels ( u and 7r type) are strongly perturbed by mixing with the 

metal 3d,  4s, and 4p orbitals of a ,  and e symmetry. T h e  12e orbital of the Ni50  

cluster, which has a dominant oxygen 2p character, was found t o  have a binding 

energy of 10.8 eV. T h e  UPS spectra of Eastman and Cashion/l43/ and the ion 

neutralization spectra of Hagstrum and Becker/l44/ for oxygen on Ni (100) show 

a broad peak ( - 2 eV wide) centered 5.5 - 6.0 eV below the Fermi energy. This  

corresponds well to the calculated oxygen 2p level. In addition, some high lying 

(4.7 eV above the Fermi energy) antibonding levels can be correlated directly 

with the HREEL spectrum obtained by Andersson./l45,146/ 

Rosin e t  a1./147/ and Ellis e t  a1./148/ have carried out  calculations using 

the DV-LCAO method for CO chemisorbed on the Ni (100) surface at various 

binding sites. They used NiCO and Ni,CO clusters for the top site configuration, 

a Ni,CO cluster for the bridge bonding configuration and a second Ni&O cluster 

for the four-fold hollow site configuration. T h e  experimental I-IREELS 

measurements of Andersson for ~ ( 1 x 2 )  CO on Ni (100) show two vibrational 

losses, which are assigned to  the Ni-C and C-0 stretch vibrations of CO linearly 

bonded to nickel a toms (top-sites)./l45,146/ At  low coverage, Andersson also 

found vibrational excitations assigned t o  CO bridge bonded t o  two surface nickel 

atoms. 

Tota l  energy calculations of sufficient precision would be able t o  determine 

the energetically favorable adsorption site. Such calculations are still much more 

difficult than the calculation of orbital energy levels and vibrational frequencies. 

Values of the Ni-Ni bond distance were chosen to correspond t o  the bulk crystal 

structure. In the DV-LCAO calculations the C-0 and C-Ni bond distances were 
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taken from known nickel-carbonyl bond distances./l49/ T h e  results showed tha t  

one-electron binding energies in these clusters are relatively insensitive t o  the site 

geometry. T h e  comparison between the theoretical and experimental stretching 

frequencies for chemisorbed CO did not provide firm evidence for one specific 

chemisorption site. However, the theoretical results are sensitive to geometrical 

factors such as the Ni-C and C-0 bond distances, and the possible variation of 

the CO molecular axis from the surface normal. Several LEED results confirm 

the HREELS observation of top sites without tilting, and support the bond 

lengths assumed in the DV-LCAO calculations. In addition, a comparison of 

experimental angle-resolved UPS measurements /150/ with theoretical 

calculations/l51/ showed tha t  CO is chemisorbed with i ts  molecular axis normal 

to the surface within 5 '. A tilted molecule would give a split ?r level. However, 

this splitting is estimated to be quite small./l51/ 

T h e  chemisorption of chalcogen atoms on Ni surfaces has been investigated 

by many techniques (see Table VI). As a result of LEED and other studies the 

geometrical structure of chalcogens chemisorbed on nickel surfaces is well 

established. Chalcogen atoms generally adsorb in the site with maximum 

coordination on close packed nickel surfaces; 4-fold coordinated on the (100) and 

(110) surfaces, and &fold coordinated on the (111) surface. Recently Cao e t  

a1./152/ carried out  DV-LCAO calculations investigating the spectroscopic and 

bonding properties of S, Se and T e  atoms chemisorbed on Ni (loo), (110) and 

(111) surfaces. T h e  model clusters they used were Ni,S and Ni,S, for Ni (loo), 

Ni,S for Ni (110) and Ni,S for Ni (111) corresponding to the binding sites found 

by LEED. Their calculations of the variation of adsorbate energy levels with 

adatom spacing above the metal surface are in good agreement with the results of 

the LEED structural analyses. 

Finally, we conclude this section by drawing attention to the recent 

development of total energy calculations within the XCY approximation. A total 

energy algorithm specially implemented for calculating small energy differences in 

large systems has been developed by Ziegler for chemisorption studies./l53/ Ellis 

e t  al. also developed a method within the HFS approximation t o  handle this 

problem and the results for a series of clean copper clusters, namely Cu,, Cu,, 
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CuI3 and C U , ~  are very encouraging. Direct binding site determination via 

accurate total energy calculations for clusters of sufficient sizes is likely to play a 

more important  role in the near future. 

4.6. T h e  ab initio Quantum Chemical Calculation 

In the previous two sections we have discussed the semiempirical extended 

I-liickel theory and the SCF-Xa-SW method. We have detailed the advantages 

and disadvantages of these methods for surface structure determination. 

However, there exists a vast literature of ab initio quantum chemical methods 

which are  described in terms of either the molecular orbital (MO) or valence bond 

(VB) schemes for determining .the electronic and geometric structure of 

molecules. T h e  application of these methods to surface problems has advanced 

rapidly in recent years, as we shall discuss in this section. 

T h e  most commonly used ab initio method is the self-consistent field 

Hartree-Fock (SCF-HF) scheme with or without configuration interaction (CI). 

In the Hartree-Fock method, the wave function for a closed shell singlet s ta te  has 

the antisymmetrized form 

with each orbital appearing twice for the two spin s ta tes  (Y and 8. T h e  equation 

satisfied by the one-electron orbital 4i is written as 

Here he8 contains the kinetic energy operator and the electron-nucleus attraction 

interaction. J j  and Kj are the usual Coulomb and exchange operators. Eq. (35) 

can be solved by a self-consistent iteration procedure within the LCAO 

approximation. Filling these molecular orbitals up to the Fermi energy gives the 

ground s ta te  electronic configuration for the system. For open-shell systems 

when a few determinants of the form of Eq. (34) are combined, the resulting one- 
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electron equations can be solved using the multiconfiguration SCF (MCSCF) 

method. T h e  SCF-HF results neglect electron-electron correlation effects. T h e  

configuration interaction includes these effects by formulating a 

multiconfiguration electron s ta te  as 

where the ci’s are coefficients to be determined variationally. 

Numerous studies have applied SCF-HF, MCSCF and SCF-HF-CI methods 

to surface problems./154,155,156,157,158,159,160,161,162,163/ One 

particularly interesting example is an explanation of the origin of the coverage- 

dependent vibrational frequency shift for oxygen on Ni (100). Bauschlicher and 

Bagus have carried out  SCF studies for the Ni,,O and Ni,,O, clusters to model 

the ~ ( 2 x 2 )  and ~ ( 2 x 2 )  structures of 0 on Ni (loo), respectively./l64/ T h e  cluster 

contains a four-atom by four-atom square top layer and a three-atom by three- 

a tom second layer. Four oxygen atoms are located in hollow sites for the (2x2) 

arrangement and a fifth centered atom is added for the ~ ( 2 x 2 )  arrangement. T h e  

spacing between the oxygen atoms and the first Ni layer is varied. For the 

Ni,,O, cluster, the  four a toms placed at the outer four-fold sites are  given an 

equilibrium spacing determined from Ni,,O calculations where only one oxygen is 

present, centered on the square top layer. T h e  spacing of the central a tom is 

then allowed to vary. 

T h e  Ni a toms are  treated as one-electron systems in which the effects of the 

Ar-like core and the nine 3d  electrons are replaced by a modified effective 

potential (MEP) as suggested by Melius e t  a1./165/ A contracted gaussian basis 

set  is used for Ni, which includes two functions to describe the Is and one to  

describe the 4p atomic orbitals. Since a previous study/l59/ found the 0-Ni  

spacing and the vibrational frequency we insensitive to correlations in this open- 

shell system, the authors have adopted the SCF calculation scheme. To check 

the approximation of treating the Ni a toms as a one-electron system, they 

performed both the MEP and an all electron SCF calculation for the Ni,O 

cluster. They found that  the M E P  spacing is 0.37 A or 35% smaller than the 

all-electron value; the MEP we value is 90 cm-l or 24% smaller. Since the 3d  
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orbital extends into the valence region where the 4 s  electron density is 

substantial, a correction needs to be added t o  the MEP calculation to take the 3d  

penetration into account. This  was done phenomenologically by replacing the 

core charge of +1 by a distance-dependent ZeB(R). When this correction is 

included, the resulting spacing and we values are  in good agreement with the 

all-electron values. They found tha t  for Ni,,O, the spacing is 0.83 A and for 

NiZ5O5 it is 0.72 A. T h e  we values are 400 and 315 cm-', respectively./lGG/ The  

W ,  values measured in HREELS experiments are 430 and 310 cm-' for ~ ( 2 x 2 ) -  

Ni(100)-0 and c(2x2)-Ni (100)-0. T h e  spacings obtained from EXAFS 

experiments are 0 .86H.07  A for both p(2x2)-Ni (100)-0 and c(2x2)-Ni (100)- 

0. /167/  LEED analyses have yielded a spacing of O.9M.1 A for both 

coverages./l68,169/ These calculations d o  not support the possibility of having 

two states, i.e., an 0 radical s ta te  for ~ ( 2 x 2 )  and an oxide s ta te  for ~ ( 2 x 2 )  

coverages. The  two s ta tes  were previously suggested by Upton and 

Goddard/l70,171/ as an explanation for the two different Ni -0  vibration 

frequencies. 

Another interesting example of MCSCF calculation is the determination of 

the oxygen binding site on Si (100). Bat ra  e t  al performed this work for a few 

model clusters for oxygen cliemisorbed at one, two and four-fold coordinated sites 

on Si,H,, Si,H,,, and Si,H, clusters./l72/ 

They attempted to  resolve the controversy regarding the dissociative 

chemisorption of oxygen on semiconductor surfaces. T h e  energy-minimized 

geometries and absolute binding energies are  listed in Table 111. Since the binding 

energy of 0, is 2.6 eV per oxygen, dissociative chemisorption is found to be 

energetically favorable and is exothermic by 3 eV. Moreover, the two-fold bridge 

site is calculated to  be more stable than the one-fold top and four-fold hollow 

sites. The  calculated interatomic distance for the on-top site, 1.64 A, is in good 

agreement with the value obtained by Goddard e t  al., of 1.69 A./173,174/ Since 

the treatment of correlation effects in MCSCF is limited, the dissociation energies 

are expected to increase when a more accurate configuration interaction 

calculation is performed. 

Comparing the calculated vibrational frequencies with the HREELS 

data/175/ also yields a reasonable interpretation. For  Si (100) at low 0, 

exposures at 700 I<, two major EELS peaks were reported, one at 1060 cm-' and 
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Table 111. Oxygen on Si(100) 

coordination 1-fold 2-fold 4-fold 

model cluster Si,H60 Si6Hl,0 Si,H,O 

spacing (A) 1.64 0.06 0.96 

bond length (A) 1.64 1.92 2.88 

energy (eV) 3.81 4.28 0.27 

we (cm-') 866 288 106 

All silicon atoms which are not involved in Si-0 bonding are 4- 

fold coordinated, with all dangling (non Si-Si) bonds taken up by 

Si-H bonds. 

the second at 866 cm-'. A third low intensity peak is at 370 cm-'. The  authors 

assigned the high-frequency peak to the top-site and the lower frequency 866 

cm-' peak t o  the bridge site. The  third low intensity peak can be associated with 

adsorbed 0, or 0 atoms in an initial or intermediate stage of oxidation of Si to 

form SiO,. 

While the above mentioned ab initio calculations produced good results for 

surface structure determinations, their computational cost is often high. In most 

formulations, the cost arises from the large number of two-electron integrals to 

be evaluated. T h e  number of integrals increases as n4 for n basis functions, so 

t h a t  computations become lengthy when large basis sets are required to achieve 

accuracy. This  places practical restrictions on the applicability of ab initio 

techniques. One possible simplifying approach is to consider exact evaluations of 

certain important  integrals in the n4 list and to approximate the remainder. 

This  idea was first applied to molecular problems by Whitten./l76/ He 

introduced the notation 

for electron repulsion integrals where g denotes an arbitrary basis function. He 

then showed t h a t  
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I [dij I d ~ l  - [dij’ I du’] I I 6  

where 

105 

Here q5ij = g i g j  and dk, = gkg, are used to approximate the electron densities 

q5i/ and 

the error bound 6 which can be calculated separately for the pair of densities 

djj and &, yielding a number of integrals proportional to n2. One can then 

obtain the approximated density by minimizing 6 with respect to all parameters 

in di j  and dij’. This  method is called the error bound method. I ts  results have 

been shown to be quite successful in many cases. 

T h e  attractiveness of this approach is due to the simple structure of 

In addition to the error bound method to approximate two-electron 

integrals, Whitten and Pakkanen also proposed a new embedding theory t o  

increase the cluster size tha t  could be used for chemisorption studies./l77/ Let us 

assume tha t  molecular adsorption is taking place at a chosen site of well-defined 

geometry. Let the adsorbate be characterized by a set of orbitals {bf} with 

energies { E ; }  and let the metal substrate be characterized by another set  of 

orbitals (4,) with eigenvalues { e l } .  For large metal clusters, the number of 

orbitals in (4,) is very large and the energy levels { E , }  are densely spaced. 

Whitten and Pakkanen proposed a so-called “localization” scheme in which the 

interaction of the adsorbate levels with the large number of metal levels can be 

described by those orbitals for which the interaction 1 <+,” I Her ] br> I is large. 

A unitary transformation can be introduced such tha t  I <&‘ I Hen I $,> 1 is 

maximized. This  procedure yields one set of functions which physically represent 

orbitals localized on the designated surface atoms, bonds between these atoms, as 

well as bonds linking the designated atoms with the remainder of the cluster. A 

second set of functions consists of so-called interior orbitals. They are  treated as 

an invariant core in each configuration for the s tep of the configuration 
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interaction. Thus,  for an n-electron chemisorption system the interior orbitals 

contribute a fixed Coulomb and exchange field acting on the n electrons included 

explicitly. 

T h e  application of the error bound method and the embedding theory may 

be illustrated by a SCF-HF-CI calculation for H, on T i  (0001)./178/ I t  was found 

by this method tha t  dissociative adsorption of H, occurs for the Ti,H,, TiloHz 

and Ti,,H, clusters. T h e  top, bridge and three-fold hollow sites were considered. 

H, was allowed to approach the surface with its axis parallel and perpendicular t o  

the surface plane and the H-H bond was also allowed to stretch. T h e  authors 

found tha t  dissociative chemisorption occurs and the most stable adsorption 

geometry is in the %fold symmetric site with H spaced 1.3 a above the surface. 

Adsorption of two hydrogens in adjacent 3-fold sites (about 1.5 A apart)  is less 

stable than in next-nearest %fold sites or more distant sites. The  calculated 

adsorption energy of 45 kcal/mol for Ti,,H, compares favorably with experiment 

(the adsorption geometry is otherwise not known, but  by analogy with Ni ( I l l ) ,  

3-fold hollow sites are likely). T h e  chemical bond involves mainly the 4 s  

electrons of the  metal interacting with the hydrogen and a polarized substrate 

electron distribution, but &electron bonding and correlation significantly increase 

the binding energy. T h e  binding energies calculated for the smaller clusters are 

in most cases a few tenths of an eV larger than those calculated for the  larger 

clusters. Similar calculations have also been carried out  by Madhaven and 

Whitten for the chemisorption of H, on C u  (100) using a Cu,H2 cluster./l79/ 

They found t h a t  H, dissociative chemisorption is activated in tha t  case. T h e  H, 

binding energies are  in the range of 13-22 kcal/mol. T h e  activation barrier is 

about 35-40 kcal/mol due to the repulsion of molecular H, by the surface and the 

difficulty of stretching H, at a significant distance above the surface. I t  was also 

concluded from these calculations tha t  the effect of the 3d-electrons, either in 

terms of direct 3d-4d mixing or in terms of 3d-4s promotion is unlikely to assist 

the  dissociation of H, on the Cu surface. 

Finally we discuss the Generalized Valence Bond (GVB) method as proposed 

by Hunt, Hay and Goddard./l80,181,182/ This is a method aimed a t  improving 

some of the H F  procedures, for instance to obtain the correct dissociation limit, 

and to partially include correlation effects. T h e  basic idea is tha t  the biabi,!3 type 

of orbitals in Eq. (34) be replaced by 
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such t h a t  each spin can have a different spatial orbital 4ja or d i b ,  instead of 

having the same spatial orbital Si for both spins. This  yields the wave function 

where x is a general N-electron spin function and the orbitals 

solved for self-consistently. T h e  dependence of the energy upon the orbital pair d 

has the form 

and 4 i b  are 

where i = a , b ;  heg is the usual H F  Hamiltonian excluding the orbital pair i, E(i) 

is independent of the orbitals in pair i and f k  is a constant which depends on the 

orbital occupancy. Separating from E(i) the terms involving the other pairs, the 

authors obtained the general expression 

which gives, upon using the variation principle 

where 
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and n is the number of distinct orbitals. J and K are the usual Coulomb and 

exchange operators from HF theory. Eq. (46) can be solved self-consistently. 

Since the GVB method allows paired electrons which have different spins t o  

occupy different spatial orbitals, some correlation is included in solving the GVB 

equation, which removes many difficulties and inconsistencies of the HF method. 

Using the GVB wave functions one can include further correlation via the 

configuration interaction in the so-called GVB-CI method. 

To illustrate applications of the GVB-CI method we shall first discuss the 

recent theoretical studies of CO on Ni (100) of Allison and Goddard./l83/ They 

investigated CO adsorption at a top site having one-fold coordination to one Ni 

metal a tom (see Figure 6). A Nil, cluster was used t o  represent Ni (100). T h e  

Ar-like core of the Ni a tom was replaced by an effective potential,/l84/ while the 

nine 3d electrons were kept frozen, producing another electrostatic potential as 

discussed previously. T h e  GVB calculation produced a CO dipole moment of 

0.124 Debye in excellent agreement with the experimental value./185/ The  best 

calculated geometry for Ni,,CO has bond lengths RNi-c = 1.94 A, Rc-o = 1.14 A 
and an Ni-C-0 bond angle of 180 ', in good agreement with LEED results. 

Calculations for CO tilted away from the normal showed this geometry to be 

energetically less favorable. T h e  dissociation energy, after correcting for the 

zero-point energy and temperature dependence of the enthalpy, is 1.29 eV. The  

binding energy obtained for the N i 4 0 C  geometry, i.e. with the 0 end toward the 

surface, was much lower, only 0.30 eV. T h e  optimum Ni-0  bond length is then 

2.03 A. T h e  GVB results agree well with the experimental heat of adsorption of 

1.30 eV found by Tracy at low coverages./l86/ Good agreement is also found for 

vibrational frequencies. The  calculated frequencies are 49.7 meV for the Ni-CO 

stretch, 264.0 meV for the C-0 stretch, and 40.5 meV for the Ni-CO bend. T h e  

calculated frequencies on the Ni&O cluster are 54.2, 258.9 and 50.9 meV for 

these modes. 

Another application of the GVB-CI method is the determination of the 

chemisorption geometries of oxygen and aluminum on the GaAs (110) surface by 

Barton e t  a1./187/ T h e  28 core electrons of G a  and As are replaced by model 

effective core potentials./l84/ 

T h e  bulk GaAs zincblende structure involves tetrahedral bonding about each 

atom. Each Ga atom is bound to four near As atoms and vice versa. T h e  
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Ni (100) t c (2x2) CO 

Fig. 6. The structure of carbon monoxide chemisorbed on Ni(100) in a 42x2) 

periodic arrangement. The carbon atoms are bonded to single metal atoms. 
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unreconstructed GaAs (110) face consists of parallel zigzag chains of atoms. Each 

G a  is bound to two As atoms in the surface layer and one As atom in the layer 

below. GVB calculations by Goddard e t  a1./188/ showed tha t  the two dangling 

bonds broken at the surface, one on a G a  atom and one on an As atom, coalesce 

into one lone pair of electrons localized on the As center. T h e  surface As has the 

character of normal trivalent As with a (4s)' lone pair. Such an As atom bonds 

to  the p-orbitals leading t o  optimum bond angles near 90".  In contrast, the 

surface Ga has three bonds with no electron in the fourth valence orbital. The  

best configuration for G a  is therefore planar, with bond angles near 120' (see 

Figure 7). Such bond angles around both G a  and As can be accommodated by a 

reconstruction involving a simple rotation of the surface zig-zag chains by about 

27 '. With such a reconstruction, the GVB results indeed gave an average bond 

angle of 119.4 O at the G a  site and 94.9 ' at the As site, consistent with the above 

local bond analysis. If we define the surface strain as the projection normal to 

surface of the total  displacement of the surface As relative to the surface Ga,  the 

theoretical value of 0.67 A is found to be in good agreement with the 

experimental value of 0.65-0.70 A obtained by LEED./189,190,191,192/ 

When oxygen chemisorbs on GaAs (110), the authors predicted t h a t  the 0 

atom would be promoted t o  the singlet s ta te ,  creating a configuration with an 

empty p-orbital prepared to accept an electron pair. They also showed tha t  the 

energy gained by the 0-As bond is larger (- 2.2eV for H3AsO) than the 

promotion energy of the 0 atom from the 3P to the 'D state .  Therefore, the only 

way oxygen can bond to the GaAs (110) surface without disrupting Ga-As bonds 

is for the 0 atoms to attach t o  As atoms. T h e  computed As-0 bond length is 

1.63 A (the As-0 single bond length is 1.8 A), in good agreement with the EXAFS 

value of 1.70fo.05 A./193/ The  calculated dipole moment and vibrational 

frequency for the As-0 bond are  1.00 Debye and 125 cm-'. Experimentally, 

(H3C)3As0 has an As-0 bond length of 1.63 A,/194/ a vibrational frequency of 

110 meV/195/ and a dipole moment of 1.14 Debye./l96/ T h e  chemical shifts of 

the G a  ( 3 4  and As ( 3 4  levels were also calculated for the As=O case. The  

authors  found t h a t  G a  ( 3 4  shifts by 0.8 eV and the As ( 3 4  shifts by 2.6 eV, both 

to higher binding energy. T h e  experimentally reported values for the core-level 

shifts are  0.8 eV for G a  (3d)/197/ and 2.9 eV for the As (3d)./198,199,200/ 
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Fig. 7. Perspective view of the structure of the GaAs(li0) surface which exhi- 

bits the 27 rotation of the zig-zag chains oJsurface atoms. 
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T h e  chemisorption of A1 on GaAs (110) proceeds in a different way. T h e  A1 

atom is an electron donor since it is not very electronegative, with a value of 1.5 

on the Pauling electronegativity scale./201/ GVB energy minimization for the A1 

position finds the A1 2.95 A above a G a  site, tipped very slightly towards an 

adjacent As (3.90 A). A t  the same time it was found tha t  the G a  site 

reconstructs (the surface strain decreases from 0.67 t o  0.55 A) leading to a 40% 

increase in net binding energy. When an A1 atom binds to a surface G a  atom, 

the G a  atom will prefer a more tetrahedral geometry to make more use of the 

electrons available for bonding t o  i ts  neighbors. This  increases the strength of 

the Al-surface bond. 

4.7. Conclusion 

T h e  techniques of theoretical surface chemistry have advanced sufficiently to 

make a significant contribution t o  the understanding of surface structural 

chemistry. Even with the simplified “muffin-tin” potential, Xa-scattered wave 

calculations d o  a good job of predicting photoemission spectra and their variation 

with adsorbate geometry. Fully self-consistent ab-initio total-energy calculations 

have been able to successfully determine the structure of adsorbate bonding 

geometries. These calculations are still very complex, and therefore limited to 

small clusters. However a number of approaches t o  increase the efficiency of such 

calculations are  being pursued, and over the next few years such work should 

make an increasing contribution t o  the understanding of surface structural 

chemistry. 

5. RESULTS OF SURFACE CRYSTALLOGRAPHY 

In this section, we present and discuss the accumulated results of surface 

structure determination. We give a comprehensive tabulation of published 

results. Only those structures which provide three-dimensional geometrical 
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information, including bond lengths, bond angles and layer spacings are  included. 

They are  brought, together in Tables IV t o  XII, classified by type of surface: clean, 

unreconstructed metals (Table IV), alloys and reconstructed metals (Table V), 

chalcogens cliemisorbed on mctals (Table VI), other a toms adsorbed on metals 

(Table VII), clean semiconductors (Table VIII), atoms adsorbed on 

semiconductors (Table IX) and insulators (Table X), carbon monoxide 

chemisorbed on metals (Table XI) and other molecular adsorption on metals 

(Table XII). It must  be stressed t h a t  not all these structures can be termed final 

or even reliable. However, the vast majority are most likely qualitatively correct. 

A variety of surface analytical techniques have contributed to these results, 

as detailed in the tables. Their names, acronyms and characteristics were 

summarized in Table  I and further described in sections 2 and 3. 

We first discuss some basic aspects of surface structures, including ordering 

principles and notations, followed by an overview of the number and types of 

surface structures tha t  have been investigated. Finally we shall highlight a few 

major trends emerging from the structural results. 

5.1. Ordering Principles 

T h e  vast majority of solved surface structures have long-range two- 

dimensional ordering parallel to the surface. This  means tha t  the structures 

periodically repeat themselves in the two surface dimensions. There are several 

reasons for this. First, single crystals have been chosen in most cases as 

substrates, exposing a simple periodic lattice as a template. Second, a surprising 

number of surface structures can be easily prepared to remain periodic on the 

experimental time scale, whether in the clean s ta te  or after adsorption of atoms 

or molecules. Third,  ordered structures are desirable for investigation because 

they provide the greatest simplicity in the interpretation of results. And fourth, 

structural determination itself is simplest in ordered cases. 

The  driving force for ordering originates, just as with three-dimensional 

crystal formation, in the mutual  atomic interactions. With adsorbates, an 

important distinction must be made between adatom-adatom and adatom- 

substrate interactions. In chemisorption the adatom-adatom forces are  usually 
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small compared to the adatom-substrate binding forces, so the adatom locations 

or sites are determined by the optimum adatom-substrate bonding. But  the 

adatom-adatom interactions still manage to dominate the long-range ordering of 

the overlayer. These interactions can be studied by examining the phase 

transitions of the overlayer as a function of temperature or coverage. 

The  surface coverage of an adsorbate is another important parameter in 

ordering. We shall use the common definition of coverage where one monolayer 

corresponds to one adsorbate a tom or molecule for each unit cell of the clean, 

unreconstructed substrate surface. Thus, if an adsorbed undissociated carbon 

monoxide molecule bonds to alternating top-layer metal a toms exposed at the 

Ni(100) surface, we have a coverage of a half monolayer. 

At very low coverages some adsorbates bunch together in two-dimensional 

islands. This  results from short-range attractive adsorbate-adsorbate interactions 

combined with easy diffusion along the surface. Other  adsorbates repel each 

other and form disordered overlayers with atoms or molecules adsorbed in sites 

of a given type (a “lattice gas”). When the coverage is increased so tha t  the 

mean interadsorbate distance decreases to about 5-10 A, the  mutual  interactions 

often strongly influence the ordering, favoring certain adsorbate configurations 

over others. As a result, the structure can develop a unit cell tha t  repeats 

periodically across the surface. This  is very evident in the LEED patterns, which 

depend directly on this unit cell. For example, atomic oxygen on Ni(100) orders 

very well at a quarter of a monolayer. T h e  oxygen atoms then occupy one 

quarter of the available “hollow” sites of Ni(100) in a square array labeled (2x2). 

When the coverage is doubled to a half monolayer, the extra  oxygen atoms 

occupy the empty hollow sites at the center of each of the  (2x2) squares, thereby 

creating a new pattern labeled ~ ( 2 x 2 )  (c-entered). The  corresponding LEED 

patterns are  fundamentally different in that  the (2x2) diffraction pattern has 

twice as many spots  as the  ~ ( 2 x 2 )  pattern, which in turn has twice as many spots  

as the  clean-surface pattern, labeled (1x1). 

Most nonmetallic adatoms will not compress into a one-monolayer overlayer 

on the closest-packed metal substrates. There appears to be a short-range 

repulsion t h a t  keeps adatoms apar t  by approximately a Van der Waals  distance. 

At tempts  to compress the overlayer further by increasing the coverage (which is 
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done by exposing the surface to the corresponding gas) result either in no further 

adsorption or in diffusion of the adatoms into the substrate, forming compounds. 

Some adsorbates d o  not form strong chemical bonds with substrate  atoms. 

This  case is called physisorption. For these adsorbates the adsorbate-adsorbate 

interactions can dominate the adsorbate-substrate interactions, and the optimum 

adatom-substrate bonding geometry can be overridden by the lateral adatom- 

adatom interactions, yielding for example incommensurate structures, in which 

the overlayer and the substrate have independent lattices. When adsorbates are  

used which physisorb rather than chemisorb (at suitably low temperatures), one 

also finds t h a t  the Van der Waals distance determines the densest overlayer 

packing. In this case, Furthermore, with physisorption a larger coverage is 

possible through multilayer formation. 

With metallic adsorbates very close-packed overlayers can be formed, 

because metal adsorbate a toms at t ract  each other relatively strongly and coalesce 

with covalent interatomic distances. When the atomic sizes of the overlayer and 

substrate metals are nearly the same, one observes one-monolayer (1x1) 

structures, where adsorbate a toms occupy every unit cell of the substrate. With 

less equal atomic radii, other structures are formed, dominated by the covalent 

closest packing distance of the adsorbate. Beyond one close-packed overlayer, 

metal adsorbates frequently form multilayers or also three-dimensional 

crystallites. Alloy formation by interdiffusion is also observed in a number of 

cases, even in the submonolayer regime. 

5.2. Notation for surface lattices 

In Tables IV t o  XI1 the substrate surface is defined by the Miller indices of 

the corresponding crystallographic plane. 

Unless there is reconstruction, this clean surface is labeled (1x1) to denote 

tha t  the surface lattice is the same as it would be if the bulk lattice were cut  

along a crystallographic plane (the “terminated bulk surface”). In the case of 

reconstruction or with overlayers, the surface symmetry and periodicity is often 

different from the (1x1) lattice. Often this new periodicity is “commensurate” 
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with the (1x1) substrate lattice, i.e. there is a simple rational relationship 

between the two lattices. Such a “superlattice” may be labeled by the notation 

c (vxw)Rcu or p (uxw)Rcu (47) 

Here v and w are elongation factors of the (1x1) lattice vectors; they indicate tha t  

the non-centered (uxw) lattice has unit cell edges tha t  are  u and w times the 

lengths of the (1x1) unit cell edges. The  quantity (Y is an angle through which the 

(1x1) lattice must be rotated t o  coincide with the superlattice (the Rcu is omitted 

when a d ) .  T h e  prefix p denotes a primitive lattice (it is often omitted), while c 

denotes a centered lattice. As an example, the above-mentioned (2x2) lattice can 

also be written p(2x2), whereas the ~ ( 2 x 2 )  lattice can be given equally by 

(d‘2xV2)R45 ’ or p ( d 2 x V 2 ) R 4 5  ’. This  *called Wood notation assumes t h a t  

the rotation angle (Y is the same between the different lattice vectors of the (1x1) 

lattice and the non-centered (uxw) lattice. For instance, i t  assumes t h a t  the 

(vx  w) lattice is rectangular when the (1x1) lattice is rectangular. (Some authors 

use the Wood notation even when the rotation angle for the two superlattice 

vectors is not the same. In this case the notation is not well defined. T h e  matrix 

notation described belch should be used for such cases.) 

T h e  more general case can be handled with a “matrix notation”, which we 

will not need here. But  there is a frequently occurring case which has  i ts  own 

notation. On a substrate with a six-fold rotationally symmetric (1x1) lattice 

(such as with fcc(ll1) surfaces), one often finds rectangular superlattices. These 

can be labeled 

indicating t h a t  the superlattice unit cell is rectangular and has edges of lengths 

v d 3  and w times the (1x1) cell edges. 
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5.3. Numbers and types of solved surface structures 

If we limit ourselves to observed LEED patterns, we find tha t  over the years 

about 2000 ordered structures have been reported./202/ Among these, perhaps 

180 have been structurally solved by various techniques of surface 

crystallography. Intensity analyses of low-energy electron diffraction have 

contributed about 150 of these. The  remaining 30 structures were obtained 

primarily with ion scattering (MEIS, HEIS), SEXAFS or photoelectron diffraction 

(hTD, ARXPS). 

A breakdown of the structural results by type of surface shows results for 

nearly 50 clean, unreconstructed metal surfaces and about 10 alloys and 

reconstructed metal surfaces. The  structures of about 65 atomic overlayers on 

metal surfaces have been determined, some 40 of these involving chalcogen 

atoms. Jus t  over 20 molecular structures have been determined for metal  

surfaces, half of these being overlayers of undissociated carbon monoxide and the 

others various hydrocarbons. Turning to semiconductors, some 13 clean, usually 

reconstructed structures were determined, against nearly 10 atomic overlayer 

structures. In addition, about 15 insulator surface structures have been 

investigated. 

5.4. Major trends among surface structures 

5.4.1. Bond length contractions and reconstructions 

A general observation at surfaces is a tendency for bond lengths to decrease 

as the bonding coordination number decreases. This  trend fits long-established 

principles (cf. Pauling), if one relates coordination number to bond order (cf. 

Mitchell). T h e  clearest manifestation is provided bond length relaxations at clean 

metal surfaces. As one compares close-packed with less close-packed surfaces of 

metals, one finds t h a t  the latter present a. smaller interlayer spacing between the 

topmost and the second atomic layers, compared with bulk values. T h e  
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corresponding bond length contraction is of the order of 2 to 3%. Moreover, the 

perturbation caused by this surface relaxation propagates a few layers down into 

the surface. In fact, there is a compensating expansion between the second and 

third metal layers of the order of 1%, and a small but  detectable change in the 

next layer. Appropriately, such relaxations are largely removed by the 

chemisorption of a toms on top of these surfaces. 

Another manifestation of bond length contractions at surfaces compared to 

the bulk metal are  certain reconstructions, where the topmost metal layer adopts 

a different structure and symmetry than the underlying layers. For instance, 

with Ir, Pt and Au(100), the interatomic distance in the topmost layer shrinks by 

a few percent parallel to the surface. I t  then becomes more favorable for this 

layer to collapse into a hexagonally close-packed layer rather than maintaining 

the square lattice of the underlying layers. Many adsorbates can reverse this 

reconstruction by removing the driving force towards smaller bond lengths. 

In the case of semiconductor surfaces, a more dominant disturbance is the 

difficulty of surface atoms to compensate for the loss of nearest neighbors. T h e  

“dangling bonds” created at the surface cannot easily be satisfied by bonding t o  

neighboring surface atoms, except through more drastic rearrangements of these 

atoms. Therefore, most semiconductor surfaces reconstruct. Major rebonding 

between surface atoms occurs in this process. The  associated perturbation 

propagates several layers into the surface until the bulk lattice is recovered. Here 

again, adsorbates can reverse the reconstruction and induce a return t o  the bulk 

structure. 

5.4.2. Atomic penetration into substrates 

Of major interest for such processes as oxidation and compound formation 

are  results tha t  show several stages of atomic penetration into the substrate 

lattice. A t  metal surfaces, this appears t o  occur mostly with small atoms: 

oxygen, nitrogen, carbon, as well as hydrogen. In some instances, as the coverage 

is increased, first an overlayer is formed (e.g. 0 on Ni(100)). Usually, the adatom 

occupies high-coordination sites such as “hollow” sites. On less close-packed 

surfaces, this site puts  the adatom nearly coplanar with the surface metal a toms 
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(e.g. 0 on Fe(100)). This  may be viewed as a single layer of the metal-adatom 

compound. T h e  next stage of penetration is illustrated by N on Ti(0001), where 

the adatom occupies interstitial sites between the first and second metal layers, 

thereby forming a three-layer film of the bulk compound TIN. Deeper 

penetration is often observed in the form of thicker compound films which show 

no trace of the structural properties of the parent metal. 

In the case of semiconductors, there is more interstitial space available for 

difTusion of adatoms into the surface. The  very few cases whose structure is 

known show, however, tha t  a substitutional arrangement may be the more stable 

equilibrium configuration. Thus,  with A1 on GaAs(110), Al a toms tend to occupy 

the original G a  and As positions. 

5.4.3. Molecular adsorption 

In the case of molecules adsorbed at surfaces, it  must be first s ta ted t h a t  

much important  information is obtained from high-resolution electron energy loss 

spectroscopy (HREELS). This  technique measures vibration frequencies of 

surfaces, in a way similar to infra-red absorption spectroscopy in the gas phase. 

HREELS allows the identification of the molecular species present on the surface, 

which no surface crystallography method can do. 

Carbon monoxide has proved a popular and convenient molecular adsorbate. 

It provides a rich variety of behavior at surfaces, while being relatively easy to 

study by various methods. Toward the left of the periodic table, metal surfaces 

increasingly tend to dissociate CO, then separate C and 0 atoms bond directly in 

individual hollow sites, as in atomic adsorption. On other metal substrates, CO 

remains intact and bonds through its carbon end t o  the surface, with the C-0 

axis perpendicular to the surface. However, the adsorption site varies 

considerably. CO most commonly adsorbs in one-fold coordinated top sites or 

two-fold coordinated bridge sites. Occasionally, three-fold coordinated hollow 

sites are also found. The  site depends on several factors: the metal, the  

crystallographic face and the CO coverage. Another factor has recently been 

found to influence the CO adsorption site -- coadsorbed atomic or molecular 

species which donate charge to the CO can shift CO to a higher-coordination site. 
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An example is the coadsorption of benzene, whose ?r-orbitals give up  charge to the 

metal and to nearby CO species. On Rh( l l1)  this shifts CO adsorption to 

t hree-fold sites. 

There is a close similarity between the bonding geometry of CO on metal 

surfaces and in metal-carbonyl complexes. In both cases, for example, the metal- 

carbon bond length increases markedly with the coordination number of the site 

where the CO molecule bonds to the metal. T h e  C-0 bond length tends to 

increase slightly at the same time, indicating a C-0 bond weakening, which is 

amplified by nearby electron donors. 

If we consider hydrocarbons at surfaces, we must set the saturated ones 

aside. These d o  not chemisorb at metal surfaces, but  rather physisorb at low 

temperatures. No detailed structural determination has been performed for 

saturated hydrocarbons on metals. However, some structures have been obtained 

using the  graphite basal plane aa a substrate (cf. Suzanne etc) which give 

information about Van der Waals packing of such molecules, but  no chemical 

reactions are  involved. 

With unsaturated hydrocarbons, whether straight-chain or aromatic, two 

basic types of surface structure can be distinguished. T h e  first consists of the 

intact molecule bonding to the metal surface by sharing its C-C multiple bonds 

with the metal. Thus, acetylene and ethylene adsorb with their C-C bonds 

parallel to the metal surface. The  C-C bond is believed to be considerably 

lengthened, indicating bond-order reduction in favor of the newly formed metal- 

carbon bonds. T h e  associated rehybridization around the carbon atoms may also 

result in the hydrogen atoms bending away from the metal. Similarly, benzene 

bonds with its carbon ring parallel to the surface, and large expansions of the C- 

C distances have been observed. Such distortions may be a forerunner of 

molecular dissociation. 

T h e  second type of structure for unsaturated hydrocarbons is the result of a 

hydrogen rearrangement in straight-chain molecules. Alkylidynes are formed, in 

which a terminal carbon bonds to three metal atoms, while the rest of the chain 

is saturated and points away from the metal (extra hydrogen atoms may be 

necessary for these species to form). These alkylidynes, foremost among which is 

ethylidyne (C,H,), are quite stable in comparison to other organic species formed 

at room temperature transition metal substrates. However, at higher 
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temperatures, a progressive dehydrogenation occurs, leaving CH and CCH 

fragments, then carbonaceous fragments and ultimately graphite and bulk 

carbides on the surface. 

Both types of hydrocarbon adsorption are also encountered in 

organometallic complexes. Here again, the geometries found at surfaces often 

correspond closely t o  those observed in complexes, including agreement of bond 

lengths and bond angles. There probably arc larger differences between surfaces 

and complexes in the relative occurrence of the various species. 
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TABLE IV. Clean Metal Structures (unreconstructed) 

(Where multiple layer spacing changes have been investigated these are 

listed in the table on successive lines.) 

Substrate Bulk Surface Expansion(%) Method 

Face Spacing(A) Spacing(A) 

Ag (110) fcc 

Ag (110) fcc 

Ag (111) fcc 

A1 (100) fcc 

A1 (100) fcc 

A1 (100) fcc 

A1 (110) fcc 

A1 (110) fcc 

A1 (1 10) fcc 

A1 (111) fcc 

A1 (111) fcc 

A1 (311) fcc 

A1 (331) fcc 

2.33 

1.23 

0.93 

1.44 1.34 

1.33M.04 

1.50M.04 

2.35 2.35M.l 

2.02 2.025M.10 

2.02 

2.052 

1.43 1.30 

1.304M.012 

1.499M.15 

1.404M.017 

1.42939.018 

1.310M.014 

1.510M.016 

1.463M.019 

1.45544.022 

2.350M.012 

2.41M.05 

1.68M.01 

1.3354002 

0.82fo.02 

0.89&0.03 

1.05M.03 

0.88M.03 

-7 

-7.6 

4.2 

0 

0.0 

0.0 

1 .o 
-9.1 

-8.8 

4.8 

-1.8 

0.0 

-8.4 

5.6 

2.3 

1.7 

0.9 

3.1 

-13.0 

8.8 

-11.7 

-4.1 

10.3 

-4.8 

LEED/l/ 

HEIS/2/ 

HEIS/3/ 

LEED/4/ 

LEED/5/ 

MEED/6/ 

LEED/5/ 

LEED/7/ 

LEED/8/ 

LEED/9/ 

LEED/lO/ 

LEED/l1/ 

LEED/l2/ 

First-layer registry shifts of N 0.06M.08 found 

(continued) 
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TABLE IV (continued) 

Substrate Bulk Surf ace Expansion(%) Method 

Face Spacing(A) Spacing(A) 

Au (100) fcc 

(metastable) 

Cd (100) fcc 

c o  (loo) fcc 

co (111) fcc 

Co (OOO1) hcp 

Co (1120) hcp 

c u  (100) fcc 

c u  (110) fcc 

c u  (110) fcc 

c u  (110) fcc 

c u  (111) fcc 

Cu (311) fcc 

Fe  (100) bcc 

Fe  (110) bcc 

Fe  (111) bcc 
Fe  (111) bcc 

Fe  (210); bcc 

2.04 

2.81 

1.77 

2.05 

2.05 

1.25 

1.81 

1.28 

2.09 

1.09 

1.43 

2.02 

0.83 

0.64 

2.04 

2.81 

1.70 

2.05M.05 

2.05M.05 

1.14fo.04 

1.785 

1.836 

1.832 

1.159 

1.305 

1.21fo.02 

1.32fo.02 

1.170fo.008 

1.307fo.010 

2.076fo.02 

1.035fo.02 

1.41fo.04 

2.04 fo.04 

0.70fo.03 

0.69fo.025 

0.75fo.025 

0.86fo.03 

0.81fo.025 

0.50fo.03 

0.57fo.03 

0.0 

0 

-4.0 

0.0 

0.0 

-8.8 

-1.1 

1.7 

1.5 

-9.2 

2.3 

-5.3 

3.3 

-8.5 

2.3 

-0.7 

-5.0 

-1.6 

0.5 

-15.4 

-16.6 

-9.3 

4.0 

-2.1 

-21.9 

-10.9 

LEED/13/ 

LEED/14/ 

LEED/15/ 

LEED/lG/ 

LEED/lG/ 

LEED/ 17/ 

LEED/18/ 

LEED/ 18/ 

MEIS/lQ/ 

LEED/20/ 

LEED/21/ 

LEED/22/ 

LEED/23/ 

LEED/24/ 

LEED/25/ 

LEED/26/ 

LEED/27/ 

(continued) 
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TABLE IV (continued) 

Substrate Bulk Surface Expansion(%) Method 

Face Spacing(.&) Spacing(.&) 

Fe  (211)' bcc 

Fe (310) bcc 

Ir  (100) fcc 

Ir (110) fcc 

Ir (111) fcc 

Na (110) bcc 
Na (110) bcc 

Na (OOO1) hcp 

Ni (100) fcc 

Ni (110) fcc 

(metastable) 

Ni (loo) fcc 

Nl (110) fcc 

Ni (110) fcc 

Ni (110) fcc 

Ni (110) fcc 

1.17 

0.906 

1.92 

1.36 

2.22 

3.03 

2.87 

2.22 

1.25 

0.61 fo.03 

0.64fo.03 

1.05fo.03 

1.23fo.03 

1.15fo.04 

0.76fo.03 

1.02fo.03 

0.87fo.04 

1.85fo.01 

1.26fo.10 

2.16fo.10 

3.03 

3.0fo.01 

2.87 

1.78fo.02 

1.604fo.008 

1.195M.01 

1.18fo.02 

1.27fo.02 

1.14fo.01 

1.28fo.01 

1.123fo.02 

1.292fo.02 

1.138M.006 

1.284fo.007 

1.24Ofo.009 

-4.7 

0.0 

-10.3 

5.1 

-1.7 

-16.1 

12.6 

-4.0 

-3.6 

-7.4 

-2.6 

0.0 

-1.0 

0.0 

1.1 

-8.9 

-4.0 

-4.8 

2.4 

-8.1 

-9.8 

3.8 

-8.6 

3.1 

-0.4 

LEED/28/ 

LEED/29/ 

LEED/30/ 

LEED/31/ 

LEED/32/ 

LEED/33/ 

LEED/34/ 

LEED/35/ 

LEED/36/ 

MEIS/37/ 

MEIS/38/ 

HEIS/39/ 

LEED/40/ 

LEED/41/ 

LEED/42/ 

(continued) 
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TABLE IV (continued) 

Substrate Bulk Surface Expansion(%) Method 

Face Spacing(A) Spacing(A) 

Ni (110) fcc 

Ni (111) fcc 

Ni (111) fcc 

Ni (311) fcc 

Mo (100) bcc 

Mo (110) bcc 

P d  (100) fcc 

P d  (110) fcc 

P d  (111) fcc 

P d  (111) fcc 

Pt (loo) fcc 

Pt (loo) fcc 

Pt (loo) fcc 

Pt (111) fcc 

Pt (111) fcc 

Pt (111) fcc 

Pt (111) fcc 

(metastable) 

(metastable) 

(metastable) 

2.03 

1.06 

1.25 

2.22 

1.94 

1.37 

2.246 

1.96 

2.26 

1.121M.012 

1.29Ofo.019 

2.005fo.025 

2.033fo.020 

0.894fo.010 

1.106fo.016 

1.045fo.017 

1.424fo.03 

2.19fo.04 

1.95fo.05 

1.29H.03 

1.38fo.03 

2.25fo.05 

2.276 

2.216 

2.296 

2.296 

1.96 

1.963 

1.96 

2.29H.10 

2.30fo.02 

2.276fo.02 

2.265fo.05 

-9.0 

3.5 

-1.2 

0.0 

-15.9 

4.1 

-1.6 

-9.5 

-1.6 

0.3 

-5.8 

0.7 

0.0 

1.3 

-1.3 

2.2 

2.2 

0.2 

0.2 

0.0 

1.1 

1.4 

0.5 

0.0 

MEIS/43/ 

LEED/36/ 

HEIS/44/ 

LEED/45/ 

LEED/46/ 

LEED/47/ 

LEED/48/ 

LEED/49/ 

HE IS / 50/ 

LEED/51/ 

SPLEED/52/ 

HEIS/53/ 

LEED/ 13/ 

LEED/54/ 

HEIS/55/ 

SPLEED/56/ 

LEED/57/ 

(continued) 
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TABLE rV (continued) 

Substrate Bulk Surface Expansion(%) Method 

Face Spacing@) Spacing(A) 

Re (ioio) hcp 0.67 -16.3 LEED/58/ 

Rh (100) fcc 1.90 1.91fo.02 0.5 LEED/59/ 

Rh (110) fcc 1.34 1.33fo.02 -0.7 LEED/59/ 

Rh (111) fcc 2.19 2.16fo.02 -1.4 LEED/59/ 
Rh (111) fcc 2.192fo.10 0.0 LEED/60/ 

R u  (OOO1) hcp 2.14 2.10fo.02 -1.9 LEED/61/ 

Sc (OOO1) hcp 2.64 2.59fo.02 -1.9 LEED/62/ 

Ta (100) bcc 1.65 1.47fo.03 -10.9 LEED/63/ 

Te (ioio) hcp 0.34fo.10 LEED/64/ 

Ti (OOO1) hcp 2.34 2.29M.05 -2.1 LEED / 65/ 

V (100) bcc 1.51 1.41fo.01 -6.6 LEED/66/ 

V (110) bcc 2.14 2.13fo.10 -0.5 LEED/67,68/ 

w (100) fcc 1.58 1.46fo.03 -7.6 LEED /69 / 
w (110) fcc 2.23 2.23fo. 10 0.0 LEED/70/ 

Zn(0001) hcp 2.44 2.39fo.05 -2.0 LEED/7 1 / 
Zr (Oool) hcp 2.57 2.54fo.05 -1.2 LEED/72/ 

* There are relaxations in the layer registries for the stepped iron (211) and (210) 

surfaces in addition to layer spacing relaxations. 

1.67fo.03 1.2 
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TABLE V. Alloys and Reconstructed Metals 

Substrate and Unit Cell Structure Method 

Au (110) (fcc) 

(2x1) 

Au (110) (fcc) 

(2x1) 

Au (110) (fcc) 

(2x1) 

Au (110) (fcc) 

(2x1) 

Missing-row reconstruction confirmed by x- 

ray diffraction. Lateral displacement of 

second layer rows toward missing row posi- 

tion by 0.12H.02 A. Anti-phase domains 

due to monatiomic steps obeserved. Evi- 

dence for top-layer expansion or contraction 

X-Ray 

Diffr action/l/ 

of - 0.25 8. 
Missing-row reconstruction. Every other top 

layer (iio) row is missing. T h e  second layer 

lateral displacements are - 0.07 A, and the 

second row is buckled by -0.24 A. T h e  first 

layer spacing is -2O.l%, and the second and 

third is -6.3% relative to the 1.44 A bulk 

layer spacing. 

Missing-row reconstruction studied by chan- 

neling and blocking, top layer spacing con- 

tracted by IS%, second layer spacing ex- 

panded by 4% from bulk value of 1.44 A. 
Third layer buckled by M.10 A or f 7%, 

with atoms under missing row moving up, 

alternate rows down. 

Missing-row reconstruction studied with top 

layer spacing contracted by 0.15M.10 A (- 
11%) from bulk value of 1.44 A. 

LEED/2/ 

MEIS/3/ 

LEIS/4/ 

(continued) 
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TABLE V (continued) 

Substrate and Unit Cell Structure Met  hod 

a - C d  (111) 

(f4 
( d 3 x d 3 ) R 3 0  ' 

A1 substituted in 1/3 of top layer C u  sites, 

second layer pure Cu, no buckling in top  

layer, layer spacing is 2 .05M.05 A, the same 

as bulk copper. Alloy composition 16% A1 

atoms in Cu. 

T h e  top  layer of the surface reconstructs to 

form a compact hexagonal surface, with 6/5 

the density of unreconstructed surface. T h e  

layer spacing expands by 14.6*5.2% from 

the bulk value of 1.92 A. Some top-layer 

a toms are buckled outward by up to an ad- 

ditional 0 .2fo.02 A so the hexagonal layer 

can fit the square layer below. This  is 1/2 to 

2/3 of the buckling required t o  have top  

layer a toms in hard-sphere contact with all 

substrate atoms. 

T h e  top layer of the surface reconstructs to 

form a compact hexagonal surface, with 6/5 

the density of unreconstructed surface. T h e  

layer spacing expands by 7.3&2.6% from the 

bulk value of 1.92 A. Some top-layer a toms 

are  buckled outward by up t o  an additional 

0.48fo.02 A so the hexagonal layer can fit 

the square layer below. This  puts  the top 

layer a toms in hard-sphere contact with all 

substrate atoms. 

LEED/5/ 

Ir (100) (fcc) 

(5x1) 

LEED/6/ 

Ir (100) (fcc) 

(5x1) 

LEED/7/ 

(continued) 
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TABLE V (continued) 

133 

~~ 

Substrate and Unit Cell Structure Method 

Ir (110) (fcc) 

(2x1) 

N i A l ( l l 0 )  

(CSCl) (1x1) 

Ni,Al (CU, 

Au) (100) 

P d  (110) (fcc) 

(2x1) 

Pt (100) (fcc) 

Missing-row reconstruction similar to gold 

(110). One top layer row is missing, the 

second layer lateral displacements are  - 
0.04 A, and the second row is buckled by 

-0.23 A. T h e  first layer spacing is -12.4%, 

and the second and third -5.8% relative to 

the 1.36 A bulk layer spacing. 

T o p  layer spacing 1.92 A, contracted 6% 

from bulk value of 2.04 A. A1 atoms buckled 

out  by 0.22 A. 
T o p  layer is 50-50 nickel and aluminum, 

second layer nickel, etc. T o p  layer spacing is 

1.73jXl.03 A with A1 atoms buckled outward 

by 0.02M.03 A, second layer spacing is the  

bulk value of 1.78 A within M.03 A. 
Missing-row model with third layer assumed 

bulk-like. Second layer found to by bulk- 

like, fist layer spacing -%.1% relative to 1.37 

hi bulk spacing. Saw-tooth model almost as 

good. 

T o p  layer reconstruction, quasi-hexagonal LEED/6/ 

surface given by [it:) also called "1x5" or 

"4x20" reconstruction. Degree of top-layer 

buckling and top-laer registry proposed. 

LEED/8/ 

LEED/9/ 

LEED/lO/ 

LEED/11/ 

(continued) 



134 M. A. Van Hove, S.-W. Wang, D. F. Ogletree, and G. A. Somorjai 

TABLE V (continued) 

Substrate and Unit Cell Structure Method 

P t  (110) (fcc) 

(2x1) 

P t  (110) (fcc) 

(2x1) 

W (100) (bcc) 

(2x1) 

W (100) (bcc) 

( d 2 x v 2 ) R 4 5  ’ 

Missing-row model with the top layer ex- 

panded by 23% to l . A  A from bulk value of 

1.387 A. Lateral shift of second layer rows 

of 0.05 A. 
Missing-row model is better than buckled- 

row, paired-row or saw-tooth models. 

Terminated-bulk positions assumed for 

remaining atoms. 

LEED study of random substitutional alloy 

shows Pt enhancement in 1“ and 3rd layers, 

along with a Pt depletion in the 2ed layer. 

Below room temperature the “zig-zag” 

reconstruction occurs on the W(100) surface. 

Alternate a toms move along the (011) and 

(OK) directions by M.22M.07  A, while the 

top layer spacing contracts by 0.05H.05 A 
from the bulk value of 1.58 A. There are 

two domains, since atoms may also move 

along the ( O i l )  and (017) directions. 

Below room temperature the “zig-zag” 

reconstruction occurs on the W(100) surface. 

Alternate a toms move along the (011) and 

(OK) directions by M.16  A, while the top 

layer spacing contracts by 0.09 A (6%) from 

the bulk value of 1.58 A. 

LEED/l2/ 

LEIS/13/ 

LEED/14/ 

LEED/15/ 

LEED/ 16/ 
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TABLE VI. Chalcogen Chemisorption on Metals 

(Where relaxation of the metal layer spacing has been investigated this is 

listed in the table after the adsorbate information.) 

Substrate Overlayer Adsorption Adsorbate Bond Method 

Face Unit Cell Site Spacing Length 

Ag (110) (2x1) 

A1 (111) (1x1) 

A1 (111) (1x1) 

A1 (111) (1x1) 

A1 (111) (1x1) 

c o  (loo) 42x2) 

c u  (loo) c(2x2) 

c u  (100) c(2x2) 

cu (100) 42x2) 

c u  (110) (2x1) 

A1 (111) undetermined 

OXYGEN 

long bridge 

3-foId f C C  

3-fold fCC 

sub-surface 

te t rahedr a1 

3-fold fcc 

3-foId fCC 

4-fold 

4-fold 

4-foId 

4-fold 

0.20 

0.70M.12 

0.60M.10 

0.60M. 10 

0.70 

0.98M.10 

0.80 

1.40 

0.70M.01 

0.80 

2.05 SEXAFS/I/ 

1.79M.05 LEEDIP/ 

1.75331.03 NEXAFS/3/ 

1.75333.03 NEXAFS/3/ 

1.79 LEED/4/ 

1.9249.05 EXAFS/5/ 

1.94 LEED/6/ 

2.28 LEED/7/ 

1.9434.01 SEXAFS/8/ 

1.97 NPD/9/ 

ALICISS/ 1 O /  

confirm surface missing-row model 

c u  (loo) c(2x2) 1.97 ALICISS/I I /  

Bulk layer spacing 1.28 A. First layer spacing expanded 25&1.0%, 

second and third layers contracted by l O f 5 .  

Cu (110) disordered long bridge 0.35 SEXAFS/ 12/ 

c u  (110) (2x1) long bridge HEIS/13/ 

top layer buckled, [Ool] rows alternate i-O.27fo.05 A and -0.02M.03 A 
second layer spacing expanded by 0.06M.03 A 

Cu (410) (1x1) quasi 4-fold 0.444.2 1.85M.04 ARXPD/14/ 

a t  step edge 

(continued) 
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TABLE VI (continued) 

Substrate Overlayer Adsorption Adsorbate Bond Method 

Face Unit Cell Site Spacing Length 

Cu (410) (1x1) 

Ir (110) 42x2) 

Ir (111) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

(2x2) or (2x1) 

(2x2) 
42x2) 

(2x2) 
c(2x2) 

42x2) 

42x2) 

c(2x2) 

c(2x2) 

Ni (100) 42x2) 

Ni (100) ~(2x2)  

Ni (100) ~ (2x2)  

Ni (110) (2x1) 

Ni (1 11) ( d 3 x d 3 ) R 3 0  

Ta (100) (3x1) 

W (100) disordered 

quasi 4-fold 

a t  step edge 

and 4-fold 

4-fold 

top layer 

short bridge 

top layer 

%fold f C C  

4-fold 

4-fold 

4-fold 

4-fold 

4-fold 

4-fold 

4-fold 

4-fold 

top layer 

4-fold 

4-fold 

4-fold 

missing row, 

long bridge 

3-foId hcp 

sub-surface 

tetrahedral 

top layer 

4-fold 

0 .4M.2  

0.48M.10 

1.54M.10 

1.37M.05 

1.33M.07 

1.30M.05 

0.86333.07 

0.86M.07 

0.9OM.10 

0.92M.05 

0.85M.05 

0.90M.04 

0.85M.04 

0.86M.10 

1.85M.10 

0.90M.10 

0.90 

0.922 

0.25 

1.20 

-0.43 

1.5549.05 

0.55M.10 

1.85M.04 ARXPD/14/ 

2.08M.02 LEED/l5/ 

+7.7% 

1.93M.04 LEED/l6/ 

-2.2% 

2.04M.03 LEED/17/ 

1.96M.03 EXAFS/18/ 

1.96M.03 EXAFS/18/ 

1.98M.05 LEED/19/ 

1.99M.02 LEED/2O/ 

1.96M.02 EXAFS/21/ 

1.98M.02 NPD/22/ 

1.96M.02 NPD/23/ 

1.96M.04 HEIS/24/ 

+5.1% 

1.98M.05 XANES/25/ 

1.98 HREELS/26,27/ 

HREELS/28/ 

ALICISS/29/ 

1.87 HEIS/30/ 

1.95 LEED/31/ 

-6.1% 

2.30M.02 LEED/32/ 

(continued) 
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TABLE VI (continued) 

~ 

Substrate Overlayer Adsorption Adsorbate Bond Method 

Face Unit Cell Site Spacing Length 

w (110) (2x1) %fold 1.25M.01 2.09M.01 LEED/33/ 

Zr (OOO1) (2x2) sub-surface 1.37 2.31 LEED/34/ 

octahedral 

SULFUR 

c o  (100) c(2x2) 4-fold 1.30 2.20 LEED/35/ 

c u  (100) (2x2) 4-fold 1.39 2.28 ARXPS/36/ 

Fe (100) 

Fe (110) 

Ir (111) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (110) 

Ni (110) 

Ni (110) 

c(2x2) 

(2x2) 

(d3xd3)R30  

(2x2) 
c(2x2) 

c(2x2) 

c(2x2) 

c(2x2) 

c(2x2) 

c(2x2) 

c(2x2) 

c(2x2) 

c(2x2) 

disordered 

c(2x2) 

4fold 1.099.05 2.30M.02 LEED/37/ 

4-fold 1.43 2.02 LEED/38/ 

reconstructed 

3-fold fcc 1.6543.07 2.28M.05 LEED/39/ 

4-fold 1.30M.10 2.19M.06 LEED/19/ 

4-fold 1.2844.05 2.18M.03 LEED/2O/ 

4-fOld 1.30M.05 2.19M.03 LEED/40/ 

4-fold 1.30M.04 2.19M.02 NPD/22/ 

4-fold 1.39M.04 2.24M.02 SEXAFS/41/ 

4-fold 1.37M.05 2.23M.03 ARPEFS/42/ 

4-fold 1.3538.10 2.22M.06 ARXF'S/43/ 

4-fold 1.35 2.22 ARXPS/36/ 

4-fold 1.36M.03 2.22M.02 SEXAFS/44/ 

4-fold 0.9 2.34 ARXPS/45/ 

4-fold 0.84M.03 2.31M.01 LEED/46/ 

top layer 1.37239.02 +9.6% 

next layer 1.201M.02 -4.0% 

4-fold 0.87M.03 2.32M.01 MEIS/47/ 

top layer 1.31H.04 +4.8% 

(continued) 



The State of Surface Structural Chemistry 139 

TABLE VI (continued) 

Substrate Overlayer Adsorption Adsorbate Bond Method 

Face Unit Cell Site Spacing Length 

Mo (100) ~ ( 2 x 2 )  4-fold 

top layer 

Pd  (111) ( d 3 x d 3 ) R 3 0 °  3-fold fcc 

Pd  (100) ~ ( 2 x 2 )  4-fold 

P t (1 11) (V3xVq~30 3-fold rcc 

Rh (100) (2x2) 4-fOId 

Rh (110) 42x2) 4-fold 

Rh (111) ( d 3 x d 3 ) R 3 0  %fold fcc 

1.04 

1.42 

1.30M.05 

1.5334.05 

1.62M.05 

1.29 

0.77 

1.53 

LEED/48/ 

- 10% 

2.33M.03 LEED/49/ 

2.20M.03 LEED/5O/ 

2.28M.04 LEED/51/ 

2.30 LEE D / 5 2 / 
2.45 LEED/53/ 

2.18 LEED/54/ 

SELENIUM 

Ag (100) ~ (2x2)  4-fold 1.91M.04 2.80M.03 LEED/55/ 

Ni (100) (2x2) 4-fold 1.55M.10 2.35M.07 LEED/19/ 

Ni (100) ~ ( 2 x 2 )  4-fold 1.45M.10 2.28M.06 NPD/56/ 

Ni (100) ~ ( 2 x 2 )  4-roid 1.55 2.35 NPD/57/ 

Ni (110) ~(2x2)  4-fold 1.10M.04 2.42M.02 NPD/58/ 

Ni (111) (2x2) 3-fold fcc 1.80M.04 2.3034.03 NPD/58/ 

TELLURIUM 

c u  (100) (2x2) 4-fold 1.7040.15 2.48M.10 LEED/59/ 

c u  (100) (2x2) 4-fold 1.90M.04 2.62M.03 SEXAFS/GO/ 

Ni (100) (2x2) 4-fold 1.80M.10 2.52M.07 LEED/19/ 

Ni (100) ~ (2x2)  4-fold 1.9OH.10 2.5944.07 LEED/61/ 

Ni (100) ~ ( 2 x 2 )  4-fold 1.9 XPD/62/ 

Ni (100) ~ (2x2)  4-fold 1.9 SPLEED/63/ 
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TABLE VII. Other Atomic Adsorbates on Metal Surfaces 

(Where relaxation of the metal layer spacing has been investigated this is 

listed in the table after the adsorbate information.) 

Adsorption Overlayer Adsorption Adsorbate Method 

system Unit Cell Site Spacing 

Ag (100)-C1 c(2x2) Cfold 1.62 LEED/l/ 

Ag (111)-I ( d 3 x d 3 ) R 3 0  O %fold fcc and hcp 2.2934.06 LEED/3/ 

Ag (1 11)-I ( d 3 x d 3 ) R 3 0  O 3-fold 2.34M.02 SEXAFS/4/ 

Ag (111)-Xe hexagonal (1x1) incommensurate 3.55M.10 LEED/5/ 

randomly oriented hexagonal Xe lattice, Xe-Xe spacing 1.51 hi 

Ag (111)-Au (1x1) 3-fold fcc 2.35M.10 HEIS/2/ 

top layer 0.0% 2.36M.06 

A1 (100)-Na c(2x2) 4fold 2.08M.12 LEED/6/ 

A1 (100)-Na c(2x2) Cfold 2.05fo.10 LEED/7/ 

Au (111)-Ag (1x1) 3-foId fcc 2.3539.10 HEIS/2/ 

c u  (lOo)-Cl c(2x2) 4-fOld 1.60M.03 LEED/8/ 

top layer +3% 1.8539.03 

c u  (1 11)-cs (2x2) top 3.01M.05 LEED/9/ 

c u  (loo)-I (2x2) 4-fold 1.9844.02 SEXAFS/10/ 

Cu (111)-I (d3xd3)R3Oo 3-fold hcp 2.21M.02 SEXAFS/IO/ 

Cu (111)-Ni (1x1) %fold fcc 2.04M.02 LEED/11/ 

Cu (100)-Pb c(2x2) 4-fold 2.05M.05 LEED/12/ 

Cu (100)-3Pb c(5d2xd2)R45 4-foId 2.434.05 LEED/12/ 

overlayer relaxed with anti-phase domain walls and off-center atoms 

Fe (100)-C+O c(2x2) .(-fold 0.48 LEED/13/ 

C O  decomposes on Fe(100), C and 0 occupy random sites in (2x2) lattice 

Fe (110)-H (2x1) quasi %fold 0.9Ofo. 10 LEED/l4/ 

Fe (110)-2H (3x1) quasi %fold l.OOM.10 LEED/14/ 

Fe (100)-N c(2x2) 4-fold 0.25M.05 LEED/15/ 

top layer +8% 1.5444.05 

(continued) 
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TABLE VII (continued) 

~ ~~ ~~ 

Adsorption Overlayer Adsorption Adsorbate Method 

system Unit Cell Site Spacing 

Ir (11O)-S (2x2) LEED/l6/ 

Sulfur is adsorbed in %fold sites on the (111) facets left by the 

clean-surface missing-row reconstruction. The first Ir-Ir spacing is 

contracted by 3.3%, the second expanded by 1.3%. Ir-S is 2.39 A 
for first-layer Ir atoms and 2.26 A for second-layer Ir atoms. 

MO (100)-N c(2x2) +fold 1.02 LEED/ 17/ 

Mo (100)-Si (1x1) 4-fold 1.16M.10 LEED/18/ 

Ni (100)-Br c(2x2) 4-fold 1.51M.03 EXAFS/19/ 

Ni (100)-C+O c(2x2) 4-fold 0.93M.10 LEED/2O/ 

C O  decomposes on Ni(100), C and 0 occupy random sites in (2x2) lattice 

Ni (100)-2C (2x2) 4-fold O.lOM.10 LEED/21/ 

top layer +22% 1.96M.05 

reconstructed lateral motions - 0.25M.35 A 
Ni (100)-Cu (1x1) 4fold 1.80M.03 LEED/22/ 

Ni (100)-Na c(2x2) 4-fold 2.2M.10 LEED/23/ 

Ni (100)-Na c(2x2) 4-fold 2.23M.10 LEED/24/ 

Ni (100)-Na c(2x2) 4fold 1.9 XPD/25/ 

Ni (1 10)-C SEELFS/26/ 

Graphitic layer on Ni(llO), 3 carbon sites: A - off top, Ni-C = 1.95 A 
B - 4-foldJ Ni-C = 2.49 8, C - off bridge, Ni-C = 1.95, Ca-Cb = 1.49 A 

Ni (lll)-2C (1x1) 3-fold hcp and fcc 2.80M.08 SEELFS/27/ 

Ni (1 11)-2H (2x2) 3-fold hcp and fcc 1.15M.10 LEED/28/ 

Pd (111)-Au (1x1) %fold fcc 2.25M.19 HEIS/29/ 

T i  (0001)-Cd (1x1) 3-fold fCC 2.57 LEED/BO/ 

Ti (0001)-Cd (1x1) 3-fold f C C  2.63 LEED/31/ 

Two Cd layers, Cd-Cd distance 2.81 A, Cd-Ti 2.63 A 

(continued) 
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TABLE VII (continued) 

Adsorption Overlayer Adsorption Adsorbate Method 

system Unit Cell Site Spacing 

W (100)-H 42x2) 

W ( 100)-2H (1x1) 

W (100)-2H (1x1) 

W (100)-2H (1x1) 

W (100)N c(2x2) 

top layer 

top layer 

su b-su rf ace 

tetrahedral 

4-foId 

short bridge 

short bridge 

2-fold 

-1.3% 

4-fold 

+1.3% 

-1.22M.05 LEED/32/ 

1.32 LEED/33/ 

HREELS/34/ 

1.74 HREELS/35/ 

1.17M.04 LEED/36/ 

1.56M.02 

0.4939.06 LEED/37/ 

1.6039.06 
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TABLE VIII. Semiconductor Surface Structures 

Substrate Unit Cell Structure Method 

AlP (1 10) (1x1) 
(zincblende) 

CdTe (110) (1x1) 

(zincblende) 

GaAs (110) (1x1) 

(zincblende) 

GaAs (110) (1x1) 

(zincblende) 

Surface reconstructed with 25' bond an- LEED/l /  

gle rotation preserving bond lengths. 

T o p  layer buckled with P $0.06 A, A1 

-0.57A and layer spacing contracted to 

1.33 A (bulk 1.927 A). Second layer 

buckled P -0.035 A, A1 $0.035 A, layer 

expanded to 1.92 8. Firs t  layer in-plane 

displacements of - 0.25 A t o  preserve 

bond lengths. 

T e  is buckled out  from the top layer by LEED/2/ 

0.82M.05 A. T o p  layer Cd atoms con- 

t ract  by - 0.5 A, and there are lateral 

motions of - 0.4 A to conserve bond 

lengths. 

As is buckled out  from the top  layer by LEED/3/ 

0.70 A. T o p  layer Ga atoms contract by - 0.5 A, and there are  lateral motions of - 0.4 A to conserve bond lengths. T h e  

lateral motions may be reduced by - 
3/4 t o  give a better agreement with 

MEIS results without significantly wor- 

sening the LEED fit. 

As is buckled out  from the top  layer by LEED/4/ 

0.69 A. T o p  layer G a  atoms contract by - 0.5 A, and there are lateral motions of - 0.3 A to conserve bond lengths. 

(continued) 
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TABLE VIII (continued) 

Substrate Unit Cell Structure Method 

GaAs (110) 

(zincblende) 

GaAs (111) 

(zincblende) 

(Ga ter- 

minated) 

GaP (1 10) 

(zincblende) 

As is buckled out  from the top layer by HEIS/5/ 

0.40H.30 A. T o p  layer G a  atoms con- 

t ract  by - 0.20H.30 A, with no lateral 

motions. 

One quarter of the top layer Ga atoms 

are  missing, and the remaining atoms 

are almost co-planar with the first As 

layer, within 0.20 A. G a  bonding is sp2 

rehybridized, instead of the normal sp3 

configuration. There are first bi-layer la- 

teral motions of - 0.2 A, and some 

buckling in the third layer to maintain 

optimum bond-lengths and angles. 

Surface reconstructed with 27.5 bond LEED/7/ 

angle rotation preserving bond lengths. 

Top layer buckled with G a  $0.09 A, As 

-0.54A and layer spacing contracted to 

1.39 A. Second layer spacing expanded 

to 1.93 A. 

LEED/6/ 

(continued) 
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TABLE VIII (continued) 

151 

~~ ~ 

Substrate Unit Cell Structure Met  hod 

G a P  (111) 

(zincblende) 

(Ga ter- 

minated) 

GaSb (110) 

(zincblende) 

GaSb (110) 

(zincblende) 

GaSb (110) 

(zincblende) 

Ge (100) (di- 

amond) 

One quarter of the top layer G a  atoms 

are missing, and the remaining atoms 

are almost co-planar with the first P 

layer. G a  bonding is sp2  rehybridized, 

instead of the normal s p 3  configuration. 

There are lateral motions up  to - 2 A, 
and some buckling in the third layer to 

maintain optimum bond-lengths and an- 

gles. 

S b  is buckled out  from the top layer by LEED/8,9/ 

0.77M.05 A. T o p  layer G a  atoms con- 

t ract  by - 0.5 A, and there are lateral 

motions of - 0.4 A to conserve bond 

lengths. 

Consistent with LEED results (above) 

for layer displacements and lateral mo- 

tions. 

Bond-length conserving rotations of 

28.5f2.6 ' bring S b  atoms up, G a  atoms 

down. 

The  top  layer buckles, with one Ge atom XRD/12/ 

moving out  by 0.62M.04 A and the oth- 

er moving in by 0.66M.04 A. There are  

lateral displacements of - 0.9 

first layer and - 0.1 a in the second 

layer. 

LEED/6/ 

MEIS/lO/ 

MEIS/I 1/ 

in the 

(continued) 
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TABLE VIII (continued) 

Substrate Unit Cell Structure Method 

InAs (110) 

(zincblende) 

InAs (110) 

(zinc blende) 

InSb (111) 

(zincblende) 

InP (1 10) 

(zincblende) 

InP (110) 

(zincblende) 

T h e  top layer has As buckled outward 

by - 0.8 A with lateral motions of - 0.6 

A in the first three layers to  conserve 

bond lengths. 

Bond-length conserving rotations of MEIS/11/ 

30.0*2.4 bring As atoms up, In a toms 

down. 

One quarter of the top-layer In a toms 

are  missing in the “vacancy buckling” 

model. T o p  layer is not buckled, in 

plane S b  atoms expand radially by 

0.45M.04 A from their normal positions 

and In atoms contract radially by 

0.23M.05ag from their normal positions. 

No d a t a  on layer spacing changes. 

Preliminary results show layer buckling LEED/lS/ 

LEED/l3/ 

X-Ray 

Diffraction/l4/ 

with the P atom buckled out ,  and lateral 

and vertical shifts in the top layer - 0.4 
A. Second and deeper layer shifts were 

not investigated. 

T o p  layer buckling with the P atom 

buckled out  by 0.69&0.10 8, and lateral 

and vertical shifts in the top  layer - 0.4 
A. T h e  second layer spacing is contract- 

ed by 0.41M.10 A with a slight buckling 

of 0.07M.10 A. Only first layer lateral 

displacements were investigated. 

EED/ 16/ 

(continued) 
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TABLE VIII (continued) 

Substrate Unit Cell Structure Method 

Si (100) (di- (2x1) Buckled dimer model is best fit to data .  MEIS/17/ 

amond) Surface atoms dimerize to take up dan- 

gling bonds, surface buckles for best 

bond angles. There are lateral and verti- 

cal ion-core motions for at least 4 layers 

into the bulk crystal. Authors conclude 

tha t  (2x1), (2x2) and ~ ( 4 x 2 )  buckled di- 

mer domains may exist on the surface. 

Si (100) (di- (2x1) LEED analysis considering vertical and LEED/18/ 

amond) lateral displacements in the top three 

atomic layers supports a buckled dimer 

model. 

Si (111) (di- (1x1) laser an-The first two layers are almost co- 

amond) nealed planar, instead of the normal 0.78 A 
separation. The  first layer spacing is 

0 .08M.02,  a contraction of 90%, and the 

second layer spacing is 2.95M.20 A, a 

25.5% expansion from 2.35 A. 
The top layer is buckled by 0.30M.05 A,LEED/20/ 

the second layer spacing is 0.70M.05, a 

change of +2.9%, and the third layer 

spacing is contracted by 3.4% to 

2.27fo.02 from 2.35 A. There are  

second-layer lateral shifts of - 0.12 A. 
(More recent results favor the “x-bonded 

chain” model, see below.) 

LEED/l9/  

Si (111) (di- 
amond) 

(2x1) 

(continued) 
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TABLE VIII (continued) 

Substrate Unit Cell Structure Method 

~~ ~ 

Si (111) (di- 

amond) 

Si (111) (di- 

amond) 

G a P  (110) 

(zincblende) 

ZnSe (110) 

(zincblende) 

(2x1) Analysis of LEED d a t a  supports a ‘‘n LEED/21/ 

bonded chain” model for the (2x1) recon- 

struction. Trial  geometries based on 

strain-minimization calculations for the 

model, involving vertical motions four 

layers deep with lateral motions along 

the long side of the unit cell. 

(2x1) Best fit to “ r b o n d e d  chain” model. MEIS/22/ 

This  model involves buckling in layers 2 

to 6 of up to 0.27 A and small lateral 

shifts in the first six layers. 

(1x1) Surface reconstructed with 28.0 bond LEED/7/ 

angle rotation preserving bond lengths. 

T o p  layer buckled with Zn M.08 A, S 

-0.51A and layer spacing contracted to 

1.40 A. Second layer spacing expanded 

to 1.91 A. 
(1x1) T w o  different models were consistent LEED/23/ 

with LEED data .  First; Se is buckled 

outward by - 0.70 A and the second 

layer spacing is contracted by - 0.60 A, 
with lateral motions of - 0.7 A. Second; 

Se buckled out  by 0.10 A and the second 

layer spacing contracted by 0.09 A, with 

lateral motions of - 0.07 A. 

(continued) 
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I'ABLE VIII (continued) 

hbs t r a t e  Unit Cell Structure Method 

~ 

ZnTe (110) (1x1) Te is buckled out from the top layer by LEED/9/ 

(zincblende) 0.71iO.05 A. Top layer Zn atoms con- 

tract by N 0.5 A, and there are lateral 

motions of - 0.4 A to conserve bond 

lengths. 
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TABLE XI. Carbon Monoxide, Di-Nitrogen and Nitric Oxide Chemisorption on 

Metals 

(In all the listed structures the CO or NO molecule is believed to adsorb 

perpendicular to the surface with the oxygen end away from the surface. For C O  

structures with multiple non-equivalent adsorption sites these are listed on 

consecutive lines. If the metal layer spacing has been investigated this is listed 

after the adsorbate information.) 

Substrate Overlayer Adsorption C-Metal C-0 Bond Method 

Face Unit Cell Site 1 Spacing Length 

c u  (100) 

c u  (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (100) 

Ni (111) 

Ni (100) 

Ni (100) 

Ni (100) 

Pd (100) 

Pd (111) 

Pd (111) 

P t  (111) 

c( 2X2)-CO 

C(2X2)-CO 

C(2X2)-CO 

C(2X2)-CO 

c( 2X2)-CO 

c( 2X2)-CO 

C(2X2)-CO 

C(2X2)-CO 

( d 3 x d 3 ) R 3 0  "-CO 

disordered-CO 

1.90M.10 

1.9244.05 

1.72 

1.80M.10 

1.80M.10 

1.70M.10 

1.71M.10 

1.80M.04 

1.27M.05 

1.13M.10 LEED/1/ 

NEXAFS/2/ 

1.15 LEED/3/ 

1.15M.05 ARXPS/4/ 

1.15M.05 LEED/5/ 

1.13M.10 LEED/6/ 

1.1544.10 LEED/7/ 

1.13 NPD/8/ 

1.13M.05 NPD/8/ 

NEXAFS/9/ 

molecular axis 1 to surface f10 O 

disordered-NO top NEXAFS/9/ 

molecular axis L to surface &lo  ' 

disordered-N, top NEXAFS/9/ 

molecular axis 1 to surface f10 O 

( 2 d 2 x d 2 ) R 4 5  "-2C0 bridge 1.36M.10 1.1544.10 LEED/lO/ 

( d 3 x d 3 ) R 3 0  "-2C0 3-fold fcc 1.29M.05 1.15M.05 LEED/11/ 

(3~3)-2CO* %fold fcc 1.30M.05 1.17M.05 LEED/12/ 

c( 4X2)-2Co top 1.8544.05 1.15M.10 LEED/13/ 

top layer 1.945M.10 M.4% 

bridge 1.55M.05 1.15fo.10 

(continued) 
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TABLE XI (continued) 

~ ~ ~ ~~ 

Substrate Over layer Adsorption C-Met a1 C - 0  Bond Method 

Face Unit Cell Site 1 Spacing Length 

top layer 2.26M.025 0.0% 

P t  (111) (22/3x4)rect-4CO* bridge 1.45 1.15 LEED/14/ 

Rh (111) (3~3)-2CO* %fold hcp 1.30 1.17 LEED/l5/ 

Rh (111) c(2d3x4)rect-COt 3-fold fcc 1.5043.05 1.21M.10 LEED/lG/ 

Rh (111) c( 4X2)-Co* &fold hcp 1.30M.05 1.17M.05 LEED/17/ 

Rh (111) c(4x2)-NOf %fold fcc 1.30M.05 1.17M.05 LEED/17/ 

Rh (111) (2~2)-3CO quasi-top 1.87M.10 1.15M.10 LEED/18/ 

quasi-top 1.87M. 10 1.15M. 10 

bridge 1.52M.10 1.15M.10 

Rh (111) (d3xd3)R3O0-CO top 1.95M.10 1.07M.10 LEED/19/ 

Ru (0001) (2/3xd3)R30 "-CO top 2.00M.10 1.09M.10 LEED/20/ 

top layer 2.19M.10 0.0% 

* These structures involve carbon monoxide co-adsorbed with other 

molecules. See table XI1 for more details. 
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TABLE X. Insulator and other Compound Surface Structures 

Substrate Unit Cell Structure Method 

c (111) 

(diamond) 

C (111)-H 

(diamond) 

C (111)-H 

(diamond) 

c (111) 

c (0001) 

(diamond) 

(graphite) 

C (0001)-K 

(graphite) 

C (0001)Ar 

(graphite) 

(1x1) 

(1x1) 

(1x1) 

(2x2) 

(1x1) 

intercalated 

Terminated bulk diamond, no relaxa- LEED/I/ 

tion in layer spacing. 

Hydrogen terminated diamond, sur- MEIS/P/ 

face layer spacing relaxed by 

-0.05M.05 A. 
Hydrogen in (1x1) arrangement. Helium 

Determined to be in top site, as- 

sumed 1.09 A H-C bond length. 

Evidence for “n-bonded chain reecon- MEIS/2/ 

s t r uc t ion. 

Normal graphite layer stacking, first LEED/4/ 

layer contracted 1.4% to 3.30 A from 

bulk spacing of 3.35 8. 
When K is adsorbed on C(OOO1) i t  is LEED/5/ 

intercalated between layers, changing 

the carbon stacking sequence from 

ABAB ... to AAAA... and increasing 

the layer spacing to 5.35 A from 3.35 

A. 

diffraction/3/ 

incomensurate Ar forms an incomensurate hexago- LEED/6/ 

nal overlayer on graphite 3.2M.10 A 
above the graphite surface. 

(continued) 
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TABLE X (continued) 

Substrate Unit Cell Structure Met  hod 

C (0001)Kr ( d 3 x d 3 ) R 3 O o  K r  adsorbs in 6-fold hollow sites on LEED/7/ 

(graphite) 

CaO (100) 

(rocksalt) 

coo (111) 

(rocksalt) 

coo (loo) 

MgO (1oo) 

(rocksalt) 

(rocksalt) 

MgO (loo) 
(rocksalt) 

MoS2 

(0001) 

( layer  

c o m p o u n d )  

Na,O (111) 

(fluorite) 

the graphite basal plane 3.35M.01 A 
above the graphite surface. No 

nearest neighbor sites are  occupied. 

A t  higher coverages next-nearest 

neighbor sites are occupied. 

T o p  layer contracts by 1.2% to 2.38 LEED/8/ 

from 2.41 A. No top-layer buckling. 

Oxygen termination with fcc stack- 

ing, top layer contraction of 17% to 

1.06 A from bulk 1.27 A. 
Terminated bulk structure, top layer LEED/IO/ 

spacing is 2 .85M.08 A. 
Top-layer oxygen buckled out by 

0.04M.05, and top layer contracted 

by 0.02~tO.07 A. Bulk layer spacing 

2.10 A. 

LEED/9/ 

LEED/11/ 

Terminated bulk structure, no 

change from bulk layer spacing of 

LEED/I  2/ 

2.10 A. 
Normal stacking, S-Mo-S termina- LEED/13/ 

tion, top layer contraction by 5% to 

1.51 A from bulk 1.59 8. No second 

layer contraction. 

Oxidation of epitaxial Na( l l0)  on 

Ni(100) substrate. Determine fluorite 

lattice with Na-0-Na termination. 

LEED/14/ 

(continued) 
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TABLE X (continued) 

Substrate Unit Cell Structure Method 

NbSe, 

(oO01) 
(layer 

compound) 

NiI, (0o01)  

NiO (100) 

(rocksalt) 

Sb2Te2Se 

(oO01) 
(layer com- 

pound) 

TiS, (OOO1) 

(layer com- 

pound) 

Normal layer stacking with Se-Nb-Se LEED/13/ 

termination, no evidence for relaxa- 

tion of first two layer spacings. 

Bulk NiI, is a layer compound with 

hexagonal metal layers and oc- 

tohedral coordination in a cubic unit 

cell. A t  the surface the bulk Ni-I 

bond length of 2.78 8 decreases by 

0.036M.010 8 and the 1-1 seperation 

of 3.89 8 decreases by -0.48M.010. 

T o p  layer unbuckled, contracted 2% LEED/16/ 

to 2.04 8 from bulk value of 2.08 8. 
This  is an elemental layer compound ARUPS/17/ 

with Te-Sb-Se-Sb-Te stacking. T h e  

Te-Te interfaces are clevage planes. 

At  the surface the bulk Te-Sb layer 

spacing of 1.733 8 is contracted by N 

3% to 1.683M.05 8. 
This  is an elemental layer compound LEED/18/ 

with Ti-S-Ti stacking. T h e  Ti-Ti in- 

terfaces are clevage planes. A t  the 

surface the bulk Ti-S layer spacing is 

contracted by N 5% and the first 

Van der Waal  spacing (Ti-S-Ti I Ti- 

S-Ti) is also contracted by 5%. 

SEXAFS/15/ 

(continued) 
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TABLE X (continued) 

Substrate Unit Cell Structure Method 

~~ ~ 

TiSe, (OOO1) 

(layer com- 

pound) 

ZnO (0001) 

(wurtzite) 

ZnO (ioio) 
(wurtzite) 

ZnO (1 150) 
(w urt  zi te) 

~ 

(1x1) This  is an elemental layer compound LEED/18/ 

with Ti-Se-Ti stacking. The  Ti-Ti 

interfaces are clevage planes. A t  the 

surface the bulk Ti-Se layer spacing 

is expanded by N 5% and the first 

Van der Waal spacing (Ti-Se-Ti I 
Ti-Se-Ti) is contracted by 5%. 

(1x1) Zn termination, top layer spacing LEED/19/ 

0.60fo.10 A, a 25% contraction from 

the bulk value of 0.80 A. 
Oxygen buckled outward by - 0.8 A LEED/20/ 

and Zn contracted by 1.2 A in the 

first layer. Bulk layer spacing 1.88 

A. 

(1x1) 

(1x1) Terminated bulk structure, no evi- LEED/20/ 

dence for reconstruction or relaxa- 

tion in layer spacings. 
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TABLE IX. Atomic Adsorption on Semiconductor Surfaces 

(Where substrate relaxations or reconstructions have been investigated this  

information is listed in the table after the adsorbate information.) 

Adsorption Overlayer Adsorbate Layer Method 

System Cell Site Spacing 

GaAs (110)-Sb 

Ge (111)-C1 

Ge (111)-I 

Ge (111)-Br 

GaAs (110)-A1 

Ge (111)-Te 

Si (111)-Au 

Si (111)-Br 

Si (111)-Ag 

Si (111)-Ag 

Si (111)-NiSi2 

Si (1 1 1)-NiSi2 

Si (1ll)-Se 

Si (111)-Te 

(2x2) 
( V 3 x V 3 )  

undetermined 

(7x7) 
( 2 d 3 x 2 d 3 )  

layer 1-2 

layer 2-3 

( d l 9 x d l 9 )  

(7x7) 

(7x7) 

(1x1) 

(1x1) 

top layer 

undetermined 

(7x7) 

2-fold 

sub surface 

top 

top 

top 

hcp hollow 

note 3 

top 

top 
subsurface 

top 

top 

top 
+15% 

tetrahedral 

tetrahedral 

4-fold 

2-fold 

note 1 

note 2 

2.07 fo.03 

2.50fo.04 

2.10fo.04 

0.30 

2.18fo.06 

0.70fo.04 

-0.68fo.15 

1.36fo.30 

-0.30 

1.98M.04 

2.03fo.03 

2.44fo.03 

0.90fo.05 

note 4 

note 5 

1.68 

1.51 

LEED/ 1 / 
LEED/2/ 

SEXAFS /3/ 

SEXAFS/4/ 

X-ray reso- 

nance/5/ 

SEXAFS /4/ 

ALICISS/6/ 

X-ray reso- 

nance/7,8/ 

SEXAFS/9 / 
SEXAFS/9/ 

SEXAF S / 3/ 

SEXAFS/3/ 

SEXAFS /4 / 

LEED/ 10/ 

MEIS/ l l /  

X-ray reso- 

nance/I2/ 

S E W S  /4 / 
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Note 1 -- Sb atoms fill As and Ga type sites in a slightly buckled (0.10 A) 
first layer spaced 2.3 A above the GaAs surface, with lateral distortions to form a 

sp3 bonded chain. 

Note 2 -- Aluminum substitutes for sub-surface Ga atoms. For 0.5 

monolayers second layer G a  atoms are replaced, for 1.0 monolayers second and 

third layer G a  atoms are replaced. Above 1.5 monolayers all near surface G a  

atoms are replaced by Al, forming an epitaxial AlAs(ll0) surface. In all cases the 

first interlayer spacing contracts by - 0.10 A. 
Note 3 -- Modified triplet cluster model - Au triplets substituted for Si 

atoms with a 2.9 A Au-Au bond length between the triplet Au atoms. 

Note 4 -- Structure of Nisi,, grown on Si(ll1) substrate. Forms fluorite 

structure layer compound Si-Ni-Si with nickel in tetrahedral sites. Silicon layer 

terminates crystal, with a first-layer contraction of - 25%. 

Note 5 -- Ion scattering investigation of Nisi, - bulk Si interface. Determine 

Si-Ni-Si layer is 3.0GM.08 A above the next non-collinear Si atom (the bulk value 

is 0.77 + 2.35 = 3.12). Of the two possible terminations this most closely 

matches the bulk silicon structure. 
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TABLE XII. Other  Molecular Adsorption Structures 

System Structure Method 

Cu (100) HCO, 

disordered 

Cu (110) HCO, 

disordered 

Ni (1 11) C2H2 

(2x2) 

P d  (111) 

C,H,+3 C 0 

(3x3) 

Pt (111) C2H, 

disordered 

T h e  formate radical is in a plane 1 to the 

surface with the two oxygens closest to the 

surface, and a formate 04-0 bond angle of 

125 is assumed. The  0 atoms are  slightly 

off-center above two adjacent 4fo ld  hollow 

sites. T h e  0 atoms are 1.54 8 above the Cu 

surface and separated by 2.17 8. The C 

atom is 2.11 A above the surface. 

T h e  formate radical is in a plane L to the 

surface along the [OOl] direction. T h e  oxy- 

gen atoms are closest to the surface, slightly 

off-center from two adjacent bridge sites, 

1.51 8 above the surface and 2.29 8 apart. 

T h e  0 atom is 2.04 8 above the C u  atom. 

T h e  acetylene molecules are adsorbed with 

the C-C bond parallel to the surface and the 

center of the C-C bond is over a bridge site. 

T h e  C-C bond is perpendicular to the Ni-Ni 

bridge. The  C-C bond length is 1.50 A and 

the carbon a toms are  2.1fo.10 A above the 

surf ace. 

One benzene and two CO’s per unit cell. CO 

is 1 to the surface, adsorbed 1.30 8 above 3- 

fold fcc sites. Benzene is parallel to the sur- 

face, centered 2.25 8 over a 3-fold hcp site. 

Acetylene bonded parallel to surface with 

C-C bond length 1.4534.03 A. 

NEXAFS/I/ 

NEXAFS/2/ 

LEED/3/ 

LEED/4/ 

NEXAFS/5/ 

(con t inued) 
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TABLE XI1 (continued) 
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System Structure 

~ 

Method 

P t  (111) C2H, 

P t  (111) C,H, 

disordered 

disordered 

Pt (111) C2H3 

(2x2) 

Pt (111) C2H, 

disordered 

Pt (111) 2 c &  

disordered 

P t  (111) 

2C6H,+4C0 

(22/3x4) rec t  

Rh (111) C,H, 

(2x2) 

Ethylidyne (CCH,) bonded 1 to sur face  

w i t h  C-C bond 1.47fo.03 A. 
Ethylidyne (CCH,) bonded 1 to sur face  

w i t h  C-C bond 1.49fo.02 A. 
Ethylidyne (CCH,) b o n d e d  1 to sur face  i n  

3-fold fcc sites, C-C b o n d  1.50fo.05 A 
and C-surface 1 dis tance  1.20fo.05 A. 
Ethylene bonded parallel to surface with C- 

C bond length 1.49M.03 A. 
Benzene ring parallel to surface, C-C bond 

length 1.40M.02 A. 
Benzene ring parallel to surface over bridge 

sites, 2.10 a above surface, with two ben- 

zenes and four CO’s per unit cell. CO also 

over bridge sites, 1.45 A above the metal 

surface. Benzene ring is expanded with 

small in-plane distortions consistent with lo- 

cal symmetry. 

Ethylidyne (CCH,) is adsorbed with the C-C 

axis 1 t o  the surface with a 1.45333.10 A 
bond length. T h e  terminal carbon atom is 

1.31M.10 A above a %fold hcp hollow site. 

NEXAFS/G/ 

NMR/7/ 

LEED/8/ 

NEXAFS/S/ 

NEXAFS/S/ 

LEED/10/ 

LEED/I I /  

(continued) 
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TABLE XI1 (continued) 

System Structure Method 

Rh (111) 

~ ( 4 x 2 )  

C,H,+NO 

R h  (111) 

C6H,+2CO 

(3x3) 

R h  (111) Ethylidyne (CCH,) is adsorbed in 3-fold fcc LEED/12/ 

C,H,+CO 

~ ( 4 x 2 )  

sites with a 1.30M.05 A metal-terminal car- 

bon distance. T h e  C-C axis is L to the sur- 

face with a 1.45M.05 A bond length. CO 

molecules are  adsorbed L to the surface in 3- 

fold hcp sites, carbon atom down, with a 

carbon-metal bond length of 1.30M.05 A 
and a C-0 bond length of 1 .17fo.05 A. 
Ethylidyne (CCH,) is adsorbed in 3-fold hcp 

sites with a 1.30M.05 A metal-terminal car- 

bon distance. The  C-C axis is L to the sur- 

face with a 1.45M.05 A bond length. NO 

molecules are adsorbed L to the surface in 3- 

fold hcp sites, nitrogen atom down, with a 

nitrogen-metal bond length of 1.30M.05 a 
and a N-0 bond length of 1.1734.05 hi. 
One benzene and two CO’s per unit cell. CO 

is L to the surface, adsorbed 1.30 A above 3- 

fold hcp sites. Benzene is parallel to the sur- 

face, centered 2.20 hi over a 3-fold hcp site. 

Slight in-plane Kekul6 distortion of the ben- 

zene molecule. 

LEED/l2/ 

LEED/l3/  

(continued) 
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TABLE XI1 (continued) 

System Structure Met  hod 

R h  (111) Benzene is coadsorbed with CO, each with LEED/14/ 

C,H,+CO 

422/3r;4) rec t  

one molecule per unit cell, both centered 

over 3-fold hcp sites, benzene is parallel t o  

and 2.25M.05 A above the surface. CO is 1 

to the surface and the metal-carbon spacing 

is 1.50&).05 A. The  benzene molecule has 

an in-plane Kekul6 distortion, with alternat- 

ing long and short bonds. 
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6 .  FUTURE NEEDS AND DIRECTIONS OF SURFACE STUDIES 

I t  is our hope tha t  this review conveys the rapid developments in surface 

structural chemistry during the past decade. We have attempted to describe the 

various techniques tha t  are  employed and the types of structural information 

tha t  has  been obtained from experiment. 

T h e  theories of surface structure and bonding have been reviewed. I t  should 

be clear to the reader tha t  surface structural chemistry is indeed a frontier area 

for both theorists and experimental researchers. From an experimentalists 

viewpoint the d a t a  base of atomic and molecular surface structures is very small 

at present. Most investigations have been carried out  on flat, low Miller index 

surfaces of monatomic solids, either clean or with atomic or small molecules as 

adsorbates. 

T h e  structure of clean surfaces of polyatomic solids (alloys, halides, oxides, 

sulfides, etc.) should be explored along with molecular solid surfaces (organic 

systems). More open, rough surfaces with high Miller indices should be 

investigated, including the structure of a toms and molecules bonded to steps and 

kinks on surfaces. Such sites are known to be key for some important  surface 

chemical processes, but  little is known of their structure. 

Molecular adsorbates of increasing size should be a fertile area of research. 

Such research could lead to the study of biological surfaces. T h e  surface 

structure at solid-gas, solid-liquid, and solid-solid interfaces should be explored 

and compared with the results for the solid-vacuum interface. Structural 

properties of thin films, electrodes, and composite materials can be obtained in 

this way. 

Time resolved surface structure analysis can be employed for studies of 

order-order and order-disorder surface phase transitions, growth, and 

evaporation. Surface structures and their alterations could then be explored 

under extreme conditions of high temperature and irradiation by photons or 

particles. 

Once bond distances and angles become available for a large number of 

systems with diverse chemistry, correlation should lead to a deeper understanding 

of the nature of the surface chemical bond. 
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The theory of the change of spectra of a many-particle 
operator associated with an unbounded similarity transformation 
- due to the change in the boundary conditions - is briefly 
reviewed. Special attention is given to operators which remain 
complex symmetric under certain restricted transformations. 

In this paper, the general theory developed in Part I is 
applied to the Hartree-Fock Scheme for a transformed many- 
electron Hamiltonian. I t  is shown that, if the transformation is a 
product of one-electron transformations, then the Fock-Dirac 
operator as well as the effective Hamiltonian undergo similarity 
transformations of the one-electron type. The special properties 
of the Hartree-Fock scheme for a real self-adjoint Hamiltonian 
based on the bi-variational principle are discussed in greater 
detail. 

In  conclusion, the method of complex scaling as an 
unbounded similarity transformation of the restricted type is 
briefly discussed, and some numerical applications containing 
complex eigenvalues - which may be related to resonance states 
- are given. 



188 Per-Olov Uwdin, Piotr Froelich, and Manoj Mishra 

1. Introduction. 

If an arbitrary self-adjoint operator H, like the Hamiltonian, 

( 1 . 1 )  

undergoes a similarity transformation: 

HU = U H U-' 

where U is an unbounded operator, its spectrum (El is subject to 
change: some eigenvalues are persistent, others may be lost, and 
new eigenvalues may occur also in the complex plane. These 
changes have been discussed in some detail in a previous paper', 
which will be referred to as reference A. If the operator U 
satisfies the special condition: 

(U+)-l = u*, (1.2) 

the transformed operator has the important symmetry property: 

(HU)t = (Hu)* (1.3) 

i.e. it is complex symmetric, which greatly simplifies the theory, 
and one speaks of a restricted similarity transformation. 

The general stability problem for a pair of adjoint many- 
particle operators T and Tt has been discussed in a previous pa- 
per2. which will be referred to as reference B. The Hartree-Fock 
scheme for a pair of such operators has also been discussed3, 
and this paper will be referred to as reference C. Some of the 
most important results in the references A, B, and C will be 
briefly reviewed here to make the presentation more self- 
contained. 

This study was started in order to find out whether one 
could find meaningful complex eigenvalues in the Hartree-Fock 
scheme for a transformed Hamiltonian in the method of 
complex scaling. This problem was intensely discussed at  the 
1981 Tarfala Workshop in the Kebnekaise area of the Swedish 
mountains. I t  was found that, if the many-electron Hamiltonian 
undergoes a similarity transformation U which is a product of 
one-electron transformations u - as in the method of complex 
scaling - then the Fock-Dirac operator p as well as the effective 
Hamiltonian H,ff undergo one-electron similarity 
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transformations of the type: 

U -1 p = u p u ,  

and these results were referred to as the "Tarfala Theorem". If 
one assumes that the eigenfunctions to these operators all be- 
long to the one-electron Hilbert space L2. then it is evident that 
the spectra of the effective Hamiltonians will remain persistent, 
and - if one starts from a real self-adjoint Hamiltonian and the 
ordinary Hartree-Fock scheme - one would hence never get any 
complex one-electron energies, which is of course a negative 
result. I t  was hence somewhat surprising to find that numerical 
applications of the Hartree-Fock scheme in the complex 
symmetric case based on the bi-variational principle would 
sometimes lead to complex eigenvalues even when the original 
Hamiltonian was real and self-adjoint. 

The puzzle depended on the simple fact that most 
physicists using the method of complex scaling had not realized 
that the associated operator u - the so-called dilatation operator 
- was an unbounded operator, and that the change of spectra - 
e.g. the occurrence of complex eigenvalues - was due to a change 
of the boundary conditions. Some of these features have been 
clarified in reference A, and in this paper we will discuss how 
these properties will influence the Hartree-Fock scheme. The 
existence of the numerical examples finally convinced us that 
the Hartree-Fock scheme in the complex symmetric case would 
not automatically reduce to the ordinary Hartree-Fock scheme in 
the case when the many-electron Hamiltonian became real and 
self-adjoint. Some aspects of this problem have been briefly 
discussed at the 1987 Sanibel Symposium, and a preliminary 
report has been given in a paper4 which will be referred to as 
reference D. 

Quite a few years have now gone since the Tarfala Workshop 
in 1981, and many new results have appeared in the method of 
complex scaling. The question of the occurrence of complex 
eigenvalues corresponding to so-called resonance states in the 
Hartree-Fock approximation for various types of many-electron 
Hamiltonians is, however, still not completely solved, and the 
authors feel that time is now mature to bring u p  these problems 
for more intense discussions. 
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2. Brief review of some of the Results in the Previous Studies of 
the Stability Problem for a Pair of Adjoint Operators. 

In this section, we will give a brief review of some of the 
results obtained in the references A, B, and C. and formulate 
them in a way which is particularly suitable for our present 
purpose. We will also introduce some new concepts and some 
new results. 

2.1. General theory. - Let us consider a pair of adjoint operators, 
T and Tt, defined on a Hilbert space H = ( x ] with the binary 
product cx lp .  where the second position is linear and the first 
anti-linear. Following Dirac5. the bracket alp is considered as 
the product of a "bra-vector'' cxl and a "ket-vector" lp. The 
ket-bra operator F = Ib>cal is further defined through the 
relation 

F =  Ibxal  , F x =  b caln.  (2.11 

where one may put Ib> = b and consider cal as a linear 
functional. The operator F satisfies the algebraic relation = 
<a I b> F, and it has a single non-vanishing eigenvalue f = <a I b>. 
One has further the relations 

F t =  l axb l .  TrF=<alb>.  (2.2) 

In studying the adjoint pair of operators, T and Tt ,  one starts 
from the eigenvalue problems: 

T C = ~ C ,  T ~ D = ~ D .  (2.3) 

subject to the standard boundary conditions, i.e. that for discrete 
eigenvalues h and p, the eigenfunctions C and D should be 
elements of the Hilbert space. Using the elementary relation: 

p*<DIC> = <pDIC> = cT~DIC> = <DITC> = <DIXC> = 

i.e. 

one obtains 
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which is the so-called bi-orthogonality theorem. On the other 
hand, if <D I C> # 0. one obtains p = h*. In such a case, it is con- 
venient to introduce the new eigenfunction D' = D <C I D>-'. and 
one gets the bi-normalization <D' I C> = 1. The elements C and D' 
are said to be conjugate eigenfunctions associated with the 
eigenvalues h and A*. In the following, we will assume that all the 
eigenfunctions D' have been properly "normalized" and omit the 
prime. 

If the operator T has a spectrum consisting of the discrete 
eigenvalues 1,. h,, h3, ... , which are all non-degenerate, and the 
associated eigenelements are arranged in a row vector C2 = [ C , ,  
C,. C,. ...}, etc.. one obtaines the relations 

T G = C L ,  T t D = D % * ,  (2.7) 

where L and A,* are diagonal matrices. Here we have used the 
convention that, if .A and B are rectangular matrices - including 
the special cases of row-vectors. column - vectors, and quadratic 
matrices - then 

= Xa Aka Ba1 (2.8) 

i.e. the kth row of h is multiplied with the lfh column of B For 
the eigenelements. one has the bi-orthonormality theorem: 

<DIG>= n. (2.9) 

If an eigenvalue h - as defined by the characteristic equation 
for T in any matrix representation - is degenerate , the situation 
is more complicated, and the eigenvalue problems (2.3) have to 
be replaced by the associated stability problems : see ref. B, See. 
4. In matrix theory, the search for the irreducible stable sub- 
spaces of T is reflected in the block-diagonalization of the matrix 
T to the so-called classical canonical form L ,  in which one has 

the eigenvalues h on the main diagonal and, for degenerate 
eigenvalues. sequences of 1's in the diagonal immediately above 
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the main diagonal. This means that one may have blocks of the 

etc. 

O O h  

(2.1 0) 

which are referred to as Jordan blocks: the orders of the Jordan 
blocks for a multiple eigenvalue h give the SegrC characteristics 
for the degeneracy. Instead of the first relation (2.71, one gets 
now the more general relation: 

T G = C a  (2.11) 

where the matrix a is on classical canonical form. 

The stability problem for the adjoint operator Tt may now 
be expressed in a similar form: 

Tt D = D p, (2.12) 

where we have not yet specified the form of the matrix gn. since 

we are also interested in the metric matrix A = <D I C>. In 
analogy with (2.4). we obtain 

& D  I c> = <Qnl c> = O t D  I c > = 

i.e. 

or 
(2.14) 

(2.15) 

This means that the matrix gn is always a similarity trans- 



Many-Particle Hamiltonian Transformations 193 

formation of the adjoint matrix Lt. Introducing the substitution: 

D' = D (At)-' = D < C I D >-I, (2.16) 

one gets directly: 

(2.17) 

as well as 

We note that, even if k t  is not on a classical canonical form, 
since it has the 1's in the Jordan blocks on the diagonal 
immediately below the main diagonal, the form (2.17) is most 
convenient for our purposes, since it is compatible with the 
relation (2.18). In summary, it is hence possible to write the 
stability relations in the form: 

TG=C&. T t D = D k t .  (2.19) 

and we will say that the row-vectors C and D consist of conjugate 
"eigenelements", which are automaticcaly bi-orthonormal. I t  
should be observed that the construction (2.16) is such that, if X 
is an arbitrary basis for the space under consideration, one has 

D=X<CIX>- '  (2.21) 

which relation is invariant under linear transformations X' = X a. 
Putting X = C, one obtains that D = C <C I C>-' = C,, i.e. that I0 is 
the reciprocal basis to the basis C. 

In concluding this section, a few words should be said about 
the case when the operator T is complex symmetric : 
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Tt = T*. (2.22) 

The name comes from the fact that, if one studies such an 
operator in a dual basis (@*, #), it has the matrix representation 

T= <@*ITI#>, (2.23) 

with the property: 

Tt = a I @*> = <# I Tt@f = <@ I T*#*> = T*. (2.24) 

i.e. Tkl = Tlk. This means that T is a symmetric matrix with 
complex elements. 

Taking the complex conjugate of the relation T C = G a, one 
obtains 

Ttc* = c*a*, (2.25) 

where L*is still a classical canonical form. If P is the permu- 
tation, which reverses the order of the basic elements C within 
each Jordan block, one has further kt = P a* P-l. Putting X = G* 
into relation (2.21), one gets finally the preferred solution: 

D = c*< G I C*>-l, (2.26) 

with the properties 

Tt D = D at, < G I D > =  n.  (2.27) 

We note that, due to the bi-orthogonality theorem, the metric 
matrix A = < G I c*> is automatically block-diagonalized with 
different blocks for different eigenvalues. and it is then possible 
to treat the stable subspaces associated with different 
eigenvalues seperately, which is an essential simplification. In 
addition. the symmetry property (2.24) indicates another 
simpIification from the computational point of view. 
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2.2. Hartree-Fock Scheme.- For the sake of simplicity, we will 
consider the eigenvlue relations (2.3) for a non-degenerate  
eigenvalue A .  for which <C I D> # 0. If Ca and Da are two 
aDDroximate solutions - characterized by the index "a"- the best 
approximations are obtained by using the bi-variational principle 
(B.3.6). In the Hartree-Fock scheme for N fermions. the appro- 
ximate solutions are represented by two Slater determinants: 

Ca = (N!)-'12 I vk (Xi) I ,  Da = (N!)-'12 I $1 (3) I ,  (2.28) 

where = { ~ 1 .  ~ 2 ,  ... , WN 1 and 0 = { $1, $2, ... . $N I are row- 
vectors of one-particle functions of the combined coordinate xi = 
(ri. Q. If one introduces the overlap matrix: 

d = <+IF (2.29) 

one has according to (C.2.13) that 

and, since <Da I C,> f 0, this implies that the matrix d is non- 
singular with the inverse Q = d-'. According to (A.2.1) the bi- 
variational expression may be written in the form I = Tr TT,, 
where ra is a skew-projector of the form: 

ra = I c,><D, I /<D, I c,> = I c,><D, I C ~ > - % D ~  I , (2.3 1 

which in turn is completely determined by the one-particle 
operator p: 

p = Iopo><+Ipd<$l, (2.32) 

having the properties 

Tr p = N, p f p+; (2.33) 2 
P = P *  

for details, see eqs. ((2.2.16-2.21). I t  has further the kernel: 

(2.34) 
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where the summation over k and 1 goes from 1 to N, i.e. over the 
"occupied" one-particle functions. I t  is obviously a generalization 
of the Fock-Dirac density matrix6 in the conventional Hartree- 
Fock scheme. 

If the N-particle operator T is expressed in the form 

(2.35) 

I t  is then possible to evaluate the bi-variational expression I = Tr 
ma intheform: 

where 

T i 2  = Ti2 (1-P12). (2.37) 

and one has used the standard convention that the operators TI, 
Tt12. ... work only on the unprimed coordinates and that one 
puts xl'= xl. x2'= x2, ... before integrations are carried out. 

By using the bi-variational principle, 61 = 0, one obtains 
according to (C.2.29 - 2.56) the following conditions: 

(2.38) 

(2.39) 

where the effective one-electron operator Teff (1) has the special 
form: 

and hl and h2 are quadratic matrices of Lagrangian multipliers. 
If the similarity transformation sl brings lhl to classical 
canonical form 8. so that 

(2.41) -1 s, Rnl s+ %. h, =s1% s1 , 
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then the canonical solutions y' = D(P s1 satisfy the canonical 
Hartree-Fock equations: 

Using the technique from the previous section, we will now 
introduce the coniucate solutions $' through the relation: 

$' = +<o(P'l+>-' (2.43) 

and one gets immediately 

and the solutions $' are O(O' automatically bi-orthonormal. The 
proof for the first relation (2.44) follows from the fact that 

Teff t 9' = Ten t $ < o p ~ ' I $ > - '  = $ lh2 q' I$>- '  = (2.45) 

in analogy with (2.17). We note that, in this procedure, it is 

necessary to first evaluate the set 0 = {(q, $2. ... , @ NJ. so that it 
becomes stable under the operator T,d according to (2.39). As 
we will see later, considerable simplifications are rendered on 
this point in the complex symmetric case. 

In the canonical case, we are hence looking for solution to 
the Hartree-Fock equations of the form : 

Teff (1) v'(1) = OOp'(1) 0, TefrtCl) $'(I) = $'(I) 

(2.46) 
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where o(p' and +' are row-vectors of order N, and 0 is in a classical 
canonical form with the eigenvalues tl. t2, ..., tN. In this case, the 
fundamental operator p defined by (2.32) takes the simple form 

p = lQp'><$'I (2.47) 

with the kernel 

where the summation over k goes from 1 to N. i.e. over the 
occupied one-particle functions appearing in the Slater deter- 
minants. 

The purpose of the Hartree-Fock method is, of course, to 
find approximate eigenfunctions Ca and Da and eigenvalues I and 
I* to the many-particle operators T and Tt. Using (2.36) and 
(2.40). one may now write the expression for the approximate 
eigenvalue I in the form: 

1 = T(o) + I dxlTeff(1) p(X1,x'l) - 

- (1/2) I dxldx~T'12 P ( x i ~ ' 1 )  P ( x ~ . x ' ~ )  = 

(2.49) 

As in the conventional Hartree-Fock method, the approximate 
eigenvalue I is hence essentially different from the sum of the N 
eigenvalues of the one-particle operator. 
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3. Similarity Transformation of a Many-Particle Operator and its 
Consequences in the Hartree-Fock Scheme. 

3.1. General Aspects. - Let us study a N-particle operator T 
defined through the expansion (2.35). which undergoes a 
similarity transformation of the form: 

TU = U T U-' (3.1) 

In reference A, we have characterized the transformed operator 
T by a bar, but we will here - for typographical reasons - use the 
notation TU with a superscipt. Here the operator U is a bounded 
or unbounded linear operator of the product type: 

U = ~ ( 1 )  ~(2) ~ ( 3 )  ... u(N), (3.2) 

where u(k) is a one-particle operator working on the linear 
s ace associated with particle k. For the transformed operator 
T , one obtains then the expansion e 

(3.3) 

where 

1 Tui = u(i) Ti u- (i) 

Tug = u(i)u(j)Tyu-l(i)u-l(j) (3.4) 

If u is a bounded operator, it may be defined over the entire one- 
particle Hilbert space, which we will assume to be of type L2. so 
that 

where the integration over x = (r, [) implies integration over the 
space coordinate r and summation over the spin [. The Hilbert 
space for the many-particle system is the direct product of the 
Hilbert spaces for the various particles. In such a case, the many- 
pareticle operator U defined by (3.2) is also a bounded operator, 
and the transformation (3.1) leaves the spectrum of T invariant. 

In this paper, we are solely interested in unbounded ope- 
rators u. In such a case, the operator u has a specific domain 
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D(u) in the one-particle L2 Hilbert space with the comtdement 
C(u), and - in analogy with (A.2.31) - one gets the following four 
cases: 

f E L 2 ,  u f E L 2 ,  f eD(u)  

f E L 2 ,  uf @ L 2 ,  f€C(U) 
(3.6) 

f e L2, uf E L2,  f E  A(u-') 

f e L 2 ,  u f r L 2 .  f e B ( u )  

We note particularly that the set A(u-1) = u-lC(u-l)  is situated 
outside L2, but that the image set uA(u-l) = C(u-l) is a subset of 
L2. The corresponding classification holds also for the many- 
particle operator U defined by (3.2). 

Let us now study what happens to the stability problem of 
the transformed operators 

(3.7) TU = UTU-'. (TU)+ = (Ut)- l i t  T U 

when the operator U is unbounded. For the sake of simplicity, 
we will start from the eigenvalue problem (2.3) for a non- 
degenerate eigenvalue X. Introducing the transformations 

Cu = UC. DU = (Ut)-lD, (3.8) 

one gets immediately the formal relations 

T u u  C = 1 Cu, (TU)'DU = h*DU, (3.9) 

which are analogous to the original eigenvalue problem but with 
transformed boundary donditions. This implies that, if the 
original eigenfunction C belongs to the domain of U, then the 
transformed function Cu is an element of L2. and the eigenvalue 
h is persistent. If on the other hand, the eigenfunction C belongs 
to the com lement of the domain of U. then the transformed 
function C' is situated outside L2, and the corresponding 
eigevalue h is lost. Finally, if the transformed operator TU has a 
discrete non-degenerate eigenvalue A'. which is not an 
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eigenvalue to T, then the eigenfunction Cu must belong to the 
complement of the operator U - l .  which implies that the 

1 u  transformed function C = U- C must be situated outside L2. in 
fact in the set A(U-'). This means that the eigenvalue h' becomes 
a lost eigenvalue under the reverse transformation T = U- T U. 
Similar considerations hold for the eigenvalue problem of the 
transformed operator Tt. We note that one has the invariance 
property 

<Cu I DU> = <C I D>, (3.10) 

provided that all functions involved belong to L2, i.e. that they 
belong to the persistent eigenvalues h and h*, respectively. 

Even if the conditions for persistent, lost, and new eigen- 
values are completely clear for the exact eigenvalue problems to 
the operators T and Tt ,  it is considerably more difficult to 
translate them to the aDDroximate eigenvalue problems 
associated with the application of the bi-variational principle for 
the operators T and Tf to t r u n c a t e d  basis sets. In this 
connection, the relations (A.1.40-1.49) may turn out to be useful 
in formulating the problem. Some of the computational aspects, 
particularly the choice of the dual basis sets, are further 
discussed in reference A. 

1 u  

3.2. Similarity transformations in the Hartree-Fock Scheme: 
the Tarfala Theorem. - Let us again consider the eigenvalue 
problem (2.3) for the operators T and Tt for a non-degenerate 
eigenvalue h with the approximate eigenfunctions Ca and Da 
given by the Slater determinants (2.28). For the transformed 
eigenfunctions Cua = UC,, one obtains according to (3.8): 

where we have used the fact that the product operator (3.2) 
commutes with the antisymmetric projection operator 
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OAS = (N!)-'%(-l)' P (3 .12 )  

and introduced the notation 

vku(xi) = u(i) vk(xi), ( 3 . 1 3 )  

for k = 1, 2. ... , N. For the transformed eigenfunction DUa = 
(Ut)-lDa, one obtains similarly: 

DUa = (Ut)-l (N!)-'12 I $1 (xj) I = (N!)-'12 I$,"(xj) I ,  ( 3 . 1 4 )  

where 

$lU(xj) = (u+fi)~-l$l (xj). ( 3 . 1 5 )  

For the overlap integral, one obtains further 

dUlk = <$iU I vku> = < $1 I I&> = dk. (3 .16 )  

provided that both vk and $1 belong to the domain of u and (ut)-l, 
respectively. If all functions y = ( yq. ~ 2 ,  ... , WN} and 4 = (Q1, $2, 

.... , @N] belong to the domain of u and (ut)-', respectively, the 
transformed determinants Cua and DUa still belong to L2, and one 
has 

In such a case, the special projector ua defined by (2.31) or 

( 3 . 1 8 )  

still exists, but we note that this is not the case if a single one of 
the functions D)O = ( vk ] or 4 = ( $1 } is outside the domains of u 
and (ut)-l, respectively. We may now write the relations (3 .13)  
and (3.15) in the condensed form: 

rUa=UTau-, 1 
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The many-particle projector r", is in this case fully described by 
the one-particle projector 

pu = I yu> <$u I yu>-l<$u I ,  (3.20) 

according to (2.32), and - by using (3.19) - one then obtains the 
relation 

(3.2 1) p u = u p u ,  -1 

This gives for the associated kernels: 

If the many-particle projector Ta undergoes the similarity trans- 
formation (3.18). the one-particle projector p undergoes the 
corresponding one-particle similarity transformation. 

The question is now what happens to the effective one- 
particle operator Tueff associated with the transformed many- 
particle operator T" = UTU-l. Using (2.40) and (3.4), one obtains 

where 

TIU = ~ ( 1 )  TI ~ - ' ( l ) ,  

(T12")' = u(l)u(2) Tl2 ~ - ' ( l ) u - ~ ( 2 ) .  (3.24) 

and T12 = T12 (1-P12). The treatment of the first term in (3.23) 
is obvious, and we will concentrate our interest on the second 
term: 

(3.25) 

For this purpose, we will start from the corresponding term in 
the untransformed operator (2.401, and we note that it may be 
written in the form: 
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= k.1 <@l I T12' I vk>2 ekl* (3.26) 

where the summation over k and 1 goes from 1 to N, and where 
the index 2 on the bracket < I I > indicates that we have 
integrated over the variable x2. Similarly, one obtains for the 
transformed term: 

= U(1) { c k , l  <@lIT12'Ivk>2 euH1 U-'(l) ,  

= U(1)tl  u-l(l) (3.27) 

where we have used the inverse of the relations (3.19) and the 
fact that eUH = eH. For the effective one-particle operator, one 
hence obtains the transformation formula: 

TUea(l) = ~ ( 1 )  Teff(1) u - ' I~I .  (3.28) 

i.e. if the many-particle operator T undergoes the many-particle 
similarity transformation (3.11, the effective one-particle 
operator Teff undergoes the corresponding one-particle 
similarity transformation. This is the content of the so-called 
Tarfala Theorem. It should be observed that the theorem is valid, 
if and only if all the functions = {vk} belong to the domain of u 

and all the functions + = {$I} to the domain of (ut)-l. 

For the approximation I = Tr T Ta to the eigenvalue h, one 
obtains 

Iu = <DUa ITu I CUa>/<DUa I Cua> = <Da I TI C,>/<D, I Ca> = I (3.29) 

and the approximation is then invariant under the similarity 



Many-Particle Hamiltonian Transformations 205 

transformation and corresponds hence to a persistent eigen- 
value. At first, this result may look rather disappointing, since 
we are particularly interested in the occurrence of lost and new 
eigenvalues, but it should be observed that it depends on the fact 
that we have required that the Hartree-Fock scheme should be 
valid for both T and T' = UTU-l. 

If anyone of the functions = ( ~ k ]  is situated outside the 

domain of the operator u. the transformed determinant Cua = 
UC, is no longer an element of L2. and this may be taken as an 
indiaction of a lost eigenvalue. However, in such a case the 
operator pu = upu defined by (3.20) no longer exists, and the 
entire Hartree-Fock scheme breaks down. 

Similarly, if the approximate eigenvalue Iu would corre- 
spond to a new eigenvalue of the operator Tu. one would expect 
that the associated Slater determinant Cua - as well as DU, - 
would belong to L2. whereas this would not be the case for the 
transformed determinant C, = U-kU,. In such a case, at least one 
of the functions y! = (144 must be situated in the complement to 
the domain of the operator u-'. Introducing the  reverse 
transformation T = U-'TUU. one realizes that the Hartree-Fock 
scheme for the original operator T breaks down for this 
particular case: neither the one-particle projector p nor the 
effective one-particle operator Teff do exist. 

Unfortunately, the Hartree-Fock scheme is an approxi- 
mation, and one can never from the very beginning assume that 
an approximate scheme should reflect the true behaviour of the 
exact eigenfuntions and eigenvalues. One has hence to be very 
careful about making final conclusions. We note, however, that - 
if the Hartree-Fock scheme is valid for both the operators Tu 
and T = U-lTUU, then one has necessarily I = Iu. i.e. at least the 
approximate eigenvalue is persistent. 

3.3. The Hartree-Fock Scheme for a Complex Symmetric 
Operator. - Let us now consider the special case when the 
many-particle operator T is complex symmetric. so that T+ = T*. 
If the eigenvalue h is non-degenerate, one has according to 
(2.26) the simple relation D = C*<CIC*>-l between the eigen- 

-1 
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functions C and D to T and Tt, respectively. If the same relation 
should hold also for the approximate eigenfunctions D, and C, 
defined by the Slater determinants (2.28) - which is not 
necessarily true - then D, is proportional to Ca*, and one obtains 
for the associated Fock-Dirac density operators 

I +><$ I +>-'<$I = ( I  D(P>cyl o ( p > - l q l ) * .  (3.30) 

Multiplying this relation to the right by lo(p*>, one obtains 

+ = y*a , a = <+Iy*>-1<$1+>. (3.3 1) 

which is a necessary and sufficient condition that D, and Ca* are 
proportional. Substituting the relation (2.3 1) into the expression 
for the one-particle projector p defined by (2.32). one obtains 

p = I p c $  I oopz-1<$ I = I p<y* I p-%y* I ,  (3.32) 

which is independent of a. Hence one has 

pt = p*. (3.33) 

i.e. also the projector p is complex symmetric. 

The many-particle operator T defined by (2.35) is complex 
symmetric because the various terms in (2.35) are assumed to be 
complex symmetric, so that 

T: =Ti*, TY t = Tg*. ... (3.34) 

and one has further the symmetry property Tji = Tij. The 
untransformed effective one-particle operator Teff has according 
to (2.40), (3.26), and (3.32) the form 

(3.35) Teff (11 = Ti + ti. 

(3.36) 
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and e = 8-l is the inverse of the metric matrix A = <y* I y>. 
Since A = A*. one has also et = e *, i. e. eH = elk. t 

The operator T12 is complex symmetric, which means that 
- for any pair of two-particle functions @ = @( 1,2) and Y = Y( 1.2) 
in L , one has 2 

<Q,IT121Y> = 41'12t@IY> = <Y IT1zt@>* = 

= <a IT12* I @>* = <Y* IT12 I @*> (3.37) 

Since T12 = T21. the operator T'12 = T12 (1-P12) is also complex 
symmetric. This follows from the fact that 

<@IT12'I Y> = J I  d x l d ~ 2  @*(1,2)T12(1-P12) "(1.2) = 

= I I  dxldx2 @*(1,2) Ti2 [ Y(1,2) - "(2.1)) = 

= I I  dxldx2 {@*(1,2) - @*(2,1)) Ti2 "(1.21, (3.38) 

where we have simply interchanged the names of the integration 
coordinates x i  and x2 in the second term. Using (3.37). one 
obtains further 

which proves the statement. 

The first term T1 in the right-hand side of (3.35) is 
complex symmetric. In order to show that the second term tl is 
also complex symmetric tlt = tl*, one has to show that - for any 
pair of one-particle functions f(1) and g(1) in L2 - one has 

<fl t lg> = <t t flg> = <gl t t f>* = <gIt*f>* = <g*I t l f*>.  (3.40) 

Using (3.36) and (3.39). one obtains directly 

<fltlg> = I dxl f * ( l ) t l  g(1) = 
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= I dxl g(l){ xk.1 I h 2  Vl(2) Tl2' Wk(2) ekl fc(1) = 

= <g*( 1) I tl I f*( l )> = <g* I t I P>, (3.41) 

where in the proof we have interchanged the summation indices 
k and 1 and used the fact that ekl= elk. Hence tl is complex 
symmetric, and one has 

(3.42) 

The fact that also the effective one-particle Hamiltonian T&l) 
is complex symmetric has  deep-going consequences and 
renders considerable simplifications in the theory. 

Let us  first evaluate the canonical Hartree-Fock functions ~ p p  

= { vl, w2, ... WN ] which are solutions to the equations 

where the matrix h is on classical canonical for, with the eigen- 
values tk on the diagonal. In such a case, one can introduce the 
conjugate set 4 = {@I, $9, ... , ON} through application of relation 
(2.26) to the one-particle case, which gives 

4 = y*<y I y*>-1. (3.44) 

One has further 

In such a case, the one-particle projector p defined by (3.32) 
takes the simplified form 

with the kernel 
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(3.47) 

which if often very useful in the numerical applications. 

In solving the non-linear Hartree-Fock equations (3.43). one 
is using the iterative SCF-procedure discussed in reference C. If 
one starts from a one-particle projector p which is complex 
symmetric, this property is going to stay invariant under the 
iteration procedure, and one finally reaches a solution with the 
desired property: D, = Ca*cCa I C,*>-'- 

3.4. Special Case when Ti= T* = T. Let us now consider the 
special case when a complex symmetric operator is real, so that 
T* = T. In this case, the operator T is also self-adjoint. Tt = T. 
and one can use the results of the conventional Hartree-Fock 
method '. The eigenvalues are real, 3L = h*, and - if an eigenvalue 
h is non-degenerate. the associated eigenfunction C is nece- 
ssarily real or a real function multiplied by a constant phase 
factor exp(i a). In both cases, one has D = C*cC I C*>-' = C. In the 
conventional Hartree-Fock theory, the one-particle projector p 
takes the form 

p = l p c ~ I ~ - 1 < ~ l t  (3.48) 

and it has hence the special property 

p+ = p. (3.49) 

I t  is then easily shown that also the effective one-particle 
operator Teff is self-adjoint: 

(3.50) 

If one starts the iterative SCF-procedure from a self-adjoint 
operator p, the properties (3.50) and (3.49) are going to be 
invariant under the iterations and are going to characterize the 
final solution. Since Teff is self-adjoint, the classical canonical 
matrix D is always on diagonal form. We note that, in this case, 

there is no need to assume that the set  oy = {wl. w2, ... , WN) 
should consist of real functions, and that it is sometimes 

t 
Teff (1) = Teff(1). 



210 Per-Olov Lawdin, Piotr Froelich, and Manoj Mishra 

convenient to consider complex sets. 

I t  is a peculiarity of the Hartree-Fock scheme that the pro- 
perties of the approximate eigenfunction C, does not always 
reflect the properties of the exact eigenfunction C. A well-known 
example is given by the symmetry dilemma ', which says that if 
an eigenfunction C has a special symmetry property cha- 
racterized by the projector 0. so that 

O C = C .  TO=OT,  (3.51) 

then the approximate eigenfunction C, obtained from the varia- 
tion principle 61 = 0 does not automatically have this property. 
This means that the condition OCa = Ca becomes a constraint on 
the variation principle, and one has the choice between looking 
for an "absolute" minimum I. in which the Slater determinant C, 
may be a mixture of different symmetry types, and a "local" 
minimum Iloc > I, in which the constraint is satisfied. I t  should 
further be observed that, if one starts from a Slater determinant 
which satisfies the condition OCa = C,, then the constraint is 
satisfied during the entire iterative SCF-procedure. and that this 
approach leads to the so-called restricted Hartree-Fock (RHF) 
scheme. In this particular case, the matrix It in the canonical 
Hartree-Fock equations may contain non-diagonal Lagrangian 
multipliers tkl # 0, but we note that they are of a different 
character than those occurring in the Jordan blocks. 

Since the operator T is complex symmetric, Tf = T*. one 
may wonder what happens if one starts the iterative SCF- 
procedure from a complex set y = ( wl. w2, ... , vN) and a one- 
particle projector p of the form (3.32). i.e. 

(3.52) 1 p = Iolp><D(p*lolp>- <o(p*l 

instead of (3.48). In such a case, the two relations pt  = p* and 
T,f; = T,ff* are going to be invariant under the iterative SCF- 
procedure and characteristic also for the final solutions. Since 
the relations (3.44) and (3.45) are now valid, one has also the 
property D, = C,*<C,I Ca*>-l, but we note that the Slater deter- 
minant C, is not necessarily real, or a red function multiplied by 

a constant phase factor cia. This means also that the approHmate 
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eigenvalue h defined by the bi-variational principle is not 
necessarily real. 

I t  is clear that this complex symmetric Hartree-Fock sche- 
me will reduce to the conventional Hartree-Fock scheme, if and 
only if the relation 

y* = I Q. (3.53) 

is satisfied, i.e. if the linear space spanned by the functions ~ p p  = 
{ w1.w2. ... , wN} is stable under the operation of complex conju- 
gation (*). In this case, the one-particle operator (3.52) reduces 
to the conventional form (3.48). and - for the Slater determinant 
Ca = (N!)-1'2 Iw(xi) I - one obtains 

where the determinant I a I is a constant factor, and the appro- 
ximate eigenvalue I becomes real. If one starts the iterative SCF- 
procedure from a set olp, which satisfies the relation (3.53). the 
relations pt = p* and Tefft = Teff* are going to stay invariant 
under the iterations, and one obtains the conventional Hartree- 
Fock scheme. 

On the other hand, if one starts from a set which does not 
satisfy (3.53), the relations p = p* and Teff '= Teff* are going to 
stay invariant under the iterative SCF-procedure, and we note 
that there is nothing in this process which says that the final 
solution y must necessarily satisfy relation (3.53). Hence one 
can expect that the complex symmetric Hartree-Fock scheme 
and the conventional scheme will sometimes give different 
results. 

t 

3.5. Invariance of the Property of "Complex Symmetry" under 
Restricted Similarity Transformations.- Starting from the 
general similarity transformatiion (3.1). one obtains the two 
relations 

TU = (TUlt = (Ut)-'TtUt. (3.55) 
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One sees immediately that, if the operator T is originally com- 
plex symmetric, so that Ti= T*. it will keep this property 
invariant under the similarity transformation provided that the 
operator U satisfies the condition 

(U+)- l=  u*, (3.56) 

in which case one speaks of a restricted similarity transforma- 
tion: see also reference A, eqs. (A.1.54-1.71). Let us further 
consider the stability problem for the operators T and Ti in the 
form given by the relations (2.19) and (2.20). For the con'ugate 
eigenfunctions Cu and DU to the transformed operators T and 
(TU)'. one gets in analogy with (3.8) that 

L 

C U = U C ,  DU = (Ut)-l D, (3.57) 

In  the special case when T is complex symmetric, one has 
further according to (2.26) that D = C*<C I C * > - l .  S ince  
<cU I (cU)*> = <UC I u*c*> = <C I UtU* I c*> = <C I c*>. one 
obtains 

DU = ( U y D  = U*C*<C I C*>-l = (CU)*<CU I (CU)* >-l, (3.59) 

and this important relation is hence invariant under the 
restric--ted similarity transformations. 

The many-particle operator U defined by the product (3.2) 
defines a restricted similarity transformation provided that the 
one-particle operators u satisfy the condition: 

(u+)-' = u*. (3.60) 

Let us now consider the one-particle transformations (3.19) 
which, in this case, take the form: 

If all the functions in the sets D(P and 0 belong to the domain of u 
and u*, respectively, the one-particle operators p and pu exist, 
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and one obtains - according to (3.21) and (3.28) - the relations 

(3.62) U -1 1 p =UPU , T u = u T e ~ u -  . 
Using (3.60). one gets further that 

i.e. the operators p and Teff remain complex symmetric under 
the restricted similarity transformations. In this particular case, 
one has 

and the classical canonical form B stays invariant under the simi- 
larity transformation as one would expect. According to (3.44). 
one has further 0 = y*<y I yr*>-l. and since eyu I yu*> = <D(P I I*>. 
one gets also 

I#? = (yU)* <IU I (yU)*>-l. (3.66) 

Let us finally assume that one starts from a set yu which be- 
longs to L2, but that this is not necessarily the case for the set y 
= u D(O . In such a case, the projector -1 u 

pu = I yU.c(yU)* I yU>-l<(l!+P)* I (3.67) 

as well as the operator T U e ~  exist, and the relations (3.63) are 
going to be satisfied. This implies that, if one has solved the 
canonical Hartree-Fock equations (3.43) for this particular case: 

where hu is a classical canonical form, then one can immediately 
introduce the conjugate solutions +u through the relation 
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According to (3.45). they satisfy the conditions 

I $5 = n.  

(3.69) 

(3.70) 

However, since the projector p does not necessarily exist, the 
invariance theorem t = QU could very well break down, corre- 
sponding to the case of "lost eigenvalues" in the general theory. 

Let us now consider the special case when T t = T* = T, i.e. 
when the original operator T is self-adjoint and real. In the 
conventional Hartree-Fock scheme - in the following indicated 
by an index c (=conventional) - which is based on relation (3.48). 
one has p, = pet and Teff,, = Teff,, , and it is obvious that the 
classical canonical form h, must be diagonal with only real 
eigenvalues. 

t 

For restricted similarity transformations, the transformed 
operator TU= UTU-' is still complex symmetric, and the same 
applies - according to (3.33) and (3.42) - to the one-particle 
operators pu and Tueff. If one starts from the assumption that 

oPp' = u y,. 

one gets according to (3.62) that 

-1 pu=up,u . 

(3.7 1) 

(3.72) 

and the invariance theorem t = Q shows then that, in this case, 
the classical canonical form h is diagonal with real eigenvalues. 
Since we are here interested in complex one-particle eigen- 
values tuk, this trivial application of the Tarfala theorem leads 
hence to a negative result. 

I t  is evident that, if one wants to avoid this trivial case, one 
has to abandon relation (3.71) and assume that the set yu has 
more general properties. For this purpose, we will start from 
the complex symmetric many-particle operator Tu and consider 
the associated one-particle operators 
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pu = I yu><(DpRu)* I yu>- l<(q)*  I ,  (3.73) 

and TUef&l) defined by (3.23). In this more general case, one is 
dealing with the complex symmetric Hartree-Fock scheme , and 
it may very well happen that the classical canonical form hU has 
complex eigenvalues. I t  is not so easy to demonstrate this fact 
by a theoretical or numerical example for the simple reason that, 
even if it is easier to solve the Hartree-Fock equations than the 
original eigenvalue problem (2.3), no one has so far been able to 
solve the Hartree-Fock equations exactly. In the approximate 
procedures built on the use of truncated real orthonormal basis 
sets of order m, the matrix Tueff is a symmetric matrix of order 
mxm with complex elements, which - as a rule - has complex 
eigenvalues. 

Once one has solved the Hartree-Fock equations associated 
with the transformed operator TU= UTU-l. it is evident that it 
would be of interest to study also the inverse transformation T = 
U- T U, where T has the properties T = Ti = T*. In order to 
stay within the complex symmetric Hartree-Fock scheme, we 
will then consider the functions: 

1 u  

(3.74) 1 u  y = u -  y . 

If at least one of the functions yu is not in the domain of the 

operator u-', at least one of the functions y would be situated 
outside L2, the complex symmetric Hartree-Fock scheme would 
break down, and one would have a situation which would be 
analogous to the case of a lost eigenvalue in the theory of the 
exact eigenfunctions C and D. 

We note, however, that the Hartree-Fock scheme is an 
approximation in which the solutions do not necessarily reflect 
the behaviour of the exact eigenfunctions. In  fact, it may very 
well happen that the canonical Hartree-Fock functions y" are all 

situated in the domain of the operator u-', and this implies that 
also the transformed functions D(P = u-'prU are all situated in the 

L Hilbert space. In such a case, the one-particle operators p = 
l ~ > < ~ * l o o p > - l < ~ * l  and T,ff exist, and one has the 

2 
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transformations: 

-1 u -1 u p = u p U, Tedl) = u T e d l )  U, (3.75) 

which indicate that the pDerators D and Teffll) are cormley 
surnmetn 'c but usuallv not s klFad_ioint: I t  should be observed that 
the complex symmetric Hartree-Fock scheme is different from 
the conventional one, and that the former reduces to the latter if 
and only if the relation (3.53) is satisfied. i.e. if the linear space 
spanned by the set y is stable under complex conjugation. In 
order to obtain complex eigenvalues to the operator Tueff(l), it is 
hence necessary to avoid this particular situation, in which y* = 

v pa, (u -1 u )* = (u-'o(Pu) pa,  and 

i.e. all the functions uutYuk* for k = 1, 2, ... , N should be situated 
in the linear space spanned by the functions yu = (~"1 ,  wu2, ... , 
w u ~ } ;  for algebraic details, see Appendix A. I t  is evident that the 
relation (3.76) is a very special condition for the general set yu= 
(Yuk} which is very seldom satisfied. In practice, one knows for 
sure that it is not fulfilled as soon as the operator Tueff(l) has at  
least one complex eigenvalue. 

We note finally that, in the numerical studies of the complex 
symmetric operators Tu and Tue~ ,  it is usually convenient to use 
orthonormal basis sets which are real, since the associated 
matrices will then automatically be symmetric with complex 
elements. In  the case of a truncated basis of order m, most of 
the eigenvalues will usually turn out to be complex, but we 
observe that one has to study their behaviour when m goes to 
infinity and the set becomes complete, before one can make any 
definite conclusions as to the existence of true complex eigen- 
values to Tu and T u , ~ .  respectively. The connection between the 
results of approximate numerical treatments and the exact 
theory is still a very interesting but mostly unsolved problem. 
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4. Properties of a Many-Particle Hamiltonian under Complex 
scaling. 

4.1. Method of Complex Scaling: the Dilatation Operator. - The 
method of complex scaling is based on the use of the dilation 
operator u = u(q) - where q is a fixed complex parameter called 
the "scale factor" which is sometimes expressed in the alter- 
native forms q = exp(8) = q exp(ia) - defined through the 
property 

u(q) f(x) = q112 f(qx). (4.1) 

Here f= f(z) is an analytic function originally defined on the real 
axis {x), which is assumed to be analytic also in the point z = qx. 
An essential problem in the method of complex scaling in 
quantum mechanics is hence to study whether a wave function w 
= ~ ( x )  defined on the real axis may be continued analytically out 
in the complex plane to the point z = qx. Since many analytic 
functions have natural boundaries, it is from the very beginning 
evident that there may be considerable restrictions on the 
parameter q itself. More generally, one may define the operator 
u through the relation 

u(q) f(z) = $ I2  f(qz), (4.2) 

where it is assumed that the function f is analytic in both z and 
qz. The method of complex scaling has been rigorously deve- 
loped during the last few decades by a number of mathe- 
maticians, and - for a selection of the key references - the 
reader is referred to our reference A. Here we will consider the 
method of complex scaling essentially from the physicist's point 
of view. 

There are many ways to  show that the dilatation operator u 
satisfies the condition (3.60). which is characteristic for the 
restricted similarity transformations. By putting q = exp(8). it 
was proven in eq. (A.3.14) that u may be written in the form 

where 
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o = (1/2) + xd/dx = (2xi/h)(px+xp)/2, (4.4) 

and p = (h/2ni) d/dx is a self-adjoint operator with the special 
property p* = - p. We will here give an alternative derivation for 
finite values of 8. 

Let us assume that f = f(x) is analytic around the point x=O 
within a radius p. so that - for I x I < p - one has the Taylor 
expansion 

f(x) = zn (xn/n!) P(o). (4.5) 

Since (xd/dx)xn = nx", one gets (xd/dx)p 3 = np xn, as well as 

exp(8 xd/dx) xn = ($ ( ep/p!) (X d/dx)p) xn = 

(4.6) 
8xn = {% (ep nP/p!)) x" = exp (en) x" = (e . 

Hence one has 

exp@ d/dx) f(x) = Zn (ee x)"/n! +n'(0) = f(eex), (4.7) 

provided that I eexl < p , so that the series is convergent and the 

function analytic in the point z= e x = q x. Hence e 

(4.8) 
em 

Since further wt = - w = o*. one gets directly 

u = e = exp ((n i/h) 0 (px+xp)). 

u t  = exp(eo) t = exp I- e*o) = { U(e*))-l = { u * J - ~ ,  (4.9) 

which proves our statement. For the specific algebraic ruIes valid 
for the dilatation operator u, etc., the reader is referred to 
reference A. I t  should be observed that u is an unbounded 
operator, as shown by some simple examples. 

4.2. The Coulombic Many-Particle Hamiltonian.- For a system of 
atomic nuclei and electrons under the influence of electrostatic 
forces, the many-particle Hamiltonian takes the form: 
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as described in (A.3.7). The method of complex scaling may be 
defined in many different ways, but - in reference A and here - 
we have defined it through an unbounded similarity trans- 
formation of the type (1.1) which gives 

(4.11) 

In an approximate numerical treatment based on the bi- 
variational principle and the use of a finite (real or complex) 
orthonormal basis Q, one has 

HU = q-2 T + q-lv, (4.12) 

If the basis Q is chosen real, one has the additional advantage 

that the matrices T and V are real and symmetric, and - with q 
= p(cos a + i sin a)  - one can easily separate the real and ima- 
ginary parts of the ei envalue problem. I t  is evident that, in such 
a case, the matrix W is automatically symmetric with complex 
elements. and this important matrix property was discovered in 
the numerical applications long before one started studying the 
corresponding operator property. 

Keeping the basis fixed, one can now study the behaviour of 
the approximate eigenvalues as a function of the scale factor q 
and particularly of the "rotation angle" a. Using the results from 
the exact theory, it seems reasonable to believe that the eigen- 
values which are approximately situated on a ray in the complex 
plane with the angle (-2a) belong to the "continuum". whereas 
those which are situated between this ray and the real axis may 
correspond to discrete complex eigenvalues associated with 
physical "resonances". In  the exact theory, these complex 
eigenvalues EU are independent of q as soon as they are 
"uncovered": 

fJ 

dE/dq = d2E/dq2 = ... = dnE/dqn = ... = 0, (4.13) 

whereas in the approximate numerical treatment they show 
certain stability properties: in practice they are often 
determined from "stabilization graphs" based on the fact that at 
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least dE/da = 0. 

The Coulombic Hamiltonian (4.1) is invariant under trans- 
lations and rotations, and it is hence convenient to separate the 
motion of the "center of mass" 5 and to study the new 
Hamiltonian: 

H H - p~2/Mg (4.14) 

in which one may further separate the rotation of the system 
considered as a whole. One of the fundamental problems in 
quantum chemistry is that the Hamiltonian H' does not 
distinguish between different isomers or configurations, and that 
one still does not know how to treat the influence of the 
"nuclear motion" in full detail. In this situation, one often tries to 
use additional chemical insight obtained from experiments. In 
the Born-Oppenheirner approximation , one assumes that the 
nuclei g are very heavy (m, = -1, neglects the kinetic energy of 
the nuclei, and assumes that they are situated in fuced positions 

. We note that - even if today the calculation of internuclear 2 istances and angles is a highly developed art - the general 
shapes of the molecules involved are often taken from chemical 
experience. In this scheme, the Hamiltonian takes the 
simplified form: 

where 

2 
Hg = e /rg, 

(4.15) 

(4.16) 

and the indices g and h characterize the atomic nuclei and the 
indices i and j the electrons. Scaling also the nuclear coordi- 
nates properly (eg. by external scaling), one may now apply the 
method of complex scaling to the Born-Oppenheimer 
Hamiltonian (4.15). The results of the general theory of 
unbounded similarity transformations as outlined in reference A 
apply also to this case, and - for numerical applications - the 
reader is referred to the bibliography in this paper. 
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4.3. Application of the Hartree-Fock Method. - Since numerical 
Hartree-Fock programs dealing with complex numbers are 
available in many research groups, it seemed natural to apply 
this scheme also to the scaled Born-Oppenheimer Hamiltonian 
(4.15). As a consequence, some numerical results were obtained 
before the theory was developed, and - as we have emphasized in 
the Introduction - some features seemed rather astonishing. 

The Hamiltonian H defined by (4.15) is self-adjoint and real, 
H = Ht= H*, and this implies that the transformed Hamiltonian 
Hu remains complex symmetric under complex scaling. Hence 
the same holds for the one-electron projector pu defined by 
(3.52) 

(4.17) 1 pu = ll$J=-<Qy* I F -  <y* I ,  

and for the associated effective Hamiltonian HUefr(l). In  such a 
case, the Tarfala theorem expressed in the relations (3.21) and 
(3.28) is valid: 

(4.18) 1 pu = u p U- , TueffIl) = u Teff(l) U-'. 

In Sec. 3.3, we have emphasized that the complex symmetric 
Hartree-Fock scheme usually does not reduce to the conven- 
tional one for the special case when q = 1. More generally, in the 
complex Hartree-Fock scheme, the results obtained from a star- 
ting value q l  do not necessarily reduce to the results obtained 
from another starting value q2 - i.e. each starting value leads to a 
specific result. 

In the numerical applications, it is hence convenient to fx 
the scale factor q, to use a real orthonormal basis @ of order m, 
and to calculate all the m eigenvalues &k of the effective Hamil- 
tonian Heff(1) on the real axis and in the complex plane. One 
then studies the behaviour of these eigenvalues as the order m of 
the basis increases and looks for "stable" complex eigenvalues 
between the ray (-2a) and the real axis - often by means of 
"stabilization graphs". One then repeats the calculation for a 
series of values of the scale factor q. observing that the results 
are often discontinuous functions of the rotation angle a. An 
example of such a calculation will be given in the next section. 
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5. Numerical Application of the Complex Scaling Method in the 
Hartree-Fock Approximation. 

The calculation of physical resonances associated with the 
existence of meta-stable states with a finite life-time plays an 
important role in modern physics. They occur e.g. in scattering 
problems during the interaction between atoms/molecules with 
incoming particles or with electromagnetic fields. A simple 
example may be given by considering a so-called s h a p e  
resonance arising in the course of the scattering of an electron 
by an atom. This resonance is associated with the temporary 
capture of the electron by the target atom (A) resulting in the 
formation of a metastable negative ion (A-)*. which then decays 
by an electron emissiong: 

e + A  + (A-)* + e + A ,  (5.11 

This process is most efficient if the incident electron has a 
resonance energy K, given by the difference of the average 
energy E, of the composite structure (A-)* and the energy Eg of 
the ground state of (A). Conventionally, the energy of (A-)* is 
expressed as a complex number E = E, - ir/2, where E, indi- 
cates the middle of the energy level and r gives its half-width. In 
this way, the study of slow electron-atom collisions can be 
essentially reduced to the study of the resonances of the 
negative ions. 

Resonances may be calculated in many different ways, and - 
during the last decade - the complex scaling method has turned 
out to be particularly powerful for this purpose, since it has been 
shown that the complex discrete eigenvalues revealed in this 
approach are identical with the physical resonances; for a survey 
of this method, the reader is referred to paper A and references 
given there. I t  is evident that, in calculating the eigenvalues of 
the transformed Hamiltonian HU = UHU-', methods based on 
the use of superposition of configurations (CI) are going to be 
particularly useful. However, it may also be of some interest to 
find out how much of the resonances may be found in the 
Hartree-Fock scheme and how much requires more deep-going 
correlation calculations. The start of the present work was based 
on the idea that at least some of the "shape resonances" could be 
detected already in the Hartree-Fock approximation applied to 
the scaled Hamiltonian. 
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I t  is evident that, in order to solve this problem, the SCF 
resonances of the composite system (A-)* ought to be studied in 
full detail. However, in the numerical application described 
below, we have simplified the problem even further by assuming 
that one may obtain the resonances of the ionic system (A-) at 
least approximately by studying the "meta-stable" virtual 
(unoccupied) orbitals in the dilated SCF calculation performed 
on the target atom (A) alone. The details of such an approach for 
the study of a resonance formation and decay are given 
elsewhere lo. 

By using this approach, we have studied the 2P shape 
resonance in the e-Be scattering problem. The spectrum of the 
bi-variationally obtained effective Hamiltonian for the beryllium 
atom (1s 2s ) has been investigated, and this spectrum and its 
behaviour are presented in Figures 1-4. Even at this crude level 
of approximation, it seems possible to detect a "trace" of the 
resonance, i.e. to distinguish between the resonant virtual orbital 
eigenvalue from other virtual eigenvalues describing the dilated 
scattering solutions". In spite of the crudeness of the model, 
the energy and width of the resonance show reasonable 
agreement with those obtained with more accurate methods: see 
Table 1. 

2 2  



224 

0.00 - 
- 

- 0.08 - 
- 

-0.16- 

- 

- 0 . 2 4  - 
- 

> I -,',,: 
h -0.40- 

E 
c( -0.48 - 
!!! - 

- 

- 0.56 - 
- 

-0.64 - 
- 

Per-Olov Liiwdin, Piotr Froelich, and Manoj Mishra 

Figme 1. 
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Fig. 1.  Trajectory for the real and imaginary parts of the resonant 
orbital energy E denoted by dots ( 0 )  and the nearest scattering 
root (0) as functions of the rotation angle a in radians. The 
starting value is a = 0.0 at  the top right (ImIEI = 0.0). and the 
increment A a  is 0.02. The real factor p in the scale parameter q 
= p exp(ia) is here fuced at  p = 0.75. 
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Figure 2a. 
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Fig.2a. Trajectory for the real and imaginary parts of the 
resonant orbital energy E denoted by dots ( 0 )  as a function of the 
real scale factor p. The starting value is p = 0.65 at top left, and - 
the increment Ap is 0.025. The rotation angle is fixed at a = 
0.38. 
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Figure 2b. 

- 
4 = 0.4000 

?( in i t )  = 0.650 1\ A ?  x O . 0 2 5 0  

- 

- 

- 

‘X 

- ‘i 
1 
\ 

\ 
\ - 

- 

- 

- 

1 
- 

- 
I I 

- 

1 1 1 1 1 1 1 1 1 1  

0.40 0.48 0.56 0.64 0.72 0.80 0.88 0.96 

Fig. 2b. The same trajectory as in Fig. 2a. but with the rotation 
angle fured at a = 0.4. 
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Figure 3a. 
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Fig.3a. Trajectory for the nearest scattering root (denoted by o 
in Fig. 1) as a function of the real scale factor p. The starting value 
is p = 0.65 at top left, and the increment A p  is 0.025. The 
rotation angle is futed at a = 0.38. Note that the slope of the line 
corresponds to the value of a expected from the complex scaling 
theorem (AIm[EI/A Re[El = tan 2a). 
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Figure 3b. 
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Fig. 3b. The same data as in Fig. 3a, but with the rotation angle 
fxed at a = 0.4. 
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Figure 4. 
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Fig.4. Trajectory for the real and imaginary parts of the resonant 
orbital energy E denoted by dots ( 0 )  as a function of the rotation 
angle a with the starting value a = 0.0 at top right and the in- 
crement A a  = 0.02. The real factor is here fixed at the optimal 
value p = 0.775 as determined from Fig.2. Note that the 
distances between consecutive points ( 0 )  are monotonically 
increasing in the beginning, but noticeably slowing down at the 
end which resembles a cusp. This phenomenon is associated 
with a resonance: for further details see reference 10. 
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Table I. Energy and Width of the 2P Resonance in the e-Be 
Scattering from Various Calculations. 

a 
b 
C 

d 

e 
f 

h 

i 

Model Potential 
Static Exchange Phase Shift 
Static Exchange Plus 
Polarizability Phase Shift 
Static Exchange Phase Shift 
Static Exchange Plus 
Polarizability Phase Shift 
Static Exchange Cross 
Section 
Static Exchange Plus 
Polarizability Cross Section 
Complex SCF 
Coordinate Rotated 
Static Exchange 
Second-order Dilated 
Electron Propagator Based 
on RealSCF 
Complex SCF 
Complex CI: Singles, Doubles 
Singles, Doubles, and Triples 
Second-order Dilated 
Electron Propagator Based 
on Complex SCF 
This work Bivariational SCF 

0.60 
0.77 

0.20 
0.75 

0.14 

1.20 

0.16 
0.70 

0.76 

0.57 
0.69 
0.58 
0.32 

0.62 
0.70 

0.22 
1.61 

0.28 
1.64 

0.13 

2.6 

0.14 
0.51 

1.11 

0.99 
0.51 
0.38 
0.30 

0.60 
0.84 

____________________----------------------------- 
a J. Hunt and B.L. Moiseiwitsch, J.Phys, B 3. 892 (1970). 
b H.A. Kurtz and Y. Ohm, Phys.Rev. A 19, 43 (1979). 
c H.A. Kurtz and K.B.Jordan, J.Phys. B14. 4361 (1981) 
d C.W. McCurdy. T.N. Rescigno, E.R. Davidson and J.G. 

Lauderdale. J.Chem.Phvs. 73, 3268 119801. 
e T.N. Rescigno. C.W. CuGdy and A.E. Orel, Phys.Rev. A 17, 1931 

(1  978) 
f R.A. Donelly and J. Simons, J.Chem.Phys. 73, 2858 (1980). 
g M. Mishra. 0. Goscinski, and Y. Ohm, J.Chem.Phys. 79. 5495 

(1 983). 
h J.F. McNutt and C.W. Curdy, Phys.Rev. A 27, 132 (1983). 
i M. Mishra, 0. Goscinski. and Y. Ohm, J.Chem.Phys. 79, 5505, 
(1 983). 
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6. Conclusions and Acknowledgements. 

The motivation for the start of the research reported in this 
paper was a desire to find out if at least a "shape resonance" 
could be detected in the Hartree-Fock approximation applied to 
a scaled Hamiltonian of the type described by relation (4.12). 
Using computer programs available for other purposes, pro- 
grams for solving the dilated SCF equations could be con- 
structed. In starting from a real orthonormal one-electron basis, 
it was found that all relevant matrices were complex symmetric, 
which greatly facilitated the computations, that many of the one- 
electron energies were complex, and that some of them showed 
certain "stability properties" indicating that they may be related 
to resonances. Even if it was evident that the one-electron 
spectra {&k} were discontinuous functions of the rotation angle a. 
it was still of interest to study what happened when this angle 
approached zero. 

If the Hartree-Fock functions D(P undergo a transformation y' = 

uoop, and all the functions are situated in the domain of u, then 

the one-particle operators p and H,ff(l) defined by (3.20) and 
(3.23), respectively, undergo the transformations (3.2 1) and 
(3.28) here referred to as the Tarfala theorem I t  is also assumed 
that the functions $ are situated in the domain of (ut)-'. and we 

note that - in the complex symmetric case - one has  a$ = 

y*<yIy*>-l, and that, since (ut)-'= u*, this condition is auto- 
matically satisfied. Since the effective Hamiltonian undergoes a 
similarity transformation, the spectrum {&k} for the occupied 
orbitals ought to be invariant, and - at first sight - the Tarfala 
theorem seemed hence to be in contradiction to the numerical 
results already obtained. This puzzle was solved when it was 
realized that the complex symmetric Hartree-Fock scheme 
does not necessarily reduce to the conventional one when the 
Hamiltonian becomes real and self-adjoint for cc = 0. This result 
is also in agreement with some conclusions previously 

11.12 reported . 
I t  is interesting to observe that, if one limits oneself to study 

the original real and self-adjoint Hamiltonian with Ht= H = H* 
and applies the complex symmetric Hartree-Fock method to 
this particular case without any transformations whatsoever, one 



232 Per-Olov Uwdin, Piotr Froelich, and Manoj Mishra 

ought still to obtain some complex one-electron energies, which 
depend on the starting point for the iterative SCF-procedure 
involved. By relating them to results of the complex scaling 
method, one could still draw the conclusion that they should be 
associated with physical "resonances" to the same extent as this 
method. 

Numerical Hartree-Fock programs dealing with complex 
matrix elements have been available for quite some time in 
various research groups, and one could hence anticipate that 
several researchers should have encountered the occurrence of 
complex one-electron energies. In going over the literature, we 
have so far found at least one example that this phenomenon has 
been observed before13, but it seems likely that there should be 
many more. We hope that the analysis given here should help in 
clarifymg the nature of the complex symmetric Hartree-Fock 
scheme. 

In conclusion we note that one of the most urgent problems 
in this area of research is to find the connection between the 
exact theory and the numerical approximations based on the use 
of a finite basis of order m when the value of m increases and the 
basis - in priciple - tends to become complete. 
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Appendix A. 

Treatment of One-Particle Subspaces of Order N. which are 
Stable under Complex Conjugation. 

Let us consider a subspace of the L2 Hilbert space, which is 
spanned by the linearly independent set ~ p o  = {yfl. yf2, .... , y f ~ ]  of 
order N. Such a subspace is said to be stable under complex 
conjugation (*), if 

Introducing the metric matrix A = cp~p I ~ p p >  and the reciprocal set 

yr = ~ d p  A- having the property I y?> = 1, and multiplying the 

relation (A. 1) to the left by c yr I , one obtains 

which is our explicit expression for the expansion matrix of 
order NxN. This leads also to the relations 

(A.3) t <apply?*> = ma, <yB* I I> = a A, 

where the second relation is obtained by taking the adjoint of 
the first. One has now the following theorem: 

The nessary and sufficient condition that the subspace spanned 
by the set y is stable under complex conjugation is that the 

matrix a = <y I op-lcy I y*> satifies the relation 

That the condition is necessary follows from the fact that, if p?* 

= ya, one has y?= y*c[a*, which immediately gives a-'= a*. 

In order to prove that the condition (A.4) is sufltcient. we will 
consider the diagonal elements of the matrix: 
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Q = <y*- ya I y*- yaz>, (A. 5) 

when a is defined by the relation (A.2). Using (A.3), one obtains 
directly: 

Q = <y*1y*> - < y*ry>a - a t <y1DBp*> + 

t t t + a <y1y> a = <o(o*l Dpp*> - a Aa - a A Q + 

= <I* I y*> - <y* I y> A-lA A - l < y  I y>= 

= <y* I y>{ <y* I yD-1 <y* I y*> - <y I ?#?>-I< Dop I Dgp*>] = 

=<y* I y>{(a-l)*- Q } = 0,  (A. 6)  

i.e. all the matrix elements of Q - diagonal as well as non- 
diagonal - are identically vanishing. Hence, one has necessarily 
y*- ya = 0, which completes the proof. 

In relation (3.76). we are considering a stability relation of 
the type 

where - for the sake of generality - we have replaced y" b y y 1  

and a by 6. Here the operator v = u ut has the special property 
v-'= ( u ~ ) - ~ u - ~  = u*(ut)*= (uut )* = v*. which gives 

(A.8) 

and we note that also v is connected with a restricted trans- 
formation. Multiplying relation (A.7) to the left by <y1 Iv-l, one 
obtains the following special form for the coefficient matrix: 

t 1 v = v = (v- ) *  

(A. 9) 
g = <y1 Iv- 1 ly,>-l<Dgp, 1y1*>. 
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One has now the theorem: 

The necessary and sufficient condition that the subspace 
spanned by the set yl is stable under complex conjugation 
combined with the operator v = uut is that 

g-1 = @*. (A. 10) 

A simple proof is obtained by introducing the transformed 
functions opo = u-'y1 and reducing (A. 10) to (A.4). However, even 
the direct proof is simple. 

For this purpose, we will proceed as follows. In order to prove 
that the condition (A.10) is sujJcient, we observe that, if @-l= 

g*. one has an  alternative form for the matrix f3 defined by (A.9): 

g = ( p*,-l = <9op1 I yl*>-l<yl* I v I y1*> (A. 11 )  

Let us now consider the diagonal elements of the matrix 

Q1= <u t Dbp1* - u- 1 pM#I u t y,* - U-lylg > = 

Using the form (A.9) for @ in the last term, one finds that the 
last two terms cancel. Using the alternative form (A. l l )  for in 
the second term, one obtains 

Q1 = <O(o1*IVlopo1*> - <y1*Ivlopo1*> = 0, (A. 13) 

Hence all the matrix elements of Q1 - diagonal as well as non- 
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diagonal - are identically vanishing, and one can draw the 
conclusion that utyl*- u- lwlb  = 0, i.e. that vy1* = The 
proof is then completed. I t  is then fairly easy to test whether the 
stability conditions (3.76) are valid or not. 

I t  should be observed that there are also other forms than 
(A.9) for the expansion matrix g. Multiplying the relation (A.7) to 

the left by I ,  where x = {xl, x2,  .... , XN ] is an arbitrary set of 
N linearly independent functions, one obtains 

Jp = <x I PBp1>-1<x I vl yl*> (A. 14) 

provided that the matrix A, = <x I y1> is non-singular. For the 

special choice x = v* ~ 1 ,  one obtains e.g. that 

= <u-lodpl I u-loppp, (A. 15) 

which is a positive definite matrix. As before, one proves that the 
relation 6-l = B* must necessarily be valid, and one has hence 
also the alternative form 

(A. 16) ( f3*,-' = <x* I v- 1 I DPp#<x* I D(p1*>. 

which corresponds to the introduction of the set v*x* instead of 

x in the original formula (A.14). We note, however, that - in the 
case of a general set  - one can no longer expect that the 
condition f3 = ( @*)-l should be sufficient for the required 
stability property, and that our proof is limited to the specific 
choice x = v*yl. This completes the appendix. 
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1. INTRODUCTION 

One of the most important advances in molecular quantum 

mechanics of the last fifteen years has been the increased ease 

and accuracy of predicting molecular conformation through purely 

theoretical models [l-41. The stable geometries of molecules as 

yet unmade can be determined and molecular properties of these 

systems studied. The conformations and properties of 

electronically excited molecules can be examined theoretically, 

whereas experimentally these geometries are often very elusive. 

Transition states, the species that separates reactants from 

products, and that have but fleeting existence -- if at all, 
experimentally -- are also obtainable using molecular quantum 
quantum mechanics. 

Much of this progress has been centered around the discovery 

that energy derivatives can often be explicitly evaluated [3-71 ,  

freeing potential energy searches from inefficient minimization 

algorithms such as uniaxial methods, simplex methods and even 

numerical derivative methods [ 8 ] .  

We might classify methods that search potential energy 

surfaces as [ 9 ] :  

1. Methods without derivatives, 

2. Methods with numerical gradients (first derivatives), 

3.  Methods with analytic gradients, and 

4 .  Methods with analytic gradients, second derivatives 

(Hessian). 

with obvious extension and divisions. Methods of the first type 

such as the simplex methods [ l o ]  are simply not competitive with 
the more modern methods which obtain gradients (except for 

diatomic molecules). Since first derivatives for nearly any 

wavefunction can be obtained analytically, at least with the help 

of the coupled perturbed Hartree-Fock Theory (CPHF) 1111, methods 
that use only numerical gradients will not be competitive except, 

again, for very small systems. Analytic second derivatives are 

generally time consuming to obtain, even for Hartree-Fock 
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(molecular orbital) type wavefunction. The evaluation of second 

derivatives inevitably involves a t  least the CPHF and, as such, 

is a factor of N more difficult than obtaining only the 

gradients, where N is the size of the basis set. Because of 

this, methods of the third type, those that use analytic first 

derivatives and numerical second, are important and are likely to 

remain important. 

In this paper we examine various optimization procedures that 

build up information on the second derivatives as they minimize 

the energy. We focus in this work only on energy minima, 

although the connection with techniques f o r  finding saddle point, 

such as transition states, is reasonably straight forward, at 

least in concept [12,13]. The descriptions of the various 

potentially useful methods is reasonably complete, although we 

have chosen to give examples only f o r  the methods we have found 

most promising. For comparisons we do calculate the exact 

Hessian matrix and perform true Newton steps, although, except in 

especially difficult cases, we do not recommend this time 

consuming procedure. On the other hand, if vibrational spectra 

about a minima are to be examined, OL i f  a transition state is 

sought, a Ifgood" Hessian is required. The update procedures that 

we examine are not reliably Itgood" enough for these purposes. 

In the next two sections we briefly detail the problem. 

Sections 4 and 5 describe two aspects of optimization algorithms, 

the line search and the search direction. These sections are 

somewhat lengthy as befits " a r t , "  f o r  there is  still a good deal 

of artistry in optimizing functions that do not explicitly show 

dependence on their independent variables. In section 4 we give 

an overview of the various suggested procedures in the context of 

a normal mode analysis where the "physics" of the situation is 

somewhat more transparent. 

In Sections 7 and 8 we present results for the more 

successful approaches. The calculations presented are of the 

Hartree-Fock self consistent field type utilizing the INDO11 

[14,15] model Hamiltonian. Although the force constants from 



Newton Based Optimization Methods 243 

such calculations are generally twice as large as those obtained 

from ab-initio results [161, this nearly constant scaling can be 

shown not to affect the generality of the conclusions presented 

in the last section of this paper. 

2. CHARACTERIZATION OF MINIMA 

We assume that the energy hypersurface E ( x )  is a unique 

single-valued function of the nuclear coordinates 5 .  
assume E(x) - and its derivatives with respect to 5 are continuous. 
Under these conditions, the second order Taylor series for the 

energy hypersurface E(5) is well defined. 

We further 

k E(xk + ') = E(x ) + g 

k k aE gi = - axi Ix  = x 

. k  a'E 
Gij = ~x.ax Ix = x 

i i  - 
k where gk = g ( x  ) is a column vector of the energy gradients, and 

G is the matrix of second derivatives, called the Hessian 

Matrix. 

k 

sk is the "step" vector, given by 

k k + l - x k  s = x  

A strong local minimum with 

E(X*) < ~ ( x )  for all x # x* 
* 

occurs at x when 

(2b) 

(2c) 

* *+ 
g = O o r g  s = O  

G 
* > o or  S + G * ~  > o for all s 

Condition (2c) requires the Hessian matrix to be positive 

definite; that is, the eigenvalues of G* are all greater than 

zero. 
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The minimum usually found in a geometry optimization using 

Cartesian coordinates is a "weak" minimum, distinguished by the 

equality of 

* * 
E(x ) E(x), xfx 

The equality of Eq. (3a) arises because of the translational 

and rotational invariance of the energy. At the weak minimum we 

also have 

* 
g = o  

G* 2 0 
* 

where the Hessian matrix G has 6 (or 5) zero eigenvalues 

corresponding to the rotational and translational modes; the 

remaining 3N - 6 ( 5 )  eigenvalues should all be positive [17]. The 

6 ( 5 )  coordinates corresponding to translations and rotations can 

be removed by a suitable choice of internal coordinates. 

However, the energy expression is invariant to this removal, and 

to any choice of linearly independent coordinates. This 

invariance property means that there is no particular advantage 

in an optimization procedure for any given choice of coordinates 

providing the initial steps (see below) are the same. Of course, 

it may be easier to constrain chemically meaningful coordinates, 

such as a bond length or angle, in an internal set of 

coordinates. 

A potential energy surface in general will have many extreme 
* + *  or stationary points, all characterized by g = 0 .  If s G s > 0 ,  

Eq. (2c), the point x represents a minimum. Such a minimum may 

be local or the global minimum; the latter by definition will 

have the lowest energy in the hypersurface. All the methods 

presented in this paper are only capable of finding local minima. 

In contrast, a transition state with positions given by xf is 

characterized as an extreme point having all eigenvalues of the 

Hessian matrix positive except one and only one which is negative 

[18]. On such a "saddle point" the energy increases in all 

directions except along the "reaction path." Along this 

* 
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# direction E(x ) is a maximum separating two local minima. 

extreme points with two or more negative eigenvalues of the 

Hessian are of less immediate interest in chemistry. 

Other 

3 .  OPTIMIZATION ALGORITHMS 

Optimization methods are generally based on the typical 

algorithm as follows [ 9 ] :  Choose an initial set of coordinates 

(variables) xo and calculate the energy E(x') and gradients 

g(xo), then 
k 

1. Choose a search direction s , then 
2. Perform a line search to determine how far along this 

k direction to move to reduce the value of E(x ). In the 

simplest case one chooses an a value in x k + l  = x k +  
k us , then 

3.  Test for convergence. If the system has not converged, 

increase k to k + 1, and go to Step 4 .  If convergence is 

obtained, the optimization is complete. 

4 .  Calculate or estimate G + a new Hessian at x + and 

repeat Steps 1 through 4 .  

choose the search direction sk of Step 1. 

search direction is chosen along the direction of steepest 

descent although other choices, as discussed below, are possible. 

An efficient algorithm balances the work of finding the best 

search directions ( s  ) against that of finding the optimal 

distance to move along that search direction (a). 

The information gained about G + in Step 4 is used to 

Generally the first 

k 

4 .  LINE SEARCH STRATEGY 

The aim of the line search is to determine the appropriate 

displacement along a search direction. This is, if at the point 

xk we have found a search direction s , the k + 1 point is that k 
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given by 

k +  1 =  x k +  a s  k k  
X ( 4 )  

where ak is obtained from the line search and should be such that 

E(xk + ') is "reasonably" less than the pievious energy E(x ). 

The decrease in energy should be reasonahle enough to ensure the 

optimization algorithm converges t o  the local minimum. The weak 
k requirement that E(x 

result in very slow convergence. 

k 

) < E(x ) can, of course, by itself k + l  

Figure 1 illustrates a typical variation of energy with 
k respect to a along the search diiection s . In an exact line 

search, the minimizing value am, which gives a minimum in 

E(xk + l) ,  is located. 
k gradient evaluations along s . Such calculations may be more 

useful in selecting alternate search directions. The more 

efficient approach is to perform an inexact 0 1  "partial" line 

search where an a value is selected to givc a reasonable decrease 

in the function. For example, in Figure 1, an appropriate a 

might lie in the interval 

(a1,cx7). The problem now is 

to determine from E(x 

and t: + appropriate value 

of al and a 

The energy along the 

Serlrrh direction sk up to 

This often requires several energy and 

k + 1) 

2' 

I 

Figure 1 

quadratic terms is given by 

k k k k 1 2 k+Gsk 
E(X + as = E(X + ag+(x . sk ?a s 

The energy at xk + ask will be lowered providing 

( 5 )  

Inequality ( 6 ) ,  called "the descent condition," selects the sign 

required for the search direction sk t o  ensure a reduction in the 
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k energy. 

differentiating (5) with respect to 0: 

The minimum E(xk + %s ) value is found by 

(7) 
aE k k - - g+(xk) . sk + ask+& = g+(xk + 0s ) * s 

g+(x + QMS ) . sk = 0 

aa - 

Thus the exact line search requires 

(8) 
k k 

k I< 
that is, the gradient g at x + %s 

search direction sk (see, for example, Figure 2). An estimate 

for the reduction of the energy can he obtained from Eqs .  (5 - 

is perpendicular t o  the 

- SK 

/ 

F i g u r e  2 

k with the greatest reduction -1 /2%skC . g when a equals %. 
When a > QM, there is a reduction in t h e  energy if 
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which implies that 

k k E k t l  1 k+ k < -  s . g  - 2% 
k+ 0 S - p . ~  - g  < E  - 

when 

(1lb) 
1 

O l P S Z  

Equations ( l l ) ,  originally suggested by Goldstein 1191 

motivate the test for whether a is less than a2. For a to be 

inside the right extreme of the line search interval (al,a2), 

(12) 
k + l > - p u s  k+ . g  k 

E - E  - 

when p = 1/2 the line search becomes exact. 

For the left extreme a test similar to E q .  (12) could be 

used. However, a more successful test in our experience is based 

on the gradients 1201. Since the Hessian G is positive definite, 

Eq. (7) gives 

indicating for the new point 

along sk should decrease. A 

a1 is 

(13) 

X + the gradient vector component 

successful test for the left extreme 

An exact line search is obtained when u = 0. 

Occasionally, and especially when starting with a poor 

initial geometry the gradient norm Ig ' 1  > Ig 1 ,  even when 

Ek + < Ek. Such a situation is depicted i n  Figure 2. When 

this occurs we use the "cosine test" of Eq. (14b) 

k k 

rather than the test of Eq. (14a); that is, the cosine of the 

angle between the step direction and the gradient along that 
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direction. This is because the new gradient becomes 

perpendicular to the direction of the step as the line search 

becomes more exact regardless of the magnitude of the gradient. 

With left and right extremes of o! as chosen from Eqs. (12) 

and (14) the optimization procedure can be shown to converge, 

providing gk+ . sk # 0 .  

gk+ . sk - 0 results more often than appreciated. 
like methods described below, this pathology is associated with 

ill-conditioned Hessian matrices. We discuss further this point 

in Section 6. 

Numerically, however, the condition that 

In the Newton- 

One additional constraint is needed in the discussion of line 

searches. The condition, 

safeguards against large coordinate changes which might 

accidentally lead to points outside the region of interest (in 

the neighborhood in which we have initiated the search), or 

beyond the neighborhood that we might reasonably expect quadratic 

behavior. 

In our update procedure, after considerable numerical 

experimentation, we have adopted the following line search 

algorithm which is a variant of Fletcher [9a]. Initially an 

interval (a ,a ) is chosen, where the superscript T emphasizes 

trial values. A of Eq. (15) is taken as 0 . 4  a.u. when x is 

chosen as Cartesian coordinates. 

T T  
1 2  

T 
a2 is initially taken as 0. 

We then calculate a2 from E q .  (15). 
T 

OL is initially set to - 1 
.I as suggested by a quadratic potential, unless a < 1 in which 

case we set a = a2. 

right extreme test given by E q .  (12). 

(as opposed to a ) and is reduced in value using the 

interpolation formula 

T z We then evaluate E(xk + ors ) and perform the 

If this test fails u > a2 
T 
2 
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k k 

(a - a1 ) E (a1 ) 
a = a: + 1 ( a  - alT) [i + E(xk) - E(x + cws ) 

T ' T  new 

= [E] a 
I T  + k  T k  k E(al)=g(x + a l s ) .  s 

The energy at xk + anewzk is now computed 
search test is repeated with a2 = a and a 

is satisfied. 

T 
= =1 

and the right line 

= a until Eq. (12) new 

k The gradient g(xk + as ) is now evaluated and used in the 

left extreme test, E q .  ( 1 4 ) .  

If the left extreme test fails then a is too small. A trial 

a is computed from the extrapolation formula new 

so that a < an 
evaluated at x + a 
searches are repeated with al = a and a = a 

have been successfully completed, the partial line search is 

finished and a new search direction is sought. 

providing E ' ( a l )  > E'(a). The energy is re- 
I? 

sk and both the right and left line 

When both tests T new 

new' 

The line search algorithm outlined is parameter dependent. 

After much numerical experimentation, we choose u = 0.9 and p = 

0.03, parameters which constitute a fairly weak line search. In 

our experience it is more effective to change search directions 

than to determine a more exact minimum of energy along a given 

search direction. In practice a is usually equal to unity. When 

a line search fails, however, the subsequent treatment o f  a can 

have a marked affect on the efficiency of the optimization. 

For steepest descent search directions, after the first step 

in any update procedure where the Hessian matrix is as yet 

unknown, aT = 0.4 is most useful. 
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5 .  SEARCH DIRECTIONS 

5 . 1  Steepest Descent. 

The search direction in steepest descent is given by the 

negative of the gradient 

(17) 
k k 

s = -g 

While the steepest descent search direction sk can be shown to 

converge to the minimum with a proper line search, in practice 

the method has slow and often oscillatory behavior. Most Quasi- 

Newton procedures, however, make this choice for the initial 

step, for there is no information yet on G. 

When working with different coordinates, q ,  the Taylor series 

expansion suggests 

gq 
a+ * g =  a; * 

where 

8 = B &  
9 

defines the new set of coordinate steps S . 
q 

B = B+ gq 

leading to 

k sk = B s = - B B + ~  
4 q 

From Eq. (18) 

as the proper replacement for E q .  (17). Failure to use Eq. (21)  

correctly for the steepest descent can lead to symmetry breaking 

(211 .  It has also on occasion led to incorrect conclusions on 

the importance of linear coordinate transformations. 

5.2 Newton's Method. 

Newton's method includes the quadratic nature of the energy 

hypersurface in the search direction computation. Consider the 

Taylor's series for the change in gradient given by 
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k k g(xk + ') = g (x  ) + Gk . s 

at an extremum g ( x * )  is zero. Hence a step in the direction of 

minimum is predicted by 

( 2 3 )  
* k  -1 k sk = (x  - x ) = -G g(x ) 

Equation ( 2 3 )  is used to generate search direction sk for all the 

Newton-like algorithms. 

determined by the line search and allows f o r  the non-quadratic 

part of the function. 

The actual s t e p  taken tik = ask is 

In molecular quantum mechanics, the analytical calculation of 

G is very time consuming. Furthermore, as discussed later, the 

Hessian should be positive definite t o  ensure a step in the 

direction of the local minimum. One solution to this later 

problem is t o  precondition the Hessian matrix and this is 

discussed for the restricted step methods. The Quasi-Newton 

methods, presented next, provides alternative solution to both 

of these problems. 

5.3 Quasi-Newton Methods. 

The Quasi-Newton, or variable metric, methods of optimization 

k k k  
are essentially based on the algorithm 

Perform line search to give xk + * = xk + a s . 
1. Set search direction s = -H g . 
2 .  

3 .  Update Ek to E 

k k  

k + l  

where the search direction is essentially given as a Newton step, 

Eq. ( 2 3 ) ,  but with A approximating the inverse Hessian. Hk 

avoids the explicit evaluation of  G-' and is updated on each 

algorithm cycle. 

k 

The inverse Hessian A is updated by relating the differences 

in the gradients 

k + l  k + l  k 
Y = g  -g 

to the differences in the coordinates 
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For a quadratic function, the coordinates and gradients are 

related by 

Hk + yk = ak (26) 

Equation (26) is the "Quasi-Newton" condition; it is fundamental 

to all the updating formula. There have been many updates 

proposed, and we briefly review some of the more important ones. 

The simplest are based on 

H~ + = H~ + E~ = E + alu><ul (27) 
k 

where I u> is a vector; I u><u I forms a dyadic, and thus the 
correction matrix is of rank one. 

Quasi-Newton condition gives 

Substituting Ek + into the 

(28) 
k k  k k E y + alu><uly > = L 

k k k  and hence 1 u> is proportioned to I g > - H I y >. Taking, for 

simplicity, the scale a = <u)yk>-l we obtain from Eqs. (27) and 

(28) 

where the k superscript has been dropped f o r  convenience. Rank 

one formula of this type have been proposed by Broyden 1221, 

Davidon [ 2 3 ] ,  Fiacco and McCormick [ 2 4 ] ,  and Murtagh and Sargent 

1251, and examined for their utility in molecular quantum 

mechanics by many workers [2 ,26 ] .  A common approach used is to 

take E 

direction of steepest descent. An alternative procedure, 

potentially useful when the initial search is near the minimum of 

energy, is to start the Hessian as a diagonal matrix of known 

force constants for bonded atoms that have been tabulated for the 

model at hand (27,28). In such a case, internal coordinates 

should be used, Eqs. (20) and (21). In later cycles more of the 

quadratic nature of the energy is included in E . Unfortunately, 

1 as a unit matrix, and thus the first step s1 is in the 

k 
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this simple rank one update procedure has two serious 

disadvantages. The positive definiteness of  the inverse Hessian 

may be lost on updating. Secondly, the denominator in E q .  (29) 

may become close to zero, with resulting loss in numerical 

precision. Murtagh and Sargent [ 2 9 ]  have developed successful 

algorithms for detecting these problems but not correcting them. 

Often the only solution is to reset the inverse Hessian back to 

the unit matrix. This results in the loss of all the previous 

curvature information. Nevertheless, the Murtagh Sargent variant 

of the rank one formula has in the past been the most successful 

in molecular geometry searches. 

There is a whole class of rank two update formula, the two 

most important members are 

where the subscript DFP indicates Davidson, Fletcher and Powell 

[30] who developed this update; and 

< E > JS><S 
'BFGS + = + (1 + *) <&Iy) 

suggested by Broyden, Fletcher, Goldfarb and Shanno (BFGS) [31]. 

The complete family of rank two update is given by a linear 

combination of the DFP and BFGS formula 1321 

and is known as the Broyden rank two "family." These rank two 

updates have several desirable features, but perhaps the most 

important property is that they retain the positive definiteness 

of the Hessian if the appropriate line search is used. The 

advantage of a particular rank two formula over another in 

molecular problems is not clear, and for .__ exact line searches all 
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the formula give the same search directions. A s  is indicated in 

the result section, the BFGS formula in our experience tends to 

be the most successful with partial line searches. 

An alternative type of update formula has been suggested by 

Greenstadt [33]. The updating formula has the usual form 

where I E> = I S> - 8 )  y>. In the GI-eenstadt formula, the 

positive definiteness of the inverse Hessian is not retained? nor 

is i t  invariant to coordinate changes. In the above we have 

given update formula for the inverse Hessian for direct use in 

such equations as Eq. ( 2 3 ) .  In t h e  Appendix we summarize the 

update formulas for the Hessian itself. Such formulas may be of 

greater utility in methods such as t h e  augmented Hessian and 

resricted step methods, discussed be 

5.4 Approximate Analytic Hessians 

Exact second derivatives methods 

coupled perturbed Hartree-Fock equat 

the Hartree-Fock level this requires 

ow. 

require the solution of the 

o n s ,  CPHF [11,34,35]. At 

several steps in addition to 

the usual SCF procedure and the evaluation of the first 

derivatives. 

1. An ao to mo transformation. Only those integrals with 

two occupied and two virtual indices are required? 

<ijlab> and <ij Iba>. This is a N5 step. This 

transformation step can be avoided by working directly in 

the ao basis [ 3 6 ]  but at the expense of increased I/O. 

2. Evaluation of the integral second derivatives, a step 

proportional t o  the number of nuclear coordinates times 

the number integrals, about N . 
The solution of the CPHF equations, a N4 step for each 

nuclear coordinate, or again about N . 

5 

3. 
5 
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Obtaining the second derivatives for a S C F  wave function is 

thus a factor of N times more difficult than it is for evaluating 

the SCF energy and the first derivatives. 

The resulting CPHF equations to be solved are 

(1 - A) U(l) - B = 0 

mai b. - Kai 
= c EiiOj - 

bj 

A E ~ ~ , ~ ~  a [E~(o) - ~ ~ ( 0 )  - <aillai>I (34c) 

(34d) , bj) = <abl lij> + <aj I l i b > ( l  - hai 
'qi, bj 

where U(') is the matrix of first order changes in the mo 

coefficients 

C(X) = c(xo)lJ(xo + 6X) = CU(XO + 6 X )  

U(X0 + ax) = U(X0) + 

(35a) 

(35b) + . . . 
and 

(1) 
with 8 , the matrix of first derivatives given by 
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PPV 

From Eq. (35c), regrouping terms, 

or 

Expanding U(l) itself as a second perturbation sequence 

Equations such as (38) are immediately siiggested by the original 

CPHF Eq. (34), 

-1 u = (1 - A )  B = C A"B 

n = O  

the only difference being the denominator shift by <ai I lai>. 
Whereas Eq. (40) is slow to converge, E q .  (38a) is not. 

Replacement of U(l) by dl) in 

2 2 
a "NUC a slJv aplJv aHuv + 

+ - -  ax ay c "pv axay + E F T  
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with 

+ C* c L P )  pi vp pi 

generally give the second derivatives to within 50.01 aulbohr, 

far better than any of the update procedures. For the first 

iterates, V'l), only the <aiJai> and <aiJia> integrals are 

required, nart virtual and "i" occupied. All the integral second 

derivatives are required. For semi-empirical methods the 

reduction of two of the three additional steps after the SCF and 

first derivative evaluation is enoimous, a full factor of N as 

seen in the results section. For ab-initio ._ ___ theories, reduction 

of the integral transforms is approximately a factor of 4 .  

Realized efficiencies then depends on the relative time/rate 

required for the integral transform step and the derivative 

integral steps, and this is often a function of the computer 

used. 

5.5 Restricted Step Methods. 

The Quasi-Newton methods are very powerful techniques for 

locating local minima. The success of these procedures can 

largely be attributed to the retention of the positive 

definiteness of the Hessian. In this section we present an 

alternative approach which has  the added capability of handling 

Hessians which may contain negative eigenvalues. 

will prove especially useful for starting geometries which are 

well removed from the desired minima. For example, a starting 

Such procedures 
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geometry may correspond to a transition state struc 

negative eigenvalue in the Hessian. The restricted 

ure w 

step 

259 

th one 

algorithm should be capable of optimizing towards both the 

reactant and the product geometries. 

The restricted step method of the type discussed below were 

originally proposed by Levenberg and Marquardt (37,381 and 

extended to minimization algorithms by Goldfeld, Quandt and 

Trotter (391. Recently Simons [13] discussed the restricted step 

method with respect to molecular energy hypersurfaces. The basic 

idea again is that the energy hypersurface E(x) can reasonably be 

approximated, at least locally, by the quadratic function 

1 E(x + 15) = E(x) + g+(x) . d + 2 d+G(x)d 

where the step 15 is restricted in some way. In our case we 

restricted the step norm 181 to be smaller or equal to some trust 

region size A which is a measure of the extent of the quadratic 

approximation. 

The minimum on such a quadratics surface can readily be 

identified. it is either a minimum within the region, with the 

gradient vector g null and the Hessian matrix G positive definite 

or the minimum is on the boundary of the region. 

The step 15 towards the minimum is found by minimizing 

E(x + 8 )  with respect to 8 imposing the constraint from Eq. (42). 

Introducing a Lagrange's undetermined multiplier X we obtain the 

functional 

x 2 
2 F = E(x + 15) - - ( 6 ' 8  - A ) 

which on differentiation becomes 

and 

1 15 = - (G - XI)- g 
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X is a parameter which ensures that the matrix ( G  - M) is a 
positive definite and that L is essentially given by a Newton- 
like step. Analysis of Eqs. ( 4 3 )  reveals that a downhill search 

requires 

where Xmin is the lowest eigenvalue of G .  

obtain the usual Newton step. If X equals zero satisfies the 

inequality ( 4 4 )  and the step size IS( is smaller than A,  then we 

have the situation where the minimum is within the quadratic 

region. 

When X is zero we 

The restricted step method requires the two parameters A and 

X t o  be defined. Various numerical tests have been suggested for 

varying the trust region size A dependjng upon the quality of the 

quadratic surfaces [ 9 , 3 7 , 3 8 ] .  

Until now we have defined this trust region A as fixed, as 

explained with the discussion on Eq. (15). It may be the nature 

of the energy surfaces we have examined, but very little seems 

gained in searching for energy minima by examining the trust 

region in detail. In addition, solving for A,  which determines A 

is a non-trivial problem [ 3 8 ] .  The augmented Hessian procedure 

described next circumvents this particular problem by introducing 

a natural choice for A. 

In our experience the Newton and Quasi-Newton methods with 

the line search described i s  faster to reach a minimum than the 

restricted step method with confidence region. This latter 

method is a more "conservative" method as discussed in the 

results section. The restricted step methods, however, are very 
effective in searching for transition states [ 4 0 , 4 1 ] .  

5.6 The Augmented Hessian Method 

The starting point in the augmented Hessian approach is the 

eigenvalue equation 
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where the gradient g i s  scaled by ci. 

diagonalizing Eq. (45a) for the lowest eigenvalue X and lowest 

normalized eigenvector v2 + 
equations are obtained. 

The step s is found by 

= 1. By expanding Eq. (45a) two 

GV + a@ g = XV 

u <glv> = XI3 

Rearranging (45b) gives the step 

to be compared with the restricted step equation, Eq. ( 4 3 c ) ,  and 

Newton's equation, Eq. ( 2 2 b ) .  The eigenvalues of the augmented 

Hessian (Xi + ') will bracket those of the Hessian itself, 

(Xim). In particular, the lowest eigenvalue XI + must be zero 

or negative. 

In the diagonalization one of the following three situation 

are obtained. 

1. X < 0 and B = 0 .  I n  this case v = v(1ow) is the 

eigenvector of G c-orresponding to the lowest eigenvalue. 

<v(low) lg> is zero and X = X(10w). A displacement along 

v(1ow) will reduce the energy. Alternatively, if a 

displacement along v(1ow) is not desired, then v(1ow) is 

shifted to a higher eigenvalue by G' = G + 
X(shift) Iv(low)><v(low) 1 and the Augmented Hessian 
reformed. 

2. X < 0 and @ = 1. G is now positive definte. The step 

will vary from Newton like for X small to steepest 

descent for X large. The step length will usually be 

inside the restricted region. 
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3. Intermediate between the two conditions is X < 0 and 
B # 0. G has a negative eigenvalue but s given by Eq. 

(45d) will give a reduction in energy along the negative 

eigenvector mode. 

The step size, I s I ,  depends in a non-linear way on a. Since 

Is1 is a monotonically decreasing function of a, interpolation 

can be easily used to find a step of  the appropriate length. 

The augmented Hessian method requires an exact Hessian, or an 

update method on the Hessian itself. 

Hessian analysis to the inverse Hessian appear in the Appendix. 

At each step in the update procedure, the procedure is defined 

such that the Hessian times its inverse is unity. 

The update formula for the 

5.7 Conjugate Gradients 
Of some historic value, and for completeness, we mention that 

an alternative method for selecting search directions is to use 

the conjugate gradient approach 191. The initial direction is 

taken as that given by steepest desce'nt 

(46a) 
1 1 

s = -g 

then for k > 1, s + is given by 

k 

S k + l = - g  k + l + C  B j S J  

j = 1  

where B 

"conjugate" to each other; that is 

is determined by requiring all the search directions be 
j 

s i +  G s j = O  
i # j  

In the Flecher-Reeves algorithm 1421, E q .  (46b) is simplified to 

k + l -  k + 1 + @ksk 
S - -g 

with 
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where Eq. (46d) is exact for a quadratic function. Other 

algorithms present different ways of forming @ which are 

equivalent for a quadratic function. The principle drawback of 

conjugate-gradient methods are that they are designed for use 

with exact line searches. They do have the interesting feature 

of not explicitly requiring the Hessian in the equatioiis. It is 

now fairly well established, however, that when there is gradient 

information available, the conjugate gradient approaches are not 

competitive with the quasi-Newton methods 191. 

k 

6. ANALYSIS OF SEARCH DIRECTION METHODS 

The Hessian matrix G is real and symmetric. It can then be 

resolved for analysis in terms of its eigenvalues X and its 

eigenvectors I wi> as 
i 

Since the set Iwi> is complete, the gradient Ig> and the step 

Is> can be decomposed as 

From Eq. (47) and Eq. ( 4 4 )  

1 6. = <w.  (g> 

ll. = <w. Is> 

J J 

J 

Is> = - c - ‘i I w . >  

i 
Xi 1 
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The descent condition <slg> < 0 becomes 

and is certainly obeyed if each & . n  
This is, of course, the case, if G or  its approximations are 

positive definite. When G is indefinite, the restricted step 

method modifies the Xi, E q .  ( 4 3 ) ,  so they are all positive. 

most common techniques when they run into trouble, however, reset 

all Xi to 1 as in the Murtagh Sargent procedure [ 2 9 ] .  Some 

techniques diagonalize G ,  and, if A .  is negative, simply change 

its sign. Such approaches do not systematically modify the 

Hessian and reduce the overall efficiency of  the optimization 

algorithm. 

< 0 o r  if Xi > 0 for all i. 
i i  

The 

The angle, 8 ,  between the step and the gradient is given by 

where Xmin and Amax are the minimum and maximum eigenvalues of G. 

Uhen cos 9 approaches zero, the step and the gradient become 

perpendicular, leading to slow convergence. In practice this may 

occur when the a gradient vector has major components associated 

with the large eigenvalues of G ,  while the step has major 

components elsewhere. Again the restricted step method, or the 

augmented Hessian method, which shift a l l  X equally, give a more 

favorable Xmin/Xmax ratio for descent. 

expansion for the energy can be rewritten as 

In terms of the normal mode analysis the Taylor series 
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Eqs. (51) demonstrate the need for G to be positive definite. We 

see explicitly from Eq. (51a) that for similar step displacements 

the major energy contribution comes from those modes with 

large eigenvalues. Conversely, E q .  (51b) indicate the major 

energy contribution comes from the small eigenvalue modes when 

the gradient components si are comparable. 

the large eigenvalue modes are minimized quickly at first, until 

a1 the gradient components sl become similar; then larger step 

displacements along softer modes occur. This is illustrated in 

the Results Section. 

i 

In an optimization, 

If ci = 0, then there will be no displacements in these 

directions whether Xi is zero or not. 
invariant to translations and rotations, the center of 

coordinates and moments about these coordinates will be 

conserved. In the former case i t  can be shown that A .  = 0; in 

the case of rotation the corresponding Xi may not equal zero 
except at the extreme point, but the corresponding si = 0. 

the energy is also invariant t o  symmetry operations that leave 

the Hamiltonian invariant, the gradient vector will have non- 

vanishing components only along totally symmetric modes, "A" (see 

[ 4 3 ]  for a more detailed proof). 

Since the energy is 

1 

Since 

(g> = 1 EilOi> 
i &A 

Since motion along totally symmetric modes cannot change the 

point group symmetry, this symmetry is preserved throughout the 

optimization. The exception is  at the extreme points themselves, 

where a higher symmetry might be obtained. 

Symmetry greatly reduces the number of natural parameters in 

the optimization problem. The number of parameters is simply the 

number of totally symmetric vectors in G. A t  the same time, if 

the local minimum being sought is at lower symmetry than the 

starting geometry it will not be found. For example, a planar 

molecule will remain planar throughout the optimization even if a 

non-planar structure is of lower energy. 
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7. COMPUTATIONAL PROCEDURES 

All calculations reported are performed within the INDO/1 

semi-empirical framework [14,15]. These methods have also been 

programmed for the Quantum Theory Project ab-initio programs, and 

similar conclusions are drawn. 

The energy derivatives with respect to the nuclear 

coordinates are obtained from analytical formula. The "exact" 

second derivative matrix is obtained from the CPHF equations. 

For comparison, these results are compared with numerical second 

derivatives in which each coordinate x is symmetrically 

displaced in turn by Sxl to give the central difference second 

derivative 

i 

Hence in a system of N-nuclei the formation of the numerical 

Hessian matrix requires 6N full SCF calculations, one for each 

coordinate displacement. Second derivatives are obtained much 

more rapidly through analytic expressions such as those of Eq. 

(40), than through the use of numerical expressions such as that 

of Eq. (53). A projection technique i s  used to eliminate from G 

the small non-zero eigenvalues associated with the rotation and 

translation normal modes [ 4 4 ] .  The exact inverse Hessian matrix 

H is obtained by diagonalizing G and discarding those 

eigenvectors with zero eigenvalues when back transforming to If. 

Selection of a convergence criterion in an optimization 

procedure is an important consideration. In theory, optimization 

is complete when g = 0 .  The more practical alternative is t o  ask 

for a maximal gradient component, or gradient norm or 

step size <61S>1/2, or for a minimum change in the energy, or for 

all of these. An assumption, often not true, is made that the 

norms of the gradient and step size monotonically decrease 

through the optimization. 
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In practice, when all Cartesian gradients are less than 

atomic units, bond lengths are usually within kO.01 A and bond 
angles within 1-2' of their final optimized values. Torsional 

dihedral angles require a much finer optimization. In some 

cases, large changes in coordinates can be driven along very soft 

modes by very small gradients, E q .  ( 4 8 ) .  The physical meaning of 

optimizing along such soft modes, however, is not clear. Its 

justification lies only in the aesthetic.s of the mathematics. 

8. RESULTS 

8.1 General Conclusions, 

Table I summarizes resu ts f o r  an arbitrary starting and the 

final geometry for hydrogen peroxide. 

not greatly different from he final geometry, the largest 

Cartesian coordinate difference is approximately 0.02 A along the 
z direction. The relatively small starting gradients, also given 

in Table I, reflect the closeness of the initial geometry to the 

optimized geometry. 

The starting geometry is 

A summary of the Newton iterations for hydrogen peroxide is 

given in Table 11. We report the variation of the 6 non-zero 

eigenvalues of the exact Hessian matrix G, four of which 

transform as al irreducible representations and two as a2. 

see that the eigenvalues stay roughly constant throughout the 

optimization except for the smallest one which is initially 

negative indicating that we are more or less in the quadratic 

region of the energy surface. The eigenvalues also have a large 

range in values, the very small eigenvalue 0.0178 corresponds to 

a torsional mode of the hydrogens around the oxygen axis. 

We 

Table I1 also gives the scalar products si of the Hessian 

vibrational eigenvectors with the gradient (g> and the step 

component ni calculated by Eq. (52). For the Newton optimization 
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TABLE I: H202 COORDINATES AND GRADIENTS. 

a) Trial Coordiates ( A )  

X Y 
0 1.1527552 -0.1322834 
0 -1.1527552 0.1322834 
H 1.8897626 1.0771647 
H -1.8897626 -1.0771647 

In i t ial Grad i en t s ( a. u . ) 

gY 

0 -0.0079031 0.0238236 
0 0.0079031 -0.0238236 
H -0.0124657 --0.0210846 
H 0.0124657 0.0210846 

b) Final Geometry ( A )  

X Y 

0 1.1563486 -0.1356317 
0 -1.1563486 0.1356377 
H 1.8934178 1.0810208 
H -1.8934178 -1.0810208 

z 
0.1511810 
0.1511810 
-1.1338576 
-1.1338576 

gz 

-0.0226673 

0.0226673 
0.0226673 

-0.0226673 

z 

0.1695288 
0.1695288 

-1.1522053 
-1.1522053 
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TABLE 11: H 0 - ALL QUANTITIES ARE IN ATOMIC UNITS. 
X’A&E THE HESSIAN ETGENVALUES. 

cycle 

1 
2 
3 
4 
5 

a) X Values 

al al al 1 a2 a2 a 

1 2 3 4 5 6 

4.5053 2.1933 .1630 -..0178 2.3411 .2592 
4.3564 2.0450 .la07 .0159 2.1600 .2818 
4.3572 2.0334 .i7aa .0181 2.1518 .2873 

4.3586 2.0346 .1784 .0178 2.1538 .2874 
4.3586 2.0346 .i784 .oi7a 2.1538 .2874 

b)E1 = < g l ~ ~ > ~ ,  E q .  (48.3) 

1 2 3 4 

-4.804 D-3 6.702 D-2 -8.171 D-4 -3.186 D-4 
9.044 D-4 2.131 D-3 --5.109 D-4 5.550 D-4 
9.220 D-6 -6.721 D-4 4.507 D-5 5.067 D-5 
9.406 D-7 -5.526 D-6 5.309 D-6 9.319 D-6 
5.250 D-8 -3.705 D-7 8.705 D-7 1.522 D-6 

a 
C) Q1 = < s ( w ~ >  t E q .  (48b) 

1 2 3 4 

1.066 D-3 -3.055 D-2 5.014 D-3 -1.786 D-2 

-2.116 D-6 3.305 D-4 -2.521 D-4 -2.799 D-3 
-2.158 D-7 2.176 D-6 -3.021 D-5 -5.227 D-4 

-2.076 D-4 -1.042 D-3 2.827 D-3 -3.493 D-2 

-1.204 D-8 1.821 D-7 -4.896 D-6 -8.530 D-5 

d) Summary of the Optimization 

Energy (a.u.) lg (  (a.u./bohr) Ma* l q l  
-34.828473 
-34.829517 

-34.829530 
-34.829530 

0.067195 
0.002435 
0.000676 
0.000012 

0.023824 
0.000994 
0.000276 
0.000007 

All Computed lei I and Ini I along the a7 modes (i = 5 and 6) are 

less than 10- a.u. 

a 

14 
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all searches were successful with Q = 1. 

and Ei are essentially zero for the a2 vibrational modes as 

anticipated from symmetry conservation. Initially the largest 

gradient and step scalar products occiir for the 2al vibrational 

mode which corresponds to a symmetric OH stretching mode. 

Although the 2al gradient component sl remains the largest for 

i the next two optimization cycles, the largest step component ll 

occurs along the soft 4al mode f o r  the reasons discussed in the 

previous section. 

Table I11 presents an analysis o t  the energy change between 

The scalar products Q1 

the second and third optimization cycles. 

the descent condition and should be negative for each ai." Here 

only the symmetric modes contribute (see Section 6 ) .  For this 

cycle the major decrease in energy is along the soft fourth mode. 

This is so even though the largest gradient component (Table 11) 

remains along the second mode. There ic: from this specific 

analysis and the more general one of the previous section an 

apparent danger in using only the magnitude of the gradient as a 

check for convergence of the optimiiation procedure. 

E ~ Q ~  = <slwi><wilg> is 

TABLE 111: ENERGY DESCENT FOR H202 

FROM CYCLE 2 TO CYCLE 3 (10-6H). 

<s loi><wi IG >a -0.18775 -2.72n50 -1.44431 -19.38615 

1/2Xi<S IWi> 2b 0.09388 1.11019 0.72207 9.69983 

AEi -0.09387 --1.10931 -0.72224 - 9.68632 

Total: -11.61174 - 
:This is the descent condition and should be negative. 
The contribution of the first two terms in the Taylor series 
expansion of the energy. 
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TABLE IV: GEOMETRY OPTIMIZATION O F  H,O, USING THE BFGS ALGORITH. 

Xla A2 l 3  x4 

1 1.0 1 .0  1.0 1.0 
2 2.1776 1 .D 1.0 0.9849 
4 3.9361 1.4179 1.0 0.9400 
6 4.4429 7.. 0445 0.9996 0.8710 
8 4.8876 2.3818 1.0324 0.1471 

10 6.2775 7.6888 0.3846 0.0552 
15 4.4232 ? . I109 0.1948 0.0178 
Exact 4.3586 2.0346 0.1784 0.0178 

a Atomic units o r  Hartrees. 

TABLE V: STEP SIZES (a.u.) IN THE RFGS OPTIMIZATION OF THE 
GEOMETRY O F  H202. 

CycleIMode 1 2 3 4 
_________ 

2 3.924 D-3 ---- -6.861 D-3 
4 1.707 D-3 4.171 D - 3  -_-- 3.028 D-3 
6 -1.194 D-5 1.200 D - 4  -4.148 D-5 9.083 D-4 
8 7.146 D-5 1.015 D-4 -2.094 D-4 -6.410 D-4 

10 -5.193 D-5 -4.750 D - 5  -5.344 D-4 -2.389 D-3 
15 -1.012 D-5 -1.380 D 5 -3.654 D-5 2.907 D-4 

A similar analysis for a B F G S  quasi-Newton optimization of 

hydrogen peroxide is given in Tables T V  and V starting with the 

same initial geometry a in Table I. Only the symmetric 

vibrational modes are included in 'Tables IV and V since only 

these are updated. A more detailed discussion of the Hessian 

eigenvalue evolution for the B F G S  scheme is given below, but in 

Table IV we see that it takes O V ~ K  eight Hessian updates before 

the low frequency normal mode is realized. However the eighth 

cycle energy is only 2vH above the converged energy. 

8.2 Newton's Method. 

In this section, we present a summary of some Newton 

optimizations. The number of energy and gradient calculations 

required to reach the minimum forms a frame of reference for 

considering the efficiency of the different optimization 
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procedures. The molecules studied are H2C0, NH and C2H6. The 

initial geometry for each molecule has been chosen to have low 

symmetry (C,) by making a 0.08 a.u. coordinate displacement along 

each vibrational mode from the minimum. A second initial 

geometry for NH3 is considered with 0.05 a.u. displacements along 

each mode from the minimum. 

3 

The number of line searches, energy and gradient evaluations 

are given in Table VI for both the Newton and Quasi-Newton 

methods. Table VI clearly indicates that the use of an exact 
inverse Hessian requires less points to arrive at the optimum 

geometry. However in Table VI we have not included the relative 

computer times required to form the second derivative matrix. If 

this is taken into account, then the Newton's method with its 

requirement for an exact Hessian matrix is considerably slower 

than the quasi-Newton procedures. 

TABLE VI: NUMBER OF OPTIMIZATION CYCLES REQUIRED FOR DIFFERENT 
UPDATE FORMULAE~. 

Exact Rank 1 BFGS DFP Greenstadt 

H2C0 4(5,5) 9(11,10) 11(12,12) 12(13,13) 16(18,17)b 

NH3d 6(8,7) 7(11, 8) 7 (  8, 8) 11(12,12) 12(13,13)b 

NH3e 3(4,4) 7( 9, 8) 7 (  8, 8) 10(11,11) 11(13,12)b 

C2H6 6(7,7) 17( 19,18) 19( 20,20) 29(30,30)' 19(27,20)b 

aThe notation x(y,z) refers t o  x line searches, y energy 
bevolutions and z gradient evaluations. 
Energy changing less than 5.D-07 07 Ha but above true minimum 
energy value. 
dOptimizaton not quite converged. 
Displaced 0.08 a . u .  along each normal mode. 
eDisplaced 0.05 a.u. along each normal mode. 

C 
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TABLE VII: EXACT HESSIAN OPTIMIZATION OF HZCO - HESSIAN 
EIGENVALUES (a. 11. ) . 

1 5.281D+OO 1.592D+00 7.879D-01 1.996D-01 1.92213-01 1.104D-01 
2 4.209D+00 2.146D+00 1.060D+00 1.996D-01 1.906D-01 1.417D-01 
3 4.249D+00 2.046D+00 1.023Dt00 2.217D-01 1.847D-01 1.584D-01 
4 4.279D+00 2.033D+00 1.023D+00 2.3961)-01 1.830D-01 1.589D-01 
5 4.279D+00 2.0331)+00 1.023Dt00 2.396D-01 1.830D-01 1.589D-01 

Eval. No. Opt 

1 1 -24.316168 0.369646 0.264229 0.00000D+00 1 
2 2 -24.336801 0.084631 0.066710 1.00000D+00 1 
3 3 -24.339573 0.009807 0.007186 1.00000D+00 1 
4 4 -24.339593 0.000050 0.000034 1.00000D+00 1 

E G  Energy lg I Max lql a Type 

5 5 -24.339593 n.oooooo n.oooooo ~.OOOOOD+OO 1 

TABLE VIII: THE OPTIMIZATION NH WITH THE EXACT HESSIAN - HESSIAN 
EIGENVALU~S (a. 11. ) . 

1 3.405D+00 2.209D+00 1.341Dt00 1.684D-01 3.866D-02 -3.8401)-03 
3 3.179D+OO 2.072D+00 1.431D+00 1.689D-01 8.842D-02 5.403D-02 
4 2.440D+OO 2.355D+00 1.354D+00 1.553D--Ol 1.492D-01 1.122D-01 
5 2.216D+OO 2.213D+OO 1.468Dt00 1.750D-01 1.567D-01 1.564D-01 

7 2.274D+OO 2.274D+00 1.451Dt00 1.599D-01 1.54313-01 1.543D-01 
8 2.274D+00 2.274D+OO 1.451D+00 1.599D-01 1.5431)-01 1.543D-01 

6 2.27OD+OO 2.270D+00 1.454D+OO 1.609D-01 1.543D-01 1.5431)-01 

Eval. No. 
E G  

1 1  
2 
3 2  
4 3  
5 4  
6 5  
7 6  
8 7  

Energy 

-12.499372 
-12.492400 
-12.502913 
-12.521926 

-12.523215 
-12.523216 
-12.523216 

-12.523048 

lg I 
0.358164 

0.321531 
0.032392 
0.016203 
0.000832 
0.00001 2 
0.000000 

Max k i  I 
0.198326 

0.176294 
0.021575 
0.012235 
0.000694 
0.000010 
0.000000 

a 

0.00000D+OO 

5.95025D-02 
1.00000D+00 
1.00000D+OO 
1.00000D+00 
1.00000D+00 
1.00000D+00 

1.83049D-01 

Tables VII and VIII examine the nature of the Hessian matrix 

for HZCO and NH3 as the geometry varies during the optimization. 

In both cases the starting geometry is far from the quadratic 

region about the minima. 

(cycle 2) the Hessian eigenvalues are within 10% of their final 

After the first geometry update in H2C0 
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value. The next step (cycle 3 )  shows gradients reduced by a 

factor of 10, and Hessian eigenvalues within 1% of their final 

values. A step with these values leads to a reduction of the 

gradient by a factor of 200. Similar conclusions can be reached 

for NH3 from the information in Table V I I I .  

Hessian matrices at the early stages of an optimization are 

probably unnecessary. In the final stages of an optimization, 

when the quadratic region is being approached, an accurate 

Hessian has a big impact. This is a l s o  demonstrated in Table VI 

when comparing the optimization of NH3 with two different 

starting geometries. When the starting geometry is far enough 

removed from the neighborhood of the first geometry each 

successive step takes the molecule through regions of the energy 

hypersurface with quite different quadratic behavior, see below. 

Highly accurate 

In the case of NH3, Table VIII, the final Hessian shows two 

degenerate modes, a requirement of C symmetry. The initial 

distorted geometry has quite diffeient eigenvalues for the 

"parents" of these modes, and it is quite interesting to follow 

the evolution of the eigenvalues of these modes through the 

optimization procedure. 

3v 

The starting geometry is poor enough t o  produce very large 

gradients and a negative eigenvalue in the Hessian. The step, 

with a = 1, produced from this gradient is sufficiently large as 

t o  produce coordinate displacements larger than allowed by Eq. 

(15). The geometry and energy, E Z ,  obtained from the step scaled 

by the value 0.183 [from Eq. ( 1 5 ) ]  fail the right hand line 

search test. The step is then scaled by 0.0595 obtained from the 

quadratic interpolation formula (16a) leading to an energy E3 

lower than the starting energy El .  

rapid. 

After this, optimization is 

8 . 3  Quasi-Newton Methods with Unit Hessian. 

Here we consider the relative efficiencies of the different 

inverse update formula. The calculations take the initial 

inverse Hessian as a unit matrix and the initial a in the line 
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search as 0.4.  Table VI provides a comparison of the number of 

line searches, energy and gradient evaluation for the different 

formula. The results of Table VI as well as studies on other 

systems, indicates that the rank one and BFGS methods are the 

most successful formula and are similar in their optimization 

efficiency for small molecules. Our experience and those of 

others [ 9 ]  suggest that popular DFP formula may be quite 

successful with very exact line searches, although still not as 

good as the rank one and BFGS methods. 

found not to converge for many of the systems studied. 

The Greenstadt method was 

A study of the eigenvalues of the updated Hessian are 

revealing. 

with the initial displacement 0.08 a.u. along each normal mode as 

described previously. A s  expected, the rank one update 

summarized in Table IX updates one eigenvalue each cycle until 

all six modes are realized. The negative eigenvalue shown in the 

first mode on the fourth cycle is an example of a serious flaw. 

A step taken with this approximate inverse Hessian led to an 

increase in energy and a succession of right line search 

failures. The eighth evaluation is finally taken with a very 

small step, a = 0.007. Most optimization, of course, do not work 

with the normal modes and do not diagonalize the Hessian as we 

have done here to examine the problem. If this were done, then 

this particular negative eigenvalue could have been set back to 

its previous value, or even back to unity. Working in normal 

modes might be desirable in ab-initio calculations, however, 

where this diagonalization, of order N , is a small step compared 
with the formation of the integrals and Fock matrices, both N 4  

steps, where N is the size of the basis. 

Tables IX, X, XI and XI1 report these values for NH3 

3 

The rank two BFGS and DFP formula form two non-unit 

eigenvalues on the first update, again reflecting the rank two 

nature of the update. Both formula, as expected, preserve the 

positive definite nature of the Hessian. 
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TABLE IX: RANK 1 UPDATE OPTIMIZATION OF NH3 - HESSIAN 
EIGENVALUES (a.u.). 

1 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 
2 2.724D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 I.OOOD+OO 
3 3.227D+00 2.714D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 
4 -2.354D-02 2.717D+00 1.802D+00 1.000D+00 1.000D+OO 1.68913-01 
8 2.719D+00 2.3318+00 1.458D+00 1.000D+00 1.000D+00 1.689D-01 
9 2.587D+OO 2.303D+00 1.456D+00 1.000D+00 9.9941)-01 1.581D-01 
10 2.37OD+OO 2.267D+00 1.438D+00 9.999D-01 9.862D-01 1.55213-01 
11 2.359D+OO 2.262D+00 1.435D+00' 9.9971)-01 5.302D-01 1.506D-01 

Exact 

2.274D+OO 2.274D+00 1.452D+00 1.600D-01 1.543D-01 1.543D-01 

Eval. No. 
E G  Energy l!z I Max kil a 

1 1  
2 2  
3 3  
4 4  
5 
6 
7 
8 5  
9 6  
10 7 
11 8 

-12.499372 
-12.521284 
-12.522080 
-12.522281 
-12.476193 
-12.520752 
-12.522073 
-12.522235 
-12.523207 
-12.523216 
-12.523216 

0.358164 
0.050917 
0.028010 
0.019552 

0.020010 
0.004431 
0.000612 
0.000086 

0.198326 
0.031968 
0.017822 
0.012914 

0.012987 
0.002909 
0.000343 
0.000049 

0.00000D+00 
4.00000D-01 
1.00000D+00 
1.00000D+00 
8.67976D-01 
8.01833D-02 
1.55110D-02 
3.671051)-03 
1.00000D+00 
1.00000D+00 
1.00000D+00 
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TABLE X: BFGS OPTIMIZATION OF NH3 - HESSIAN EIGENVALUES (a.u.). 

1 1.00D+00 
2 2.723D+00 
3 3.719D+00 
4 2.836D+00 
5 2.785D+00 
6 2.577D+OO 
7 2.423D+OO 
9 2.434D+OO 

1.000D+00 
l.OOOD+OO 
l.OOOD+OO 
1.032D+00 
1.52 7D+00 
1.514Dt00 
1.476D+00 
1.472D+00 

1.000D+00 
l.OOOD+OO 
1.000Dt00 
l.OOOD+OO 
1.000D+00 
1.000Dt00 
1.000D+00 
1.000D+00 

- 

1.000D+00 1.000D+00 
1.000D+00 9.784D-01 
1.000D+00 6.7251)-01 
1.000D+00 2.641D-01 
1.000D+00 1.618D-01 
9.9941)-01 1.541D-01 

9.254D-01 1.586D-01 
9.952D-01 1.627D-01 

Exact 

2.274D+00 2.274D+00 1.452D+00 1.600D-01 1.543D-01 1.543D-01 

Eval. No. 
E G  

1 1  
2 2  
3 3  
4 4  
5 5  
6 6  
7 7  
8 8  

Energy 

-12.499372 
-12.521284 

-12.522491 
-12.523027 
-12.523199 
-12.523215 
-12.523216 

-12.522072 

Ig I 
0.358164 
0.05091 7 
0.028891 
0.019688 
0.016294 
0.007948 
0.000941 
0.000101 

Max lgil 

0.198326 
0.031968 
0.018206 
0.010447 
0.010447 
0.005281 
0.00062 1 
0.000059 

a 

0.00000D+00 

1.00000D+00 
1.00000D+00 
1. OOOOOD~OO 
1.00000D+00 
1.00000D+00 
1.00000D+00 

4.00000D-01 
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TABLE XI: DFP UPDATE OPTIMIZATION OF NH3 
- HESSIAN EIGENVALUES (a.u.). 

1 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 
2 2.732D+00 1.000D+00 1.000D+00 1.00D+00 l.OOOD+OO 9.918D-01 
3 2.721D+OO 1.926D+00 1.000D+00 1.000D+00 1.000D+00 7.735D-01 
4 4.004D+00 2.584D+00 1.112D400 1.000D+00 1.000D+00 4.347D-01 
5 5.743D+OO 2.602D+00 1.285D+00 1.000D+00 1.000D+00 2.399D-01 
6 6.785D+OO 2.601D+00 1.294D+00 1.000D+00 9.999D-01 1.578D-01 
7 5.846D+OO 2.600D+00 1.310D+00 1.001D+00 9.999D-01 1.555D-01 
8 3.321D+00 2.589D+00 1.328D+00 1.000D+00 9.9991)-01 2.168D-01 
9 2.620D+00 2.175D+00 1.277D+00 1.000D+00 9.953D-01 2.8421)-01 
10 2.629D+OO 2.475D+00 1.215D+00 1.001D+00 9.884D-01 2.120D-01 
11 2.814D+00 2.584D+00 1.242D+00 1.001D+00 9.838D-01 1.611D-01 
12 2.638D+OO 2.431D+00 1.258D+00 1.000D+00 9.828D-01 1.571D-01 

Exact 

2.274D+00 2.274D+00 1.452+00 1.600D-01 1.543D-01 1.543D-01 

Eval. No. 
E G  Energy lg I Max Igi I a 

1 
2 
3 
4 

1 -12.499372 
2 -12.521284 
3 -12.522077 
4 -12.522434 

5 5  -12.522807 

7 7  -12.523144 

9 9  -12.523210 
10 10 -12.523215 
11 11 -12.523216 

6 6  -12.523011 

8 8  -12.523190 

12 12 -12.523216 

0.358164 
0.05091 7 

0.018602 
0.019977 
0.021627 
0.016718 
0.009809 
0.003410 
0.000453 
0.0001 73 
0.000096 

0.028333 

0.198326 
0.031968 
0.017964 
0.013570 
0.009532 
0.012255 
0.009988 
0.005927 
0.001953 
0.000453 
0.0001 73 
0.000096 
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TABLE XII: GREENSTADT UPDATE IN THE OPTIMIZATION OF NH3 - 
HESSIAN EIGENVALUES (a.u.). 

1 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 
2 2.724D+00 1.000D+00 1.000D+00 1.000D+00 1.000D+00 9.969D-01 
3 2.772D+00 1.758D+00 1.000D+00 1.000D+00 1.000D+00 8.639D-01 
4 1.025D+01 2.304D+00 1.034D+OO 1.000D+00 1.000D+00 6.917D-01 
5 -1.302D+01 2.313D+OO 1.142D+00 1.000D+00 9.999D-01 5.936D-01 
6 2.892D+00 2.269D+00 l.lllD+OO 1.000D+00 9.998D-01 7.8701)-01 
7 -lS729D+02 2.339D+OO 1.000D+00 1.000D+00 9.998D-01 3.647D-01 
8 1.060D+01 2.337D+00 1.117D+00 1.000D+00 9.998D+00 4.593D-01 
9 3.653D+00 2.342D+00 1.131D+00 1.000D+00 9.998D-01 4.937D-01 
10 7.378D+00 2.309D+00 1.101D+00 1.001D+00 9.994D-01 4.248D-01 
11 -3.148D+02 2.320D+00 1.096D+00 1.001D+00 9.998D-01 3.999D-01 
12 -4.799D+01 2.346D+OO l.llOD+OO 1.000D+00 9.898D-01 3.974D-01 
13 -4.799D-02 6.525D+01 2.183D+00 1.001D+00 4.0588-01 2.509D-01 

Exact 

2.274D+00 2.2274D+00 1.452D+00 1.600D-01 1.543D-01 1.543D-01 

Eval. No. 
E G  Energy lg I Max Igi I 
1 1  -12.499372 0.358164 0.198326 
2 2  -12.521284 0.05091 7 0.031968 
3 3  -12.522079 0.028129 0.017874 
4 4  -12.522402 0.019O60 0.013480 
5 5  -12.522565 0.023526 0.011952 
6 6  -12.522591 0.019286 0.010941 
7 7  -12.522774 0.014169 0.007835 
8 8  -12.522889 0.029717 0.021467 
9 9  -12.522968 0.018153 0.011784 
10 10 -12.523059 0.011297 0.006420 
11 11 -12.523154 0.009138 0.005761 
12 12 -12.523155 0.010399 0.006741 

a 

We notice that even at optimization, none of these procedures 

yield particularly accurate Hessian matrices. For most of the 

systems we have examined, however, the BFGS method is most 

accurate, followed by the rank one method. Least accurate is the 

Greenstadt method. The modes least accurately represented are 

the softer modes. If this system had been given an initial 

geometry that had C3v symmetry, then only the 2al modes 3 and 4 

of the tables, would be updated. 
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Summarizing, the BFGS and rank one formula appear to be the 

most successful for updates, at least for small molecules. The 

rank one formula, however, has a serious disadvantage of not 

preserving the positive definiteness of the Hessian. 

TABLE XIII: A COMPARISION OF THE MURTAGH-SARGENT (MS) PROCEDURE 
WITH A BROYDE-FANNO-GOLDFARB-SHANNO (BFGS) PROCEDURE. THE 

NOTATION IS THE SAME AS THAT OF TABLE VI. 

System Max. Cornp. MS BFGS 
Grad. (a. u.  /bohr) 

H\ ,c = 0 
c = c  0.20 >50 24(  27,26) 

H\ 

H' 'H 

0.39 

0.16 

0.15 

11(14,13) 

16( 20,18) 

10( 11,ll) 

10( 11,ll) 

>50 4 3 (  4 4 , 4 4 )  

Larger molecules have very many soft modes and it is often 

difficult t o  optimize their structures. For these systems, 

however, the BFGS formula has a strong advantage over the rank 

methods that we have examined. Some examples are presented in 

Table XI11 Pyrimidine and 2,2' paracyclophane are more "typical" 

examples. 

versus 11 and 2 0  versus 11 for the Murtagh-Sargent (MS) versus 

BFGS methods, respectively. The other two molecules in this 

study were not optimized in 50 seatches by the rank one MS 

The number of SCF cycles in these two cases are 14 
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method, partially a consequence 

destroy all symmetry. In the P 

rotations of the two CH3 groups 

coupled. 

of our initial distortions 

O)2(CH3)2 case, for example 

are soft and very strongly 

281 

hat 

the 

8.4 Quasi-Newton Methods with Non-Unit Starting Hessians. 

Ve consider starting the optimization procedure with a more 

accurate Hessian than the unit matrix described in the previous 

section. Three approximations are suggested. The first, not 

examined here, is to have a table of force constants between 

bonded atoms for "typical" situations, and to form the starting 

Hessian from this table (27,281. The second is to start the 

optimization with an exact Hessian. Although a time-consuming 

process, the numbers of subsequent geometry searches, as 

summarized in Table XIV, is nearly halved in the case of H2C0, 

and reduced from 8 to 6 in the case of NH3. 

Hessian can also be formed in an SCF procedure by displacing the 

coordinates as described in Section VII, but freezing the density 

at the initial geometry. This procedure avoids 6N SCF 

calculations although new integrals involving the displaced atom 

must be calculated at each displacement. Starting with this 

approximate Hessian does not show a great advantage over starting 

with the unit matrix, as typified in Table XIV Since it is more 

time-consuming than the latter, i t  is not worthwhile. 

An approximate 

Starting with an exact Hessian matrix (or one formed from a 

Table of force constants) at an arbitrary setting geometry is of 

questionable value. If the starting geometry is sufficiently 

near the optimized geometry, and "quadratically related" to it, 

an exact Hessian is advantageous (H2C0 of Table XIV) and may 

allow optimization along the soft modes not easily obtained 

otherwise. Far from the sought structure, this time-consuming 

procedure is not worthwhile, for the Hessian itself is changing 

too rapidly through the optimization. What might be desirable is 

a better (more rapidly obtained) approximate Hessian used until 

the optimization had led to a geometry in the neighborhood of the 
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minimum and then a stable update procedure such as BFGS employed. 

Tables XV and XVI follow the course of an optimization of NH 

utilizing an exact inverse Hessian and an approximate one, 

respectively, and should be compared with Tables VIII - XII. 

ab-initio calculations such a n  appi-oximate Hessian might be 

effectively obtained using analytic expressions from the much 

faster semi-empirical methods. In addition, large basis set 

ab-initio calculations might have the Hessian matrix estimated at 

the minimum basis set level. 

TABLE XIV: NUMBER OF BFGS OPTIMIZATION CYCLES USING DIFFERENT 

3 

For 

INITIAL HESSIAN MATRICES. 

Unit H Approx. H Exact H Newt on 

H2C0 11(12,12) 9(  10,lO) 6(7,7) 4(5,5) 

N H ~ ~  

___ _. 

aDisplaced 0.05 a.u. along each normal mode. 

TABLE XV: BFGS OPTIMIZATION OF MH WITH INITIAL EXACT INVERSE 
HESSIAN - HESSIAN EIC~NVALUES (a.u. ). 

1 2.907D+00 2.238D+00 1.409D+00 1.634D-01 9.583D-02 7.978D-02 
2 2.522D+00 2.223D+00 1.422D+OO 1.633D-01 9.628D-02 8.5761)-02 

4 2.431D+00 2.256D+00 1.454D+00 1.633D-01 1.495D-01 9.5851)-02 
5 2.377D+00 2.228D+00 1.457D+OO 1.6381)-01 1.595D-01 9.6871)-02 

3 2.401D+00 2.256D+00 1.454D+00 1.633D-01 1.495D-01 9.5851)-02 

6 2.331D+00 2.257D+00 1.447D+00 2.6331)-01 1.561D-01 1.199D-01 

Exact 

2.274D+00 2.274D+00 1.451D+OO 1.599D-01 1.543D-01 1.543D-01 

Eval. No. 
E G  Energy lg I Max k i l  a 

1 1  -12.514386 0.204926 0.112413 0.00000D+00 
2 2  -12.522959 0.024481 0.014681 1.00000D+00 
3 3  -12.523022 0.013808 0.009355 1.00000D+00 
1 4  -12.523215 0.001333 0.000805 1.00000D+00 
5 5  -12.523216 0.000101 0.000066 1.00000D+00 
6 6  -12.523216 0.000018 0.000012 1.00000D+00 



Newton Based Optimization Methods 283 

TABLE XVI: BFGS OPTIMIZATON OF NH WITH INITIAL APPROXIMATE 
INVERSE HESSIAN - HESSIAN ~IGENVALUES (a. u. 

1 3.173D+00 2.493D+OO 1.668D+00 3.570D-01 2/244D-01 1.760D-01 
2 2.804D+00 2.477D+00 1.598D+00 3.570D-01 2.260D-01 1.765D-01 
3 2.905D+00 2.498Dc00 1.462D+00 2.621D-01 2.277D-01 1.764D-01 

5 2.732D+OO 2.469D+OO 1.540D+OO 2.284D-01 1.765D-01 1.587D-01 

7 2.512D+00 2.335D+00 1.550D+00 2.034D-01 1.766D-01 1.659D-01 

4 3.240D+00 2.505D+00 1.564D+00 2.285D-01 1.801D-01 1.761D-01 

6 2.559D+00 2.359D+00 1.498D+OO 2.282D-01 1.765D-01 1.672D-01 

Exact 

2.274D+00 2.2740+00 1.451D+00 1.599D-01 1.543D-01 1.543D-01 

Eval. No. 
E G  

1 1  
2 2  
3 3  
1 4  
5 5  
6 6  
7 7  

Energy 

-12.514386 
-12.522727 

-12.523202 
-12.523121 

-12.523216 
-12.523216 
-12.523216 

lg I 
0.204926 
0.033809 
0.007852 
0.003959 
0.002398 
0.000363 
0.000035 

0.112413 
0.016685 
0.006127 
0.002449 
0.001415 
0.000239 
0.000027 

a 

8.5 Approximate Hessians 

As seen in Table XV, the use of the V(l) approximate 

Hessians, Eq. (38), is remarkable. For a l l  practical purposes 

the number of geometry searches I - eq i i i r ed  for optimization using 

V(l) is about the same number as that required using the exact 

Hessian. For semi-empirical methods there is an impressive 

savings of computer time over both the BFGS procedure, and the 

exact evalution of  the Hessian. For large systems the 

calculation of V(l) is still practical, although the exact 

Hessian is not. [2,2'] paracyclophane optimizes in but 3 

complete SCF calculations using the V ( 1 )  approximation, to be 

compared with the 11 BFGS SCF cycles (and 10 searches) reported 

is Table XIII. 

For ab-initio methods the use of V(l) might be expected to 

lead to a savings of a factor of two - four in computer time for 

large systems f o r  the reasons previously discussed. Although the 
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use of the V(l) method is of advantage over the use of the exact 

Hessian for geometry searches, the BFGS method is likely still to 

be much faster overall except in pathological cases. 

8.6 Augmented Hessian. 

We [ 4 4 ] ,  as well as others [40,41], have found the augmented 

Hessian or related restricted step methods of great use for 

determining transition states in molecules. For minima, this 

method is most useful when an accurate estimate of the second 

derivative matrix is available and negative eigenvalues occur in 

it. Otherwise, use of this method slows down the optimization as 

shown in Table XVII. The reason for this is the restricted 

nature of the step caused by the denominator shift in Eq. (45d). 

The augmented Hessian method is very successful with the V(l) 

estimate of the Hessian, as indicated in this Table. The 

augmented Hessian is not, in general, reliable with any of the 

update procedures we have examined. 

TABLE XVII: A SUMMARY OF SOME OPTIMIZATIONS. 

For each type of optimization the number of cycles is given. The 
number in paranthesis is time (min:sec) on a VAX11/780, and 
because of system load, are in possible error of 20%. 
calculations are INDO SCF. 

The test 

Sys t em CH30H Cis 1,2-Br,F 
Cyclopropane NH3 

Initiala 
Grad Norm 0.169 0.160 0.143 
BFGS, Eq. 31 8 25(4:45) 2(  10: 24) 
Newton Method 
Approx. Hessian, 6 4(1:42) 9( 5 :  46 )  
Aug. Approx. 
Hessian, Eq. 45 5 9(2 : 28) 17(10:30) 
Newton Method, 
Exact Hessian, 3 7(4:30) 8(37:32) 
Aug. Hessian, 
Exact Hessian Eq. 45 3 9(5:28) 17 (84  : 42) 

a 

bhave been reduced to below 5*10-4 a.u./bohr. 
Initially all symmetry is broken. For convergence all gradients 

The approximate Hessian is formed from the V(l) method of Eq. 38. 
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A more interesting use of the augmented Hessian is 

illustrated for HCN. A transition state for the HCN to HNC has 

been found. The initial geometry for HCN is then formed by 

displacing the coordinates 0.05 a.u. along the negative 

eigenvalue normal mode. 

Hessian is slow to find the minimum with this starting 

conformation, requiring 12 (17, 1 4 )  o r  12 line search, 17 energy 

evaluations and 14 gradients evaluations. The augmented Hessian 

approach required 8 (lZ,ll), rpprenenting a considerable 

reduction of effort. Both methods insure the positive 

definiteness of the Hessian throughout the cycling - as evidenced 

that both obtained the minimum - but clearly the extra curvature 

introduced by the augmented Hessian, E q s .  ( 4 5 ) ,  has helped. 

The BFGS method with unit starting 

9. CONCLUSIONS 

In this paper we have reviewed and studied several Hessian 

update procedures for optimizing the geometries of polyatomic 

molecules. Of the several methods we have studied, many of which 

we have reported on here in detail, the most reliable and 

efficient is the BFGS. The weak line search outlined in this 

work is sufficient to ensure successful optimization even when 

starting geometries are generated through molecular mechanics 

[ 4 5 ]  or ball and stick models [ 4 6 j .  

Although the number of iterations in the optimizations 

procedure can be reduced by starting update procedures with an 

exact Hessian or Newton step, the time involved in forming this 

Hessian is seldom worth the effort unless the gradients are 

sufficiently small as to suggest that the current geometry is 

close to the optimized geometry. At this stage in the 

optimization, a single Newton step can save considerable effort. 

These findings are dramatically summarized for 
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0 
I I  
I 

CH2 = CH - 0 - P - CN 

in Table XVIII, a case with many soft modes. It should be noted, 

however, for reference that either the rank one or BFGS methods 

after 10 cycles have found all bond lengths to within k0.02 a.u. 

of their final value, and all bond angles to within +3O. The 

difficult modes involve optimizatiori o t  dihedral angels that are 

coupled with pseudo-rotations. 

0 
II 

TABLE XVIII: OPTIMIZATION OF C H ~  CH - 0 - P - CN, a.u. 
I 
N( CH3 1 2 

Murtagh-Sargent BFGS BFGS + 10th Cycle 
Rank 1 Exact Hessian 

AE (a.u.) lgl AF, (a.11.) lgl AE (a.u.1 lgl 

1 0.0163 0.0050 0.0163 0.0050 0.0163 0.0050 
5 0.0149 0.0026 0.0134 0.0030 0.0134 0.0030 
10 0.0141 0.0024 0.0093 0.0046 0.0083 0.0048 
11 --- _ _ _  _ - _  _ _ _  0.0000 6x10- 
15 0.0109 0.0024 0.0032 0.0030 
25 0.0101 0.0020 0.0002 0.0026 

In addition to examining Newton steps, we have also examined 

methods of the restricted step or  augmented Hessian type. 

Although of enormous utility in searching for transition states, 

the very nature of their construction makes these methods not 

effective for finding minima unless the starting geometries have 

negative Hessian eigenvalues. 

steps could be determined until the second (non-zero) eigenvalues 

of the augmented Hessian is positive, and subsequent steps 

determined using the Newton methods outlined. 

In such a case augmented Hessian 
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We have also examined here t h e  use of approximate solutions 

of the coupled perturbed Hartree-Fock equations for estimating 

the Hessian matrix. This Hessian appears to be more accurate 

than any updated Hessian we have been able to generate during the 

normal course of an optimization (usually the structure has 

optimized to within the specified tolerance before the Hessian is 

very accurate). For semi-empirical methods the use of this 

approximation in a Newton-like algorithm for minima appears 

optimal as demonstrated in Table 17. 

searching for minima, the BFGS procedure we describe is the best 

compromise. 

In ab-initio methods 

APPENDIX 

Update formula for the direct Hessian G. 

Rank 1 

corresponding to Eq. (29). 

BFGS, corresponding t o  E q .  (31) 

DFP, corresponding 

G k + l = G k +  DFP 

to E q .  ( 3 0 )  

k + 1 Hk + 1 - Hk + 1 Note that at each cycle of the update, G - 

Gk + 

k 
= 1 providing the same update is used for Gk and E . 
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1. INTRODUCTION 

Our aim in this review is to highlight 
mainly the formal developments of the open-shell 
many-body cluster expansion theories that have taken 
shape over the last one and a half decades. We have 
now come to believe that a proper understanding and 
interpretation of most of the spectroscopic and 
dynamical phenomena involving excited or ionized 
molecules and molecular fragments require models for 
open-shell states transcending the simple orbital 
description. The language of occupation number 
representation - coupled with the hole-particle 
description of the operators, the use of Wick’s 
theorem and the attendant diagrammatic depiction of 
the various terms/l/- makes the many-body approach a 
very attractive alternative to the traditional 
CI-based theories. The open-shell many-body 
perturbation theory(MBPT)/2-9/ and the propagator or 
the Green’s function methods/lO-16/ have now developed 
into vast computational technology, generating 
softwares which are cost-effective and competitive 
with the CI-based codes. The cluster expansion based 
open-shell many-body formalisms possess even greater 
potentiality since they not only share and embed all 
the desirable features and technical advantages of the 
open-shell MBPT or propagator theories, but also are 
inherently non-perturbative in nature. They provide 
more compact descriptions of the electron correlation 
and are more flexible. Moreover, the cluster expansion 



Cluster Expansion Methods in Open-Shell Correlation 293 

of the open-shell functions provides u5 with valuable 
insight regarding the structure of general 
many-electron wave-functions. In fact, over the last 
few years there have been very fruitful developments 
/91-96,138-144/ on the size-extensivity of approximate 
functions (which generate energies scaling properly 
with the size of the molecules ) from a careful 
analysis of the structure of the cluster expansion for 
an open-shell function of arbitrary complexity, which 
have as yet no counterparts in the other many-body 
branches . 
appear to have reached a stage where a clear 
perspective is beginning to emerge, although no 
comprehensive review of the various facets of the 
approach and a critical evaluation of the seemingly 
disparate formalisms put forward is available in the 
literature. There are, however, several reviews on 
closed-shell coupled cluster theories where the open- 
shell cluster expansion theories are also touched 
upon/18,19,21,22/. A few reviews on the open-shell 
MBPT describe in broad terms the cluster expansion 
techniques in so far a5 they relate to MBPT /20,23/. A 
concise survey of what we shall call 'full cluster 
expansion theories' appears in a recent article by 
Lindgren and Mukherjee/?4(a)/. 

a general and unified point of view. In our 
exposition, we shall not necessarily follow the 
chronological order of the developments. Rather, we 
shall follow a logical course which will bring out the 
evolution of the cluster expansion strategy, gradually 
encompassing finer aspects of the electron correlation 
that are peculiar to the open-shell states. This 
attitude leads to a natural subdivision of the 
currently available open-shell cluster-expansion 
formalisms into various categories. The historical 
order will be maintained as far as is possible in the 
delineation of each category. 

The developments of the cluster expansion theories 

We shall try to present the various theories from 

2. 'THEORETICGL MODEL CHEMISTRY' AND ITS RELEVhNCE 
TO THE OPEN-SHELL FORMALISMS 

Before describing the unifying theme, which will 
classify the various theoretical developments in the 
cluster expahsion formalisms, it is pertinent to 
summarize first certain essential criteria that an 



294 Debashis Mukherjee and Sourav Pal 

acceptable theoretical model, describing large systems 
like molecules of interest in chemistry, should 
satisfy. In the modern many-body parlance the 
necessity of maintaining certain qualities of the 
wave-function satisfying these criteria has been 
emphasized by Bartlett et a1/17,18/, Pople et a1/24/ 
and Kutzelnigg/46/, although an awareness about these 
aspects can be traced back to such early practitioners 
as Bruckner/25/, Goldstone/Zb/, Hubbard and 
Huyenholti/27/,Sinanoglu/28/, Primas/29/, and 
Coester/JO/. 

underlying approximation scheme which is of 
potentially uniform precision for all the phenomena it 
wants to describe, so that the viability of the model 
can be tested by an appeal to the experimental 
results. The criteria that a theoretical model should 
satisfy are the following : 

(a) Size-extensivity, i.e., the calculated 
energies should scale properly with the size of the 
molecule (or, equivalently, with the number of 
electrons) 

for its validity on some special configurations or 
their symmetry. 

(c) The model should respect the proper space and 
spin symmetry required by the symmetry of the system. 

(d) The model should guarantee separability of the 
molecule into proper fragments if the situation so 
demands. 

it applies equally well to ground, excited, ionized 
or open-shell states. 

W e  may recall that the desirability of ensuring 
size-extensivity for a closed-shell state was one of 
the principal motivations behind the formulation of 
the MBPT for the closed-shells. The 'linked cluster 
theorem' of Bruckner/25/, Goldstone/26/ and 
Hubbard/27/, proving that each term in the 
perturbation series for energy can be represented by a 
'linked' (connected) diagram directly reflects the 
size-extensivity of the theory. Hubbard/27/ and 
Coester/30/ even pointed out immediately after the 
inception of MBPT/25,26/, that the size-extensivity 15 

intimately related to a cluster expansion structure of 
the associated wave-operator that is not just confined 
only to perturbative theory . The corresponding non- 
perturbative scheme for the closed-shells w a s  first 
described by Coester and Kumme1/30,31/ in nuclear 
physics and this was transcribed to quantum chemistry 

A 'Theoretical Model Chemistry'/l8,24/ has an 

(b) Generality ,i.e., the model should not depend 

(e) The model should be versatile enough, so that 
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by Cizek/32/, and then has been further developed by 
Paldus. Bartlett/l8,2l(a)/ and others/33-37/. This 
formalism, called the coupled-cluster (CC) method for 
closed shells, is now widely accepted a5 the most 
versatile and powerful electron correlation theory for 
closed shell systems such as the molecular closed 
shell ground state/l8,21/. 

Fss Bartlett/lB/ has pointed out, for a closed 
shell single determinant Hartree-Fock (HF) function as 
the starting point for MBPT or CC theory, separability 
into neutral fragments is not automatically 
guaranteed, since sometimes the UHF rather than the 
F?HF dissociates properly. When the criteria (a) and 
i d )  above are both satisfied, the model may be called 
size-consistent/24/. 

sometimes used to describe some special open-shell 
situations/3?,40/ (like single configuration 
triplets/39/) or dissociating species/40-42/, from the 
point of view o f  generality, and on physical grounds 
it is natural to look for open-shell generalizations 
of the cluster expansion formalisms as developed for 
the closed shells. 

The criteria ( a )  to (e) noted above pose special 
problems for the open-shell states, having no 
corresponding analogues for the closed-shell 
situation. In any theoretical model for the open-shell 
situation, one first identifies a conceptually minimum 
set of determinants which are essential to describe 
the basic physico-chemical properties which the model 
sets out to describe (such as space-spin symmetry, 
treatment of quasidegeneracy, separability into 
proper fragments). The determinants of this starting 
or 'reference' function may be said to span a 'model 
space/3/. Correlation is brought in by superposing 
other configurations belonging to the 'virtual' space. 
It is customary to designate the orbitals which are 
completely filled in all the model space functions a5 
'core' orbitals, those which are partially occupied 
(i.e,. occupied in some model space functions and 
unoccupied in others ) as the 'valence' orbitals. The 
rest of the orbitals are called 'particles'. The above 
nomenclature owes its origin to the early developments 
of the open-shell MBPT (see 12-9,20/ for extensive 
reviews), and forms a convenient starting point for 
all the later modern open-shell formalisms that have 
followed. The total number of electrons in the model 
space functions is more than those in the core, 
according to this scheme. Sometimes it is more 
convenient to take a core having more electrons than 

hlthough the closed shell CC theory has been 
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in the model space functions, and vacant core orbitals 
are interpreted a5 ‘valence holes’ in the core. We 
shall, at the moment, side-step this complication. 
Most of the discussions to follow remain valid for 
this latter situation a5 well. 

The unifying theme for describing electron 
correlation in the open-shell states may now be laid 
down. We wish to look upon the overall effect of 
electron correlation a5 stemming from additive 
contributions from the correlation among the 
core-electrons, the correlation among the valence 
electrons and the interactions of core and valence 
electrons leading to core-polarization and 
core-relaxation effects. The various open-shell 
developments to be described emphasize these various 
effects in various degrees. More importantly, we can 
envisage several different, although inter-related, 
aspects of the size-extensivity requirements which are 
special to the open-shell situations. They define 
different models for the open-shell many-body 
formalisms: 

(all Core-extensive models : The model is 
explicitly size-extensive with respect to the core 
electrons N only. This is quite useful for a good 
descript on of  electron correlation for a series of 
open-shell systems with a fixed number N of the 
valence electrons, when Nc>>NV. The bulkVof the 
size-extensivity then comes from the size-extensivity 
of  the core-correlation. The valence correlation and 
the core-valence interaction need not be so rigorously 
size-extensive, since N does not change in the 
series. Computation of the energies o f  the states in 
an isovalent series like Be,Mg etc. with a few valence 
electrons,treatment of electron-detached or attached 
states of closed shell molecules, low-lying excited 
states of closed-shell molecules with only a 
few valence electrons (Li Na K ,... ) can be 
conveniently performed 
much size-extensivity error. 

are explicitly size-extensive with respect to the 
total number of electrons N (=N + N 1 only. Here, 
the dissection of the total correlatign energy into 
core correlation, valence correlation and core-valence 
interaction plays a subsidiary role. Addition and 
deletion o f  valence electrons to the system demands 
that one starts from scratch once again. 

(a3) Core-valence extensive models : These models 
are explicitly size-extensive with respect to N and N 
separately. This is obviously the most general 

C 

V 

2’ 2’ 

(a2) ell-electron extensive models: These models 

with such 2a model without 

C 

V C 
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size-extensive model, since it not only automatically 
ensures the feature (a21 above, but also the feature 
(al), when N is fixed. In addition, when electrons 
are deleted Yrom or added to the valence orbitals, 
thereby changing N for a fixed N it looks upon the 

V C' 
consequent change in energy a s  a change of 
core-valence interaction accompanying the change in N 
and an additional valence correlation effect. One 
needs to compute only these additional energies, which 
are differential correlation enerqies, and can thus 
by-pass a more elaborate calculation d e  novo. This 
aspect is of paramount interest in formulating a 
size-extensive theory of such energy differences of 
spectroscopic interest as ionization potential (IF), 
electron affinity ( E A )  or excitation energy (EE)  of 
the closed shell systems, since the common 
core-correlation energy cancels out on taking 
energy differences and thus need not be computedat 
all.Another important advantage of this model is that, 
when the correlation effect is short range( a s  is 
usally the case), successive addition of valence 
electrons will gradually lead to a saturation in the 
change in electron correlation, and the overall 
valence correlation involving many valence electrons 
may be computed from a knowledge of valence 
correlation involving fewer electrons. The 
core-valence extensive formalisms would thus become 
progressively more accurate with increasing number o f  
valence electrons. 

In view of the finer classifications (al) to (a3) 
of the size-extensivity, the aspects of the 
size-consistency for the open-shell theories are also 
analogously modified, depending on which of the 
features (all to (a31 is chosen for size-extensivity. 
Whatever is the choice, however, the size-consistency 
is most conveniently ensured if the model space is 
selected in such a way that the starting functions 
constructed from the model space functions dissociate 
into the desired fragments. When the core electrons 
are much more rigidly bound compared to the valence 
electrons, and the core separates into closed-shell 
fragment cores, the various fragments that one needs 
to describe in the different dissociation limits can 
all be generated from the model space functions if the 
model space contains all the determinants that can be 
formed by allocating N valence electrons in the 
valence orbitals in all possible ways. This is the 
space, for example, which is often used in the CI 
methods, and i s  called the 'complete active space' 
( C A S )  1431 o r  a 'full-valence' model space. In the 

V 

V 
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current many-body terminology, one calls this a 

nomenclature 1s unfortunately not in conformity with 
the definition of ’completeness’ in a configurational 
expansion as given by L&wdin/lOB/. Most of the 
many-body formalisms used to date start with a 
complete model space. Size-consistency then follows a5 
a consequence of the size-extensivity of the model 
underlying the theory. I f  the model space is 
incomplete/44/, great care is needed to choose proper 
model functions ensuring proper dissociation into 
fragments, and all possible fragments cannot certainly 
be described in a size-consistent manner with a set o f  
fixed model space functions spanning an imcomplete 
model space /45/. It is,however, possible to ensure 
separability into specfic fragments/9&/ by a suitable 
choice of the model space. For a general but 
comprehensive discussion of the aspects of size- 
extensivity, see e.g., a recent paper by Chaudhuri et 

complete model space’ /44 / ,  although this 

a1/147/. 

3. CLUSTER EXPFINSION AND SIZE-EXTENSIVITY 

There is an intimate connection between the 
cluster-expansion of a wave-function and the property 
of size-extensivity. T o  describe this aspect in the 
simplest manner,it is pertinen.t to recall first the 
closed-shell ground state. The ways to encompass the 
open-shell states can then be i.ndicated as 
appropriate extensions and generalizations of the 
closed-shell cluster expansion strategy. 

dominant reference function H the exact 
wave-function !P can be written a5 a superposition of  
various n-fold excited determinants H’ on Ho. 9 may 
thought to be generated from H by a wave opera?or 
n : 

For an N-electron closed-shell state with a 

0 ’  

0 

n 

(3.1) 

In the many-body description, Ho 1s usually taken 
as the ‘vacuum‘, and ‘holes‘ and ’particles’ are 
appropriately defined as those occupied and vacant i n  
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i H respectively. Hn 's may then be viewed as nh-np 
eEcited determinants-obtained from 0 . 

The amplitudes C1 in the expansion, eq.(3.1), are 
a measure of the importance of n-electron correlation 
in a . As the number of amplitudes 
astronomically with the increase in N, any practicable 
computational scheme has to truncate the expansion, 
eq. (3.lj. A systematic rationale for truncation is 
provided by a model for electron correlation. l-hus, 
for example, Sinanoglu/28/ advocated that the 
pair-correlation is the dominant electron correlation 
for a closed-shell state with the HF function taken as 
+ . Unfortunately, however, a restriction to the 
approximation R = 1 + C>2,  
becomes increasingly poorer with growing N. The 
approximation is hence not size-extensive. 
3inanoglu/20/ demonstrated that, even if the 
pair-correlation is dominant, the amplitudes 
C4,C6,C, ... etc are not negligible, and they are 
determined by simultaneous correlation of two, 
three,.. pairs of electrons correlating 
5imuntaneously/~b/.lnclusion of these leads to the 
sire-extensivity o f  energy. This finding ties up 
neatly with the earlier insight offered by Hubbard/27/ 
and Coester/3C)/ qleaned from MBPT, which leads to the 

0 

n 

C: increases 
0 

0 
leads to an energy which 

r -  

cluster- 
- 

e x  pans i on for 

= exp(T) 9 = M0 
0 0 

/29-30/ from 

(3.2) 

where T is a combination of various nh-np excitation 
operators T : 

n 

N 

n=l 
Tn 

T = X  ( 3 . 3 )  

Tn introduces true n-particle correlation, and 
products like TkTm etc., arising out of the expansion 
eq.(3.2), generate simultaneous presence of k-particle 
amd m-particle correlations in a (k+m)-fold excited 
determinants etc. The truncation of  T z T2 then 
corresponds to the pair-correlation model of 
Sinanoglu, while incorporating higher excited states 
with several disjoint pair excitations induced through 
the powers T 
'linked' or connected clusters for n electrons. The 
difficulty of a linear variation method such as CI 
lies in its inability to realize the cluster expansion 
structure eq.(3.2),in a simple and practicable manner. 

k 
2 -  

The amplitudes for Tn may be ca 1 1  ed 
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Following an analysis due to Primas/29/, we can 
indicate now one hallmark of a size-extensive 
representation of a wave-function a5 revealed in the 
expansion, eq.(3.2), above. Once we identify the most 
important true n-electron correlations, as reflected 
in the nature of the operators T the total energy 
for a size-extensive Y must become additively 
separable in the asymptotic limit of no interactions 
between the clusters. Let us note carefully that we 
are talking here of the separability into various 
qroup5 of interactions (clusters) and not of 
separability into fragments. Unless this feature is 
explicitly built-in, no approximate wave-function can 
have this property automatically. It is 
straightforward to verify that, once we identify the 
linked clusters with groups A,B, etc., then in the 
limit of no interaction between the groups, the 
representation, eq. ( 3 . 2 )  leads to an additive 
separation of the energy with respect to these groups. 
From eq.(3.2), we find that 

n’ 
0 

Let us assume that 

H W H  + HB +.... A 

when the groups do not interact, and write T as 

T w TA + TB +.... 

(3.4) 

(3.5) 

The operators with different labels commute in the 
limit of no interactions between the groups, and we 
have 

+.... B 
Eo* EA + E (3.7) 

with 

EA = t m  1 exp(-T ) HA exp(TA)lBo> etc. (3.8) 
0 A 

As we have taken the groupings A,B etc., to refer to 
true linked clusters T , TB etc., the operators T 
must appear as physicaflv connected entities in ?Ae 
occupation number representations. EA, EB etc., will 
also then appear as connected entities - a5 a 
consequence of the multi-commutator expansion 
generated by eqs. (3.8). Since the groupings are 

TB 
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arbitrary, E itself is a connected entity. 

above analysis, is a consequence of  the connectivity 
of T, and the exponential structure for Sl . 
Size-extensivity is thus seen as a consequence of 
cluster expansion of the wave function. Specfic 
realizations o f  the situation are provided by the 
Bruckner-Goldstone MBPT/25,26/, as indicated by 
Hubbard/27/, or in the non-perturbative CC theory a5 
indicated by Coester/JO,31/, Kummel/31/, Cizek/32/, 
Paldus/33/, Bartlett/2l(a)/ and others/30-38/. There 
are also the earlier approximate many-electron 
theories like CEPQ/47/, Sinanoglu's Many Electron 
Theory/28/ or the CI methods with 'cluster 
correction'/46/. 

have the three different choices (all to (as), a5 
described in Sec.2, for ensuring the three different 
types of size-extensivity. Unlike the closed-shell 
situation, we have here the core electrons as well as 
valence electrons and we have the option of explicitly 
maintaining the size-extensivity of the core electrons 
only, or of N + Nv or N and Nv separately. 

feature (all), there must be an explicit cluster 
expansion structure with respect to the core 
electrons, and no such cluster expansion maintained 
for the valence electrons. The wave-operator Cz should 
have then either of the following forms 

0 

The linked-cluster theorem for energy, from the 

For the open-shell cluster expansion theories, we 

C 

For the core-extensive theories (1.e.. with the 

0 Wexp(T) ( 5 . 9 )  

(2 exp(T)W (3.10) 

where exp(T) has the np-nh cluster expansion structure 
with respect to the core, as in eq. 13-21, and W is a 
linear combination of several operators, as in a C I ,  
introducing valence- and core-valence correlations. 
There may be several ways to realize the operators 
exp(T) and W /50-63/. 

Silverstone and Sinanoglu/48/, already in 1965, 
indicated how a cluster-expansion satisfying size- 
extensivity with respect to all the electrons (feature 
(a211 can be effected. There is also a related work by 
Roby/49/. Transcribed into occupation number 
representation, this amounts to a cluster expansion of 
the closed-shell type with respect to each determinant 
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in the model space 

i Yk = C Cikexp(T ) & .  
1 

1 

(3.11) 

where the set { & . I  spans the model space and C .  ‘ 5  are 
the combining cokfficients for the k-th root.Tkis is 
the general cluster expansion structure o f  a 
size-extensive theory with feature fa2). Each T 
excites various n-fold excitations from the 
corresponding &.’s and there is no subdivision into 
core correlatio;, valence correlation and core-valence 
interaction. The various formalisms/64-64/ in this 
category will differ in their realization o f  the wave- 
function, eq.(3.11). 

can be developed by converting the representation of 
the operator W from a linear structure (as in eq. 
( 3 . 9 )  or (3.10)) to an exponential-like cluster 
structure. There are several ways of achieving 
this/67-78/, and they represent the various approaches 
to the solution of the problem. 

We may mention here that the closed-shell CC 
theory/32/ results from the corresponding MRPT/25.26/ 
only when the latter is a Rayleigh-Schrodinger- ( R S )  
series. In a Brillouin-Wigner (BW) perturbation 
expansion, there is a parametric dependence of the 
wave-operator on the total energy, and no cluster 
decomposition is possible for non-interacting groups 
A,B, etc., owing to the dependence o f  each of the 
cluster operatorsoperators on the total energy. 
Consequently only the RS type of development in 
open-shell MBPT theories can be fully size-extensive. 
Any part of the expansion o f  the wave-operator lackinq 
RS structure will not satisfy size-extensivity/luY/. 

k 

i 

The size-extensive theories with the feature (a31 

4. CATEGORIZATION OF THE OPEN-SHELL 
MANY BODY FORMALISM5 

4.1. The Earlier Open-shell Perturbative Developments 

The first core-extensive open-shell MBPT / Z i  
(i.e., with the feature (al)) was developed by  Bloch 
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and Horowitz. In this formulation, there is an 
energy-dependent effective hamiltonian H ( k E k )  which 
acts on an appropriate combination @ of the model 
space functions to generate k E k  - the energy shift 
with respect to the correlated core. Diagrammatically 
speaking, no term of H ff has a disconnected closed 
diagram representing ti% core-energy, although the 
diagrams may be disconnected, since there is no 
explicit size-extensivity with respect to valence 
electrons. The model space is chosen to be complete. 
Brandow/3,20/ has discussed the Bloch-Horowitz theory 
in detail, and based his RS MBPT formulation on this 
as the starting point. Brandow's theory/3/is the 
first fully size-extensive many-body formalism with 
the feature (a3). The diagrams representing the terms 
of this RS effective hamiltonian Heff(having now no 
dependence on the unknown AEk's) are all fully 
connected, indicating that the valence correlation and 
the core-valence interaction are calculated in a 

is known as size-extensive manner. The series for H 
the linked valence expansion/3/. 

The essential reouirement for arriving at the 
proof of the above 'linked valence' expansion/;/ was 
the assumption that the model space is complete . With 
a complete model space, the model space functions 
separate into proper fragments as well, and Brandow's 
theory is thus additionally size-consistent. 
Brandow chose the intermediate normalization 
convention for the perturbed functions. It can then be 
shown that, as a consequence, 
whose non-orthogonal eigenvectors are just the model 
space projections of the exact functionsi3/. There is 
a transformation, due to des Cloizeaux/??/, by which 
an equivalent hermitian effective hamiltonoan can be 
derived, if desired. There have been several other 
formulations of RS MBPT/4-9/ with the feature (ax). 
Brandow/3/ also attempted to generalize his formalism 
when the model space contains valence particles a 2  
well as valence holes. He implicitly assumed that a 
model space containing determinants, corresponding to 
all possible occupancy of fixed number of valence 
holes and valence particles among the valence hole 
orbitals and valence particle orbitals, is also 
complete and consequently claimed that the linked 
valence expansion will be valid. This model space, 
however, is imcomplete_ /20,44,71,94/, since with 
respect to the real electrons there are still other 
determinants in which the electrons can be allocated 
among the valence orbitals in many other ways. Thus, 
in this case the linked valence expansion does not 

( 0 )  e f 
k 

eff 

is nonhermitian, 
"ef f 
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generally hold good, a5 Brandow himself later pointed 
out/20/. 

Hose and Kaldor/44/ had been the first to have 
analyzed in detail the structure of the RS MBPT in 
intermediate normalization when the model space is 
generally incomplete. They showed that there are 
disconnected diagrams in this case. In their 
formulation, they abandoned the classification of the 
orbitals into core, valence and particles, and instead 
chose each ket @ .  on which H acts as the vacuum. 
Until very recen$ly /91-96,1F$/, it was not clear 
whether the disconnected diagrams appearing in the 
formalism spell a breakdown of the size-extensivity. 
F\lso, since in this formulation, the core energy is 
not explicitly subtracted, the size-extensivity- if at 
all respected- will be of the type (a2). Clearly, if 
the model space is made complete the formalism will go 
over to a size-extensive theory of the type (a3), 
without disconnected diagrams. This may be looked upon 
as a perturbative realization of the Silverstone- 
Sinanoglu expansion/40/. Chaudhuri et a1 have recently 
discussed/l47/ and demonstrated/l46/ that the energies 
obtained by diagonalizing the H of the Hose-Kaldor 
formalism entail disconnected terms indicating a 
breakdown of size-extensivity. We shall discuss again 
the aspect of size-extensive theories with imcomplete 
model space in Secs. 4.3 and 8.4, where the emphasis 
is on the cluster expansion approach. 

ef f 

4.2.The Propagator Methods 

The propagator, or equation of motion methods, and 
the related Green’s function techniques/lO-16/ were 
primarily designed to generate EE,IP or Et? of a closed 
shell ground state. The size-extensivity that they 
ensure is of the type (all, since the self-energy 
operator-playing a role rather analogous to that of 
H ff - is dependent on the unknown shift AEk, and in 
tE1s sense they are structurally analogous to the BW 
series of the Bloch-Horowitz type/?/.The kinship with 
the Bloch-Horowitz series is apparent, since there is 
again no closed core diagram in the series for the 
self-energy. There are major structural differences 
also- notably in their choice of model space (for a 
discussion on this point, see, e.g., Brandow/81/, Robb 
et a1/82/and Mukherjee and Kutzelnigg/B4/), but the 
feature of core-extensivity is shared by both. The 
formulation of an EOM-type of theory satisfying 
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size-extensivity is rather recent, and we refer to the 
works of Kuo et a1/83/ and to a forthcoming paper by 
Mukherjee and Kutzelnigg/B4/ for a detailed discussion 
of the subject. 

4.3 The Open-Shell Cluster Expansion Approach 

The development of  the open-shell many-body 
cluster expansion methods has followed a rather 
circuitous and tangled route. The early developments 
by Mukherjee and co-workers/68,69/ directly emphasized 
the size-extensivity feature (ax). Their5 was 
essentially a complete model space formulation, and it 
was tailored for computing both total state energies 
and energy differences/69/. The formalism necessitates 
an explicit consideration of the differential 
correlation energies as more and more electrons are 
added to the valence orbitals. This added flexibility 
requires that we need consider not only the desired 
complete model space for a fixed N but also all the 
lower valence (henceforth called 'x:bduced' model 
spaces with fewer valence electrons m, (O5m5 N ) as 
well. The formalism is thus not just confined to a 
specfic Hilbert space of a fixed number of electrons 
/68,69/, but is defined in a Fock-space which is a 
direct sum of several Hilbert spaces of different 
electron numbers. Mukherjee et a 2  have discussed 
several Fock-space strategies/68,69/ to arrive at 
size-extensive formulations. These methods may be 
viewed as open-shell generalizations of the 
closed-shell CC method. 

In nuclear physics. Offermann et and Ey/70/ 
proposed a related but different formalism which also 
shares the size-extensivity feature (a3), and have the 
flexibility of describing differential correlation 
energy. This is also a Fock space oriented approach. 
Somewhat later, Lindgren/71/ generalized his 
formulation of the Open-shell MBPT/4/ to derive an 
open-shell coupled cluster method which may be viewed 
as a highly summed up version of the MBPT. Lindgren 
started from a complete model space with fixed N and 
looked for a set of equations which will guarantee the 
connected nature of the cluster amplitudes. 6lthough 
Lindgren's cluster expansion contained the flexibility 
of describing the differential correlation energy 
similar to that in the theory of Mukherjee et a1 
/68,69/, he confined h i s  development to Hilbert space 

V 

V' 
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of fixed N . This generally leads to an 
underdeterzined system of equations for the cluster 
amplitudes since their number far exceeds the number 
of equations/66,69/. Lindgren, however, augmented his 
formalism by a set of sufficiency conditions for 
ensuring the connectivity of cluster amplitudes which 
gave a5 many equations as are unknowns. Haque and 
Mukher~ee/69/ commented that these conditions 
essentially imply adopting a Fock-space strategy, and 
in fact Haque demonstrated/69/ that Lindgren's 
equations can be derived by assuming that his wave- 
operator for the N -valence problems behaves as a 
wave-operator for the lower valence problems. This 
point has been further clarified in the recent 
analysis of Lindgren and Mukherjee/94(a)/ and 
Mukherjee/94( b)/. 

theories to appear on the scene emphasized the 
size-extensivity feature (al), and all of them were 
designed to compute energy differences with a fixed 
number of valence electrons. Several related theories 
may be described here - (i) the level-shift function 
approach in a time-dependent CC framework by 
Monkhorst/56/ and later generalizations by Dalgaard 
and Monkhorst/57/, also by Takahasi and Paldus/lOS/, 
(ii) the CC-based linear response theory by Mukherjee 
and Mukherjee/58/, and generalized later by Ghosh et 
al/59,60,107/.(iii)the closely related formulations by 
NakatsuJi/50,52/ and Emrich/bZ/ and (iv) variational 
theories by Paldus et &/54/ and Saute et a1/55/ and 
by Nakatsuji/SW. 

The next two formulations advocated maintaining 
size-extensivity with respect to the total electron 
number N, i.e., they subscribed to the 
size-extensivity feature (a2). The method of Banerjee 
and Simons/65/ started with a CAS-SCF function and 
used a cluster expansion inducing correlation of 
valence electrons only. The core remains frozen in 
this theory, leading to some computational 
simplifications, but at the expense of generality. 
Since only one combination of determinant5 was chosen 
as the reference function - as in an MR-CI-only one 
root could be calculated. There was thus no Hef in 
this theory. Extensions of  this approach to include 
core-excitations were initiated by Laidig et a1 
/115(a)/ and Hoffman and Simons/ll5(b)/. The theory of 
Jeziorski and Monkhorst/66/ was general, and this 

defined in sought to compute all the roots of an H 
a complete model space. The cluster expansion used was 
the Silverstone-Sinanoglu expansion (eq. (3.ll)j/48/, 

V 

The next set of open-shell cluster expansion 

eff. 
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i 
and each ket on which exp(T 1 acts was taken as the 
vacuum in the same spirit a5 that of Hose and 
Kaldor/44/. Heff was proved to be connected by a 
rather involved algebraic route. All these theories 
work in Hilbert space of a fixed number of electrons 
and are thus conceptually distinct from the Fock-space 
based theories of the type (a3). 

Kutzelniggi76i and Kutzelnigg and Koch/77/ revived 
the cluster expansion approach of the type (a31 in a 
series of papers where the name 'Fock Space Quantum 
Chemistry' appeared first. They emphasized that the 
structure of H in a occupation number representation 
is much simpler than in a Hilbert space since this is 
independent of the number of electrons and, once the 
valence orbitals are identified, a similar'ty 
transformation of H by C2 can bring L =O HC2 to a 
form where valence orbitals couple only with the 
valence orbitals through L. A diagonalization of this 
part of L having valence orbitals only in a model 
space of a specified N will then furnish selected 
eigenvalues of H for an N -valence problem. In effect, 
this means that Qne defines C2 in Fock space, 
transforms H to L in Fock space, and projects onto a 
model N -valence Hilbert space to finally construct 
H ff on the Hilbert space. Operationally speaking, 
tKis method advocates the same strategy a5 that 
expounded by Mukherjee et a1/67-691 or Lindgren/71/ 
a5 amplified by Haque and Mukherjee/69/. But there is 
a subtle difference. While the earlier works/67-69/ 
used explicit determinantal projectors for the 
equations determining the cluster amplitudes and 
Heff,Kutzelnigg and Koch emphasized the operator 
aspects of the same equations without determinantal 
proJectors. The Fock-space strategy is thus more 
explicit in the latter. Kutzelnigg and Koch/77/ 
considered complete model space theories only, with 
valence orbitals as of  the particle type. A related 
approach containing holes and particles was initiated 
by Stotarczyk and Monkhorsti85/, which, however, 
-strictly speaking- is not an effective hamiltonian 
theory (see, e.g., Lindgren and Mukherjee/94(a)/ for a 
critique on this point).See also Sinha et al/ll9/. 

of working in a complete model space for arriving at 
the connectedness of H was first shown by 
Brandow/3/ and this view-point has since influenced 
most of the later developments of the open-shell MBPT 
and CC theory. When the valence orbitals are rather 
well-spaced in energy, this may create a serious 
numerical instability in actual applications. Whenever 

-i 

V 

V 

V 

It should be emphasized here that the convenience 

eff 
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there are some virtual space determinants close in 
energy to some model space functions, they will mix 
strongly resulting in the divergence o f  the 
perturbation series for H or an ill-conditioning of 

ef f 
the open-shell CC equations. The offending virtual 
determinants for which such strong mixing occurs are 
called 'intruder states'/86/. Their presence has been 
a perennial problem in both nuclear physics/Bb/ and 
quantum chemistry/44,87/. Fls we have already 
discussed, Hose and Kaldor/44/ formulated an 
incomplete model space version of MBPT. Their 
motivation was to include only those functions in the 
model space which do not mix too strongly with the 
virtual space functions. Haque and Mukherjee/88/ 
formulated a hermitian version of MBPT for incomplete 
model space. Jeziorski and Monkhorst/bb/ indicated how 
their CC formulation for the complete model space may 
be generalized to the incomplete model space situation 
leading to the CC analogue o f  the Hose-Kaldor 
MBPT/44/. In all these developments, disconnected 
diagrams appear in H 
extensive/146,147/. 

quasi-complete model space, which is a very special 
type of incomplete model space, for which he claimed 
that H is connected. In a quasi-complete model 
space,eg6e valence orbitals are bunched in different 
groups, the occupancy of orbitals in each group is 
held fixed and the various possible occupancies 
within each group are exhausted. Looked at from this 
classification, a model space consisting of nh-mp 
determinants- as discussed by Brandow/3,20/ in his 
generalized MBPT for valence holes and particles- is 
quasi-complete , with valence holes and valence 
particles in different groups. It is known that Heff 
is disconnected in this case.Unfortunately for a 
general quasi-complete caie also, H ff is not 
connected/90/. Size-extensivity of Phe energies is 
thus not respected in these formalisms/f46,147/. 

re-investigation of the problem of the appearance o f  
for nh-np determinants as disconnected terms in H 

constituting a model space, and traced the origin of  
the disconnected to the tacit assumption of 
maintaininq the intermediate normalization of  the 
eigenfunctions. By abandoning the intermediate 
normalization, and by adopting a diferent 
normalization, Mukherjee proved that there are no 

ef f '  
disconnected terms in H 
Mukherjee/92/ proved for he first time that for a 

and they are not size- 
eff' 

Recently, Lindgren/88/ introduced the concept o f  a 

Very recently, Mukherjee/?l/ made a 

ef f 

Using this same strategy, 
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general incomplete model space a connected H 
results if the intermediate normalization is 
abandoned. We may term those normalization conventions 
for which H is connected a5 size-extensive 
normalizations /92,93/. To prove the connectedness of 
the cluster amplitudes and also of H ff, it was found 
essential to adopt a Fock-space straeegy and to 
postulate that the same wave-operator 0 applies to 
all.the various valence sectors of the Fock space. The 
wave-operator is thus 'valence-universal'. Connected 
MBPT and CC theory for a general model space from a 
unified viewpoint has also been presented by 
MukherJee/93/. Some further generalizations and the 
necessary and sufficient conditions for arriving at a 
connected H have been discussed by Lindgren and 
Mukherjee/SZ?f The generalizations of /76/ and /77/ to 
tackle incomplete model space were done by Kutzelnigg 
et a1/95/ and Mukherjee et &/96/, where a special 
type of incomplete model space - called the 'isolated 
incomplete model space'/95/ - has been introduced 
which possesses the interesting property of supporting 
a kind of intermediate normalization as well a5 
generating a connected H . There has been 
considerable activity inef&is field over the last two 
years/138-147/. 

eff 

ef f 

4.4 Certain General Comments 

For the analysis of the various formalisms, 
manipulation of the equations, generating normal 
product of terms via Wick's theorem, and particularly 
for indicating how the proofs of the several different 
linked cluster theorems are achieved, we shall make 
frequent use of diagrams. For the sake of uniformity, 
we shall mostly adhere to the Hugenholtz 
convention/l/. All the constituents of the diagrams 
will be operators in normal order with respect to 
suitable closed-shell determinant taken as the vacuum. 
We shall refer to the creation/annihilation operators 
with respect to this vacuum after the h-p 
transformation.The hamiltonian H will also be taken to 
be in normal order with respect to @ : 

0 

- 7 -  
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Here {..) dendtes the normal ordering, and <A]hlB> and 
<ABl~lCD>~.are the one- and antisymmetrized two- 
electron integrals. Their skeletons are depicted in 
Fig.1. A,B, etc., stand for general spin orbitals. We 
shall denote the orbitals by the Greek letters u , (3 , 
etc_., particle orbitals by ~ , q , e t c . ~  _hole valence by 
a,@, etc., and particle valence by p,q, etc. Fig. 2 
shows a typical classification scheme containing 
valence holes and valence particles. In a parallel 
terminology, the valence orbitals (valence holes 
and/or valence particles) are called 'active' and the 
non-valence holes and particles are called 
'inactive'/B/. Fig. 2 displays this terminology a5 
well. We shall sometimes use these two terminologies 
interchangeably. 

The inactive holes and particles are indicated by 
single arrows on the lines in the usual manner. The 
active holes and .particles are depicted a5 lines with 
double arrows. These are illustrated in Fig. 3. We 
shall also choose the convention of drawing the 
diagrams horizontally whereby the sequence of 
operators appearing from right to left will be 
depicted as a sequence o f  appropriate vertices sitting 
in the same order starting from the right. 

5.SEMI-CLUSTER EXPRNSION THEORIES FOR THE OPEN-SHELL 
STATES 

5.1 General Physical Considerations 

When the number of valence electrons are far 
less in comparison to the number of core electrons, 
the bulk of the size-extensivity of the total energy 

a. 

b. 

Fig. 1 (a) The skeletons for the operator h. 
( b )  Corresponding skeletons for v 
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valence - 
- 

valence 
holes 

31 I 

(active) 

I - inactive I 

Fig.2 Classification of orbitals into hole5 and 
particles. Also displayed are further divisions 
into inactive and active orbitals. 

Fig.3 The arrow conventions for inactive and active 
holes and particles. 

of an open-shell state stems from the size-extensivity 
of the core-electron energy. This is also the 
situation where the major portion of the electron 
correlation remains relatively unchanged on going over 
from the core system to the open-shell state. For 
example,for the low-lying valence excited or ionized 
states derived from a closed shell ground state, it is 
a good approximatin to hold that the bulk of electron 
correlation remains unaffected. The inclusion of the 
correlation between the valence electrons and the 
core-valence interaction can be taken care of by a 
valence wave-operator W . Thus for a fixed number of 
valence electrons, if we introduce a model space 
spanned by a set of  M determinants Cli), then a 
semi-cluster representation o f  the associated exact 
functions \Yk,incorporating a size-extensive 
description of the core-correlation, can be given in 
the following manner: 

V 
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M 

M 1'1 

(5.1.1) 

C 
where W =exp(T) i s  the  wave-operator o f  t he  core  

t 
Soand each (6. 

c r e a t i o n  opera tors  (va lence holes and/or p a r x i c l e s )  Y .  
on the  core  H taken as t h e  vacuum : 

i s  obta ined by the  a c t i o n  o f  N valence 
I 

0' 

t @ .  = Yi a0 
I 

(5.1.2) 

Wv i s  a combination o f  va r ious  nh-np e x c i t a t i o n s  tfrom 
the  s e t  {ai}. If  we denote the  s e t  of opera tors  Y .  as 
o f  t h e  type W1, then t h e  opera tors  induc ing  nh-np' 
e x c i t a t i o n s  can be s a i d  t o  be o f  t he  types W 
w r i t i n g  eq.(5.1.1) i n  long hand, we f i n d  

l+n .  

M 
(5.1.3) 

where the  va r ious  nh-np e x c i t e d  determinants { @  1 w i t h  
r e  pect  t o  P.'s are  generated by the  operator  m g  i f o l d  
CY 1 c n ta insd  i n  the s e t  CWl+nl. A s  the  s e t s  { V i l  
an8 CY,} con ta in  c r e a t i o n  
commute w i t h  Wc, and we can r e w r i t e  eq.(5.1.3) as 

w 
0 

5 
opera tors  on l y ,  they 

'yk = Rk 'y, (5.1.4) 

where \y 

' e x c i t a ? i o n  opera to r '  
= WcQo i s  the c o r r e l a t e d  core, and C l k  is an 

def ined by the  r e l a t i o n  

Eq.(5.1.5) i n d i c a t e s  t h a t  Yk rece ives  c o n t r i b u t i o n  
from the c o r r e l a t i n g  v i r t u a l  determinants CSm) i n  
two ways : ( a )  c o n t r i b u t i o n  o r i g i n a t i n g  from the  set 

} generat ing oh-np e x c i t a t i o n s  o u t  o f  {ii) ,and 
a t  from the  product  e x c i t a t i o n s  o f  the  form 

W generat ing a d d i t i o n a l  mh-mp e x c i t a t i o n s .  
I ++n the  core- reorgan iza t ion  and co re -co r re la t i on  
changes a t tendant  w i t h  t h e  a d d i t i o n  o f  valence ho les  
and/or p a r t i c l e s  a re  n o t  very  severe, then a 



Cluster Expansion Methods in Open-Shell Correlation 313 

truncation of the set {W } to a few small n will be 
a good approximation, a d + "  most of the additional 
correlation will be well-simul ted by product 
excitations of the type 

For generating the working equations for the 
various semi-cluster expansion formalisms, it will be 
convenient to denote by the set {B ) the union of {B.) 
and {S  },  and the associated operator manifold as 
{ Yz}.mThe unknown quantities are the sets {C. 1 and 
and 
C_={C 1 .  We may envisage several approaches for their 
determination. 

r: 
'1+nT 

1 

ik {C,,} denoted henceforth collectively a s  

ak . 

5.2 Variational Methods 

Fls the name indicates, these methods determine the 
coefficients C by an appeal to the variational 
principle for the state energies E We shall discuss 
two principal formalisms which make use of this 
strategy. 

In one variant, due to Paldus et &/54/ and Saute 
et &/55/, a linked cluster theorem i s  proved whereby 
Ek comes a 5  a sum of E the correlated core-energy, 

0' 
and a ratio of the form N /D , where N and D 
connected entities (see ei.(k.2.4 ) )  : 

k '  

k are k 

Ek = <?? H W > f < W  W > = Eo + Nk/Dk 
k l  I k k l  k 

(5.2.1 1 

Eq.(5.2.1) indicates that each E ha5 a constant 
energy shft E . Since 9 is assumed to be known, 
the variaiona? principles for Ek and AEk (the energy 
difference) are synonymous. % is core-extensive 
since thee are n o  disconnected terms containing E . 

With Ze a s  the Hartree-Fock function for the 
ground sta?e, eq.(5.2.1) can generate a connected 
expression for such energy differences a s  IP, EA or EE 
directly, depending on the manifold in <Ik. Thus, for 
IP/EA, the natural choice for W1 are operators 
{a /at wh'le for EE the corresponding W manifold is 
thg s/2: {a'a-). Paldus et a1/5 / also showed that the 
same expresgions result even w h  n the orthogonality 
of Wkand Wo i s  explicitly imposed. 

their elements : 

k 
0 

0 

1 

Introducing the hermitian matrices Z and A through 
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Eab = <So lWCtYaHY2WC lHo>c 

b 

eq.(5.2.1) can be alternatively written as 

AEk = C k X k  t / CkACk -t- 

(5.2.2) 

(5.2.3) 

(5.2.4) 

which is ratio of connected bilinear hermitian forms. 
Variation of AEk with respect to the coefficients C 
leads to an eigenvalue equation of the form : 

k 

E Ck = AEk ACk (5.2.5) 

Using a perturbative analysis to estimate the 
importance of various operators, Paldus et a1 /54/ 
advocated the following truncation scheme: 

(5.2.6) 

where 0 = H and the unit operator I for .X and A 
respectively. Saute et a1/55/ applied this trunction 
scheme for IP,EA and EE calculations o f  model 
n-systems in Pariser-Parr-Pople framework, and showed 
the viability of the formalism. 

NakatsujiiSO/ developed an alternative variant, 
where essentially the same ansatz a s  eq. (5.1.4) i s  
invoked though n o  attempt was made to derive a linked 
cluster theorem in an explicit manner. Assuming that 
the cluster amplitudes of the operator T are known, 
the coefficients Ck are determined directly from a 
variation of the expression 

<*k I H-Ek = 0 (5.2.7) 

leading to an eigenvalue equation of the form 

Nakatsuji also showed, somewhat in the line of Paldus 
et a1/54/, that n o  generality i s  lost in assuming that 
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9 and Y are orthogonal. 

his co-work.ers/50/ used an approximatio 
which matrix-elements of the type <ao ITifZ‘faHYb12 !So> 
are neglected, since they are both higher order in 
effect and difficult to compute. IP and EE 
computations on several prototypical systems produced 
encouraging results. It, however, appears that 
Nakatsuji in his later applications/50-52/ tended to 
favour a non-variational, projection method- 
presumably in view of its relative ease of 
applications. This has been covered in Sec.5.3. 

k 0 

In actual numerical implementations, Nakatsuji and 
scheqe? in 

5.3.Non-Variational Methods 

There are several non-variational semi-cluster 
expansion formalisms of seemingly disparate 
structures/56-63/. All but one of them are closely 
related/%-621, and they all assume the ansatz, 
eq.(5.1.4), either implicitly or explicitly. These 

k ’  
theories use the projection method for obtaining C 
which generates a nonhermitian eigenvalue problem, 
with AE ‘5 as the eigenvalues. A different ansatz for 
qk, leaking to a hermitian eigenproblem has also been 
suggested/63/. 

Mukherjee and Mukherjee proposed what they termed 
a5 a CC-based linear response theory ( C C - L R T ) / 5 8 / .  The 
method invokes the apparatus of the linear response 
formalism for calculating energy differences directly. 
The essential idea is to compute the dynamic linear 
response of a closed-shell ground state subjected to a 
coupling with a photon field of frequency (rs, and 
obtain the energy differences a s  poles of the linear 
response function a s  a function of cd. The interaction 
hamiltonian H .  is taken to be of the form 

int 

el 
“int = iv CC-C+I (5.3.1) 

el .? where V involves electronic operators only, and C/C 
are annihilation/creation operators for a photon field 
of frequency cd. In the absence of a coupling, the 
composite system of the molecular ground state and 
photon satisfies the equations 

(5.3.2) 
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t H = o C C  
Ph 

(5.3.3) 

*O 
X i s  an eigenstate of H with eigenvalue n G). 
igh assumed to be of the ph CC-form. 
of interaction, the eigenstate of the composite system 
will not have a definite number of photons, and the 
extent of correlation a s  a result of coupling will 
also be modified. These changes can be induced by the 
action of a second cluster operator of the exponential 
form : exp(S1. The operator S destroys/creates zero, 
one, two,..., photons and simultaneously induce 
various nh-rnp excitations out of 5 . The nature of the 
electronic part of the cluster opepator in S is 
dictated by the nature of the energy diff rence we are 
interested in. For IP/EPI calculations, Ve in 
eq.(5.3.1) will destroy/create an electron from 
and consequently S should inv Ive nh-(nT1)p exci- 
tations. Similarly, for EE, VeP will conserve the 
number of electrons, and S should involve nh-np 
excitations. For computing the linear response,+it 
suffices to retain only the terms linear in C/C : 

In the presence 

7 .  

*O , 

+ 
where S- and S are the electronic parts of S,a5 
discussed above. 

proceed as follows/58,60/. Starting from the 
Schrodinger equation in the presence of the 
perturbation : 

To arrive at the working equations for CC-LRT, we 

CH + H + H .  1 exp(T+S) i5 X 
P h  int ~ 0 Ph 

= E exp(T+S) @ X (5.3.5) * Ph 

(5.3.6) 

where the single bar operators 6 are defined by 

6 = exp(-T) 0 exp(T). (5.3.7) 

If we now premultiply eq. (5.3.6) further by 
exp(-S), and truncate the resultant operators after 
the terms linear in photon destruction/creation 
operators (hence the term 'linear' response theory), 
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then we obtain 

where E(') is the energy of the Fomposite in the 
linear response approximation. S- in S of eq.(S.3.4) 
can be written in terms of operators (YX) : 

(5.3.9). 

+ 
To determine the vectors X - ,  we project eq.(5.3.8) 

onto the various functions <a X I, where 
X 

photon : 

are obtained from X bya 'phcreating/destroying a 
kp h Ph 

+ 
<@,ICH,Sf1 + Gel 2 w S - l S  > = 0 (5.3 - 10 

0 

Utilizing eq.(S.3.9), and introducing the 
nonhermitian matrix A and the vector V through the 
re1 at ions 

( 5.3.12) 

w e  have 

+ 
[ A f w I J X - + V = O  (5.3.13) 

+ 
The coefficients X- are thus given by 

(5.3.14 1 + -1 
X - = - [ C l _ + w I ]  v 

+ 
Determining X- is equivalent to determining the 
operator S, and hence of the first order perturbed 
function S @ X According t o  the gfneral theory of  
1 inear r e ~ p o ~ s ~ ~ -  the amp1 i tudes of S-, i .e. , the 
vectors X - ,  will become singular when w matches an 
elementary excitation such a 5  IP,EA or EE. This 
happens whenever the matrices [ A  * w 11 become 
singular. 

If w k ' s  are eigenvalues of A obtained from 
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CI Zk = Wk Zk (5.3.15) 

then the vectors X’ will become singular for GI = T ak. 
Since the positive pole5 of the linear response 
function correspond to an absorption of photon, the 
solution of eq.(5.3.15) furnishes u s  directly with 
nEk’s..Eq.(5.3.15) 
Explicit expression for A was derived for EE in 1581 
and foy IP in /59/. Let u s  note that the actual form 
for Ve 

is the working equation for CC-LRT. 

has n o t  been needed to get wk’s. 

It may not be immediately apparentthat 
does indeed utilize the ansatz, eq.(5.1.4) 
this explicitly, we follow the analysis of 
c / 6 0 / .  Using the ansatz, eq.(5.1.4), we f 
an equation for AE a s  in EOM/13,15,16/ k 

CC-LRT 
To see 

Ghosh et 
rst write 

( 5.3.16) 

Since Wc and fik commute, we find from 
eq.(5.3.16), using eq.(5.3.7), the relation 

Projecting onto the states <H. I and using 
eqs.(5.1.5) and (5.3.11) we hive 

A Ck = AEk Ck 

( 5.3.17 ) 

(5.3.18) 

which establishes that the energy obtained from CC-LRT 
is indeed the same a s  that obtained from an EOM 
strategy using the method of projection and the 
ansatz, eq.(5.1.4). CC-LRT w a s  derived in this 
alternative manner by Adnan et a1/97/ and Ghosh et 
- al/bO/, which shows that CC-LRT may be viewed a5 a 
renormalized nh-mp TDA; the renomalization enters via 
the dressed molecular hamiltonian incorporating the 
ground state correlation. 

context of many-body nuclear structure theory, also 
arrived at eq.(5.3.18) for EE, but unfortunately he 
missed the earlier works. There is also a related 
earlier paper by Coester/lZ8/. 

Pilot numerical applications of CC-LRT were 
performed by fidnan et a1/98/ for singlet E E ,  and by 
Ghosh et a1/59/ for IP calculations on model n- 
electron systems. Ghosh et a1/58/ also spin-adapted 
the formalism for EE to encompass both singlet and 

It should be mentioned that Emrich/62/, in the 
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triplet excitations, and pilot calculations with this 
scheme were performed by Adnan et a&/97/. In the ab- 
initio framework, the method has since been applied by 
Mukhopadhyay et a.3/99/ and Roy et a1/100/ for IP 
calculations covering both the outer and inner valence 
region. The theory was able to predict the satellite 
spcetra in the inner valence region of molecules like 
Nitrogen and Water satisfactorily. 

Adnan et a&/97,98/ and Ghosh et a1/59/ was utilized. 
T t T, approximation was used and was computed from 
the closed shell CC theory. The matrix-elements of 

are computed next. The construction of H is 
facilitated by the diagrammatic handling of the 
various terms. As typical examples, the one-body 
hole-hole term of H and the two-body p-h - p-h term of 
H are shown in Figs. 4(a) and 4(b). In general, any 
term of H of a given shape (dictated by the nature of 
the lines joined to it) is obtained a5 a collection of 
connected diagrams of the same shape obtained by 
joining H and T vertices in every possible manner. 
Mukherjee amd Mukherjee/58/ listed she expression for 
all the one- and-two-body terms of H, and denoted_ them 
respectively by F and V /lOl/. Once T is known, F and 
can be computed once for all and stored. Three and 

higher body terms of H should, in principle, be 
included but they have been neglected as yet. The 
diagrams entering the matrix CI for IP and EE, with 
nk confined to Wland W2 manifolds,are shown in Figs.5. 

Closely related to CC-LRT is the non-variational 
formulation of Nakatsuji/S0-52/ and Hirao/S3/. 
Starting with the ansatz, eq.(5.1.4), they projected 
the Schrodinger equation for onto the functions 
<la I ,  and obtained the eigenvafue equation 

In these applications, the earlier strategy of 

Extensive numerical investigations of this 
formalism were undertaken by NakatsuJi/52/ and 
Hirao/53/ for I P  and EE computations. For IP 
calculations, the operator manifold taken by them were 

W 1  were also included. A similar approximation scheme for 
EE was dl50 used, although all the spin-adapted W 
operators for the triplet EE calculations were no? 
included. This should be contrasted with the scheme o f  

and WZ,.and product excitations of the form W T 
1 2  
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a. - = - +  

b. > < = x + @  
Fig.4 (a) Typical terms of the h-h matrix elements of 

F .  
( b )  ph-ph matrix elements of 

components 

w, - w;' 

w, - w; 

w,- w? 

w* - w: 

The M a t r i x  - 
ionization excitation 

Fig.5 Typical matrix elements of  CI coupling various 
blocks f o r  I P  and EE computations. 
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2 
Ghosh et a1/58/, where the full space of W 
utilized. Since only a few eigenvalues and the 
corresponding eigenvectors of eq.(5.3.19) are of 
interest, Hirao and Nakatsuji/l02/ developed a 
generalization of Davidson's algorithm/l03/ for 
nonsymmetric matrices. Hirao/53/ also devised a direct 
cl ster expan ion method for constructing the vector 
CIC , where C is a trial eigenvector, from the 
molecular integrals directly a s  an intermediate step 
for the iterative solution of the eigenvalue equation. 
(The feasibility of such a procedure in CC-LRT was 
emphasized even earlier by FIdnan et a1/98/.) Inner and 
outer valence IP and valence and Rydberg excited 
states of several prototypical systems were computed 
/50-53/. 

The non-variational formalisms described above 
generate non-hermitian eigenproblems. A hermitian 
version of CC-LRT was suggested in a propagator theory 
framework by Prasad et a1/63/.The formalism, however, 
is more complex than CC-LRT and involves more 
computational work for the same degree of accuracy. 

in CC-LRT can be traced to the non-hermiticity of H 
which is obtained from H by a similarity , rather than 
unitary , transformation via exp(T). Prasad e t  a1/63/ 
suggested instead a unitary cluster operator exp(u) 
for correlating i : 

Yr 3,. 

The origin of the non-hermiticity of the matri? A 

0 

'Yo = exp(o)S0 with o = T - T * (5.3.20) 

We shall review next the time-dependent version of 
the C C  theory of Monkhorst/56/ which also generates a 
linear response function closely corresponding to the 
CC-LRT response function. This formalism also thus 
falls in the category of non-variational method. To 
underline the similarity of this method with CC-LRT, 
we shall denote analogous entities by the same symbols 
and n o  confusion should arise if the context is 
remembered. 

to a coupling with a time-dependent field with the 
interaction hamiltonian : 

I f  the molecule in its ground state i s  subjected 

H .  (t) = vel Eexp(iwt) + exp(-ic,lt)l exp(at) 
Int 

(5.3.21) 

with 
from infinte past, the time-dependent Schrodinger 
equation in presence of the coupling is given by 

a - O + ,  corresponding to adiabatic switching 
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Eq.(5.3.21) i n d i c a t e s  t h a t  

( 5.3.23) 

Fo l low ing  Langhoff e t  a1/104/, Monkhorst/%/ separated 
the  secu la r  and no rma l i za t i on  terms i n  * ( t )  by  
f a c t o r i z i n g  U(t,-m) i n t o  a regu la r  p a r t  U r ( t , - m )  and a 
vacuum term < ~ o ~ u ~ * o >  : 

The vacuum term generates the complex l e v e l  s h i f t  
i n v o l v i n g  the  secular  and no rma l i za t i on  components : 

<*o lU( t , -m) [Yo>  = exp [ - i (E  t + e ( t ) J  (5.3.25) 
0 

where e ( t )  i s  g iven by 

e ( t  

Using eq 

t 
= L t  +l <*olHint U(  t ,-m) I@o>dt  (5.3.26) 
a* -m 

(5.3.26). eq.(5.3.22) may be w r i t t e n  as 

[ H  + Hint(t) - (Eo + e ( t ) ) lU r '@o = iacl ( t , - m ) / 8 t *  
r 0 

(5.3.27) 

Monkhorst/Sb/ (see a l s o  Dalgaard and 
Monkhorst/57/) pos tu la ted  the f o l l o w i n g  ansatz f o r  
u ( t , -m)  : 

Ur( t , -m)  = e x p ( S ( t ) )  (5.3.28) 

w i t h  S a5 va r ious  nh-np exc i ta t i ons .Th is ,  coupled w i t h  
the  CC ansatz f o r  a0, 
equat ion : 

leads t o  the  time-dependent CC 

CH + Hint(t) - (Eo + e ( t ) ) l  exp(T + S ( t ) ) P o  

= i S ( t ) / B t  exp(T+ S ( t ) ) a o  (5.3.29) 

To compute t h e  l i n e a r  response func t ion ,  i t  s u f f i c e s  
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to expand S(t) up to the harmonic terms involving ~3 : 

S(t) I, S+exp(iwt) + S-exp(-iot) ( 5.3.30) 

Premultiplying eq.(5.3.39) by exp(-T-S), retaining 
terms up to those linear in S ,  and projecting onto the 
states <Bal, we have 

+ <@,I CH,S-+ 3 + Gel 2 w s- ISo> = 0 (5.3.31) 

which Show5 that the linear response function 
obtained from S(t)9 will have the same pole-structure 
as that obtained from CC-LRT, since eq.(5.3.31) is 
entirely equivalent to eq.(5.3.10) of CC-LRT. 
Monkhorst/56/ discussed only the case of EE 
calculation and did not elaborate on the scheme 
further. The computation o f  the transition moments 
was also touched upon, and later elaborated by 
Dalgaard and Monkhorst/57/. It should be mentioned 
here that the computation of the transition moments in 
the context of residues of dynamical polarizability 
was also indicated in the CC-LRT framework by 
Mukherjee and Mukherjee/58/. The time-dependent linear 
response version may be viewed as the fourier 
transformed counter part of the CC-LRT. The proper 
treatment of the secular terms in the time dependent 
treatment is a rather tricky business. This is 
entirely bypassed in a time-independent approach. 

spin-adapted version of the time-dependent formalism 
for computing singlet as well as triplet EE. In a 
pilot n-electron calculation, they computed the full 
with the two-body term of T. They did not precompute 
H, however, which is itself a scalar in both point 
group and spin. They ins ead spin-adapted each diagram 
containing H, T and W / W  . They noted the close 
similarity of tgeir approach with that o f  Ghosh et a1 
/50/ and endorsed Ghosh et a1 /58-60/ 02 the 
desirability of  a prior computation of H. Calculations 
on the singlet and triplet EE with S 1: S have earlier 
been performed by Sekino and Bartlett/bl?. 

the CC ground state function for calculating EE using 
polarization propagator. This approach may also be 
viewed as a semi-cluster expansion strategy. However 
a clear connection with the wave function approach is 
difficult to establish in a propagator theory (unless 
it is consistent /63,84/) and we shall not elaborate 
further on this theory. 

0 

Takahashi and Paldus /105/ recently formulated the 

). 

Recently Geerstsen and Oddershede /106/ utilized 
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6.FULL CLUSTER EXPANSION THEORIES IN HILBERT SPACE 

6.l.General Preliminaries 

A s  explained in Sec.2, the full cluster-expansion 
theories in Hilbert space are designed to compute 
wave-functions for the open-shell states that are 
explicitly size-extensive with respect t o  the total 
number of electrons N. The underlying cluster 
structure of all these developments i s  what was 
envisaged by Silverstone and Sinanoglu/48/: 

M 

i=l 
wk = c cik exp(Ti) (6.1 - 1 )  

A s  discussed in Sec 2., the most commonly used 
strategy i s  t o  take a set of model space functions 
{ai) that i s  'complete' with respect.to valence 
occupancies. The cluster operators T1 in that case 
generate from the model space determinants C .  the 
virtual determinants X 1  by exciting core orbitals to 
valence/particle orbitals and, in addition, some 
valence orbitals to particle orbitals . Since 
it is possible to produce a particular determinant X 
from several P.'s by.the action of the appropriate 
components of the T1 operators, the overall amplitude 
of a particular X comes out as a combination o f  
several T1 amplitudes. If we explicitly indicate by 
an additional label 1 the determinant X that i s  
generated by a T , then we may write 

1' 

1 

1 1 

(6.1 - 2 )  

where 

Using eqs. (6.1.2) and (6.1.31, eq.(b.l.l) can be 
written a s  

wk = c c. a!. + 
ik I 

i 
c c  ECik ti+ x1 + .... 
1 i  

(6.1.4) 

Let u s  now note carefully the chief structural 
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difference between the cluster expansion for the 
closed shells and the Silverstone-Sinanoglu cluster 
expansion for the open shells. If we confine our 
attention to only one state Yk, configurational 
coefficients d .  accompanying the determinants X 
the only unknown variables appearing in the 
Schrodinqer equation for 1l Eq.(6.1.4) shows that 
these coefficients are Tome particular linear 
combinations of the t" amplitudes. The set of 
amplitudes {t"') for all i and 1 are thus linearly 
dependent in *k and there i s  n o  dynamical way to 
determine them from the Schrijdinger equation for Y 
only. In their applications/48,110/, Silverstone and 
Sinanoqlu used an 'anonymous parentaqe 

y' amplitudes for a given 1 are independent of i, 
which reduced the number of variables in T to the 
number of independent coefficients of X 1  of Yk- 
Introducing projectors P. = 
be written a s  

1 are i k  

k '  

k 

oximation' scheme where they assumed that all the 

IQi><Hil, eq.(b.l.l) 

M 

where 

M . .  

9; = c Cik H i  , 
i= 1 

M 
0 = C [exp 

i=l 

In the anonymous 
all i, and eq.(6 

0 'I exp(T) 

(6.1.5) 

(6.1.6) 

Ti ) ]Pi (6.1.7) 

i 
parentage approximation, T == T for 
1.7) reduces to 

(6.1.8) 

which has the form of the cluster expansion for the 
closed shells. Silverstone and Sinanoglu advocated the 
choice of *o a s  the CAS-SCF function (called by them 
as the generalized RHF function /llO/). Since T ' s  can 
generate only the virtual set CX 1 ,  the coefficients 
{Cik} accompanying {iPi} in the exact Yk remain frozen 
their CAS-SCF values. This introduces an additional 
approximation. 

Another way to circumvent the linear dependency of 
the T amplitudes i s  suggested by the more recent 
Multireference CI (MR-CI) developments/lll,ll2/. In an 

k 

1 
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MR-CI approach, one superposes virtual determinants X 
that are obtained by single, double,.. excitations out 
of the set.{$.) spanning the reference space. D noting 

9 m' 
the various oserators in ucing excitations as Y' 
is found that the set { Y  @ . ,  Vi and m) is linearly m 
dependent, and once must choose only a linearly 
independent subset thereof for performing the CI. an 
analogous cluster expansion can thus be envisaged, 
where fi is taken to be of the form eq.(6.1.8), but T 
is now confined to an expression of the form 

it 

' m  t 
'm T = C t  

m 
(6.1.9) 

where the sum C runs over the linearly independent 
excitations. Since this choice can be made in many 
ways, a unique prescription demands hat we specify 
explicitly which of the operators ( Y  1 are chosen as 
forming the linearly independent set. The simplest way 
to achieve this is to consider e ch X1 in turn, and 
select from among the possible Y' operators o f  the 
form Yt+l only one, which fixes The i. The genesis of 
X. 
this scheme as a 'preferred parentage approximation'. 

context of  open-shell MBPT by Brandow/3/, whose 
strategy is not, however, confined to perturbative 
theories only. If we consider all the M functions Uk 
that can be generated from M linearly independent 
starting functions U" then the totality of the 
Schrsdinger equationk'for M such Yk's have precisely 
the same number of unkn0wn.c mbining coefficients 
{d 1 as the amplitudes {ti' 1 ,  since the number of 
functions { $ . I  and the number of roots E are both. 
equal to M. 'In this case, then, the ampfitudes {ti") 
can, in principle, be rigorously determined from the 
M Schrsdinger equations. Furthermore, if we determine 
the coefficients {C. } from the Schradinger equation 
for W '5, rather than from a prior CAS-SCF 
calcuyation, then the sets { C . k )  and {ti' 3 are both 
exact in principle. The effective hamiltonian approach 
envisaged by Brandow/3/ achieved precisely this in the 
MBPT framework. It should be noted that Brandow's 
approach used a size-extensive description of the type 
(a3), rather than ( a 2 ) .  But this approach to generate 
the functions Wk for k=l,M is equally relevant to the 
theories of the type (a2). Since Ti+ can only excite, 
each Y can be written as 

+ 
m 

is thus biased towards a fixed i, and we may call 

The way out of this difficulty was shown in the 

P 
lk . 

A k  

k 

(6.1.10) 
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where 8 contains only the set CX,?, and is given by 
k 

i n  
Qk = C Cik C ( T  ) /n!Qii 

i n = l  
(6.1.11) 

The functions Yk satisfy the intermediate 
normalization with respect to the unperturbed 
functions U" - 

k .  

<Ukl*z> = 1 V k=l,M (6.1.12) 

If we now consider the generalized Silverstone- 
Sinanoglu strategy discussed above, then the most 
natural way t o  proceed i s  by way of an effective 
hamiltonian formalism. We introduce a sinsle 
(state-universal) wave-operator 0, whose action on 
Yo's produce the functions Yk, 
or (6.1.71, and write Schrijdinger equatians for Yk's 

H0YE = EkOUZ V k=l,M (6.1.13) 

defined by eq.(6.1.1) 
k 

a 5 

Introducing two idempotent and mutually exclusive 
projectors P and Q for the spaces spanned by {Bpi} and 
(X1?, eq.(b.l.l3) can be converted into an equivalent 
operator equation. Eq.(6.1.12) implies 

PUk = .;: (6.1.14) 

so that Yo's are the model space projections of tge 
eigenfunckions. If we assume that the functions Yk 
are linearly independent, then the matrix of  
coefficients CC. 3 is invertible, and eq.(6.1.13) can 
be converted to 

i k  

H W  = CMeffP ( 6 ,. 1 -15 1 

where H eff is given by 

(6.1.16) 

with E a s  the diagonal matrix of dimension M with 
entries Ek in the diagonals. Since n converts Wo to 
qk, eq.(6.1.14) also implies that 

k 

P W =  P (6.1.17) 
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which i s  the operator equivalent of the intermediate 
normalization for ‘*k. Using eq.(6.1.17), it follows 
that 

= PHCF, (6.1.18 “ef f 

so that the eq.(6.1.13) i s  equivalent to 

H W  = WHW (6.1.19 

Equation of this form for an open-shell situation was 
apparently first considered by Bloch/llb/, and is now 
known a s  the Bloch equation/4/. Eq.(b.l.lb) indicates 

which i s  defined in that the diagonalization of H 
the model space only, will furnish u s  with the 
eigenvalues Ek and the associated coefficients {C. 3 .  

“eff 
unknown component of n in eq.(6.1.19) is QW, since 
PLF is already fixed by eq.(6.1.19). This can be 
determined from the Q-projection of eq.(6.1.19) 

eff’ 

can hence be called an effective hamiltoniantkThe 

QHW = Q W ‘ H W  (6.1.20) 

Eqs. (6.1.18) and (6.1.19) form the starting point 
of several open-shell many-body formalisms. Thus 
Lindgren/4/ developed his version of the open-shell 
MBPT by expanding these equations order by order in 
perturbation theory, and Offermann et a, Ey/70/ and 
Jeziorski and Monkhorst/66/ based their corresponding 
coupled cluster formalisms on them. Mukherjee et 
e/67-69/ and Kutzelnigg/76/ and Kutzelnigg and 
Koch/77/ also made use of these equations-fmplicitly - 
they first premultiplied eq.(6.1.14) by 0 and then 
projected the resultant equations by P and Q. 

thus conceive o f  two approaches. One is to invoke a 
single root strategy, and use either anonymous 
parentage or preferred parentage approximation. This 
approach by-passes the need for H but by its very 
nature cannot generate a potentiaTf:’exact formalism. 
The other is to u5e the multi-root strategy through 
the Bloch equation, and thereby produce a formally 
exact theory. W e  shall review these two types of 
schemes in Secs. 6.2 and 6.3 respectively. 

For the cluster expansion of the type (a2), we may 

6.2 Single R o o t  Hilbert Space Formalisms 

Banerjee and Simons/64/ developed a single root 
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formalism that utilizes a wave-operator structurally 
very similar to that in the closed-shell CC theory. 
They started from a CAS-SCF wave-function \ y k ,  and 
wanted to incorporate only the valence correlations by 
exciting the valence orbitals to the particle 
orbitals. The core thus remained frozen. For the 
cluster wave operator 0,  they chose -the ansatz, 
eq.(b.l.B), and used a selection scheme for the 
various operators in T which is essentially the same 
as the preferred parentage approximation. 

0 

They chose T to be of the form 

T = CTn 
n 

(6.2.1) 

where T is an n-body excitation operator with the 
structure 

n 

( 6 . 2 . 2 )  

- -  
where the sets m =(p,q,..p,q) are chosen in such a way 
that {Tn.-5.} form a linearly independent set. For 
determinlng the cluster amplitudes of T, they used a 
projection method : 

i 

<@EIYm,n exp(-T) H exp(T)i\yok> = 0, 

V linearly independent m (6.2.3) 

Several simplifications occur in eq.ib.2.3) as a 
consequence of the approximations involved. Firstly, 
one-valence excitation amplitudes of T 1  are expected 
to be small, since upto the first order the single 
excitations tekl Y do not mix with the CAS-SCF @; 
(the Generalized B?I! louin Theorem) /64/ - They can thus 
be neglected. This is entirely analogous to the 
situation for the closed-shells, where the T operator 
is neglected for the HF function -5 
point. Secondly, the components o f  the T operator 
commute among themselves, again just as in the closed- 
shell case, and as a result the Hausdorff expansion in 
powers of T in eq (6.2.3) terminates at the quartic 
term. 

0 

as the siarting 
0 
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The energy Ek can be found out from 

(6 .2 .4 )  

In their applications/64,65/, Banerjee and Simons used 
unitary-group generators/ll3,114/ in a spinfree form 
to adapt the resulting CC equations to proper spins, 
and applied this formalism for studying various small 
prototypical systems - starting with H molecule at 
large internuclear separation, to the singlet-triplet 
splitting of CH2 and obtaining the potential curve for 
the symmetrical H abstraction reaction from BeH,. 

The neglect 03 the core excitations may not 6e 
computationally justified in many cases - particularly 
the semi-internal ones/64/, as has been found in many 
MR-CI results, but their inclusion will make the 
resultant formalism much more involved. Such a 
generalization has nevertheless been attempted 
recently by Laidig et al/ll5(a)/, who computed the 
potential curves for N2 including the semi-internal 
excitations as well at the linearized level (i.e., 
exp(-T) H exp(T1 truncated at the first commutator). 
Although Laidig et a1 couch their formulation in terms 
of the equations of the multi-root approach of  
Jeziorski and Monkhorst/66/, the approximations used 
by them are precisely the same a5 those implied by the 
preferred parentage approximation, and they generate a 
single root theory.Laidig et &/115(a)/ includein T 
the semi-internal excitations, which makes the virtual 
space { X  3 somewhat bigger. The equations they invoke 
for solving the T amplitudes are o f  the following form 

2. 

1 

< X I I H  + [H,TJlW~> = C) (6.2.5) 

T is constructed from only those uper tors Y' 
m 

produce a linearly independent set {Y' H. 3 .  
obtaining the coefficients {C. 3 ,  Laidig et a 2  
advocated a projection onto the functions CP.), 
1 ead ing to 

which 
For 

m .i 

ik 

-,, 

which shows that a particular root of the matrix H is 
the desired eigenvalue E The other roots are 
spurious. This contrasts with the multi-root strategy, 

k' . 
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0 
where a l l  T 's a r e  used t o  genera te  a s e t  o f  qk'5. 
Very r e c e n t f y  Hoffman and S i m o n s / l l 5 ( b ) /  used a 
s i m i l a r  s t r a t e g y  where they used a u n i t a r y  c l u s t e r  
o p e r a t o r  exp(T-T i n s t e a d  o f  e x p ( T )  t o  produce a 
h e r m i t i a n  m a t r i x  L. 

t 

6.3 The M u l t i - r o o t  H i l b e r t  Space Formal isms 

J e z i o r s k i  and Monkhorst /66/  developed a r i g o r o u s  
c l u s t e r  expansion fo rmal ism f o r  t h e  m a n i f o l d  o f  s t a t e s  
{ *  1 ,  s t a r t i n g  f rom a complete model space, u s i n g  t h e  
extended S i l v e r s t o n e - S i n a n o g l u  fo rmal ism o u t 1  i n e d  i n  
eq.16.1.7) and (6.1.10) t o  (6.1.20). R o f  eq. (6.1.7)  
has a h y b r i d  5 t r u c t u r e : t h e r e  a r e  c r e a t i o n / a n n i h i l a t i o n  
o p e r a t o r s  i n  Ti 5 ,  and t h e r e  a r e  i n  a d d i t i o n  e x p l i c i t  
RI-electron d e t e r m i n a n t a l  p r o j e c t o r s  Pi. F o l l o w i n g  Hose 
and k a l d o r / 4 4 / ,  J e z i o r s k i  and Monkhorst i66/  chose each 
@ on which t h e  o p e r a t o r  exp(T1) a c t s  as t h e  vacuum f o r  
c & l c u l a t i n g  t h e  mat r ix -e lements .  W i t h  t h i s  c h o i c e ,  i t  
is s u f f i c i e n t  t o  i n d i c a t e  i n  each Ti o n l y  t h e  o r b i t a l s  
vacated i n  & and t h e  o r b i t a l 5  r e p l a c e d  t o  r e a c h  a 
v i r t u a l  detekminant  X T h u s ,  i n  t h i s  scheme i t  is 
more u s e f u l  t o  c l a s s i f y  t h e  o r b i t a l s  i n t o  h o l e s  and 
p a r t i c l e s  w i t h  r e s p e c t  t o  each 6 f o r  any o p e r a t o r  
a c t i n g  on . T h i s ,  somewhat uno:thodox, procedure has 
b o t h  advant iges  and l i m i t a t i o n s ,  as we s h a l l  observe 
a t  an a p p r o p r i a t e  p l a c e  l a t e r .  

1'  

An n-body Ti o p e r a t o r  can be w r i t t e n  as 

a ,a E i (6.3.1) 
1 2  

Ar+ :+cited s t a t e  f u n c t i o n  X 1  reached by t h e  r o d u c t  
a a a a c t i n g  on m i  may be denoted by Ifi:*(i)> 

Fo: t 6 e  a e t & r m i n a t i o n  o f  c l u s t e r  ampl i tudes  0 3  'f' s, 
J e z i o r s k i  and Monkhorst s t a r t e d  f rom t h e  B l o c h  
e q u a t i o n / l l b / ,  eq. (6.1.19) ,  p r o J e c t e d  i t  on t h e  k e t  
I@ ,'and p r e m u l t i p l i e d  i t  w i t h  exp(-T1), 

obka in  

c c a a  

t o  f i n a l l y  

i i 
iiP. lexp( -T  ) H er,p(T (6.3.2) 

J 
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where use is made of the fact that <B.lexp(-T ) = t 5 . l  
J for i*j for a complete model space. TAe last term on 

the right of eq. 16.3.2) may be symbolically denoted 
a5 <H.lH ff)5i>iThe left side of eq.(6.3.2) 
connestes if T is connected, but the connectedness of 
the right side is not immediately manifest . In fact, 
a special proof is needed to prove that Tl's are 
connected. The difficulty lies in provinq that 
(exp(-T1) exp(T 1 )  is connecdd. Since T /T' have no 
reference to orbitals unaffected by them, the book- 
keeping of the terms becomes recondite in nature. 
The use of multiple vacua makes clear diagrammatic 
rules hard to formulate. This is unfortunate, since a 
proof of the connectivity of an operator becomes quite 
easy in the diagrammatic representation. Moreover, 
since the vacua a .  may not be spin singlets, the 
operators T' are Aot spin-scalars, 
spin-adaptations of the CC equations (6.3.2) are quite 
complex. fi positive advantage of the formalism is 
that, with respect.to 5 .  a5 the vacuum, the ranks of 
the operators in Ti are'controlled by the orbitals 
vacated and replaced in 5 .  ,so that the operators in T 
thus carry no redundant 0: spectator labels, and this 
has advantages in book-keeping. The perturbative 
expansion of eq.(6.3.2) generates the complete model 
space version of the Hose-Kaldor formalism/44/. 

Laidig and Bartlett/ll8(a)/ have implemented the 
theory in its linearized form. They applied it to the 
symmetric dissociating potential curve for the ground 
state of water and the symmetric H2 abstraction from 
€3eH2 - Each Ti is truncated at the two-body level. The 
results were compared to the corresponding MR-CISD 
values. T o  our knowledge, a quadratic extension of the 
formalism has not been applied computationally. A 
spin-adapted version of the linearized model has also 
been recently formulated/llB(b)/. 

i 

is 

J 

and 

i 

7.FULL CLUSTER EXPANSION THEORIES IN FOCK SPGCE 

7.1.Preliminaries For a Fock Space Approach 

In this section, we shall motivate towards the 
need for a Fock-space approach to generate 
core-valence extensive cluster expansion theories 
(i.e., of type (a3)), introduced in Sec.2. Since we 
have to maintain size-extensivity of  the energy 
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explicitly with respect to both N and Nv, there 
should be a cluster expansion involving cluster 
operators capable o f  correlating the core and also of 
introducing core-valence interaction and valence 
correlation effects involving 1,2,.., Nv valence 
electrons. The degree of flexibility in the 
wave-operator is thus much mor han what i s  needed to 
just generate the functions Y ~ p V f f r o m  an N -valence 
model space spanned by (H.}. Consequently, if we 
confine ourselves to a pa:ticular N -valence Hilbert 
space,then the number of cluster amplitudes in the 
wave-operator become linearly deoendent. This i s  
somewhat analogous to what was encountered in Sec.6.2 
and 6.3 describing the single root and multiroot 
cluster-expansions of the type (a2): the 
Silverstone-Sinanoglu expansion involves linearly 
dependent cluster amplitudes for one function Wk; 
redundancy is eliminated if we consider all the M 
functions {Y } that can be generated from the 
M-valence mo%el space. 
redundancy in the cluster amplitudes of the cluster 
expansion of the type (a31 can be eliminated if we 
consider not only the S c h r M i n g e r  equation for the N 
-valence problem but also all the lower n-valence 
subduced problems, with OlnlN . The simplest procedure 
is to postulate the existence of a sinqle 
wave-operator which generates the various exact 
functions *;(“’for all the n-valence problems/68/, 
with 05 n+- N 

C 

V 

V 

this 

In a similar manner, the 

V 

V 

V 

(7.1.1) 

R can thus be regarded a s  a valence universal 
wave-operator/69/. Denoting by S ‘ m ’ ,  the cluster 
operator of valence rank m (i-e., having m valence- 
destruction operators), R should be taken of the form 

(7.1.2) 

for treating up t o  the N valence problem. The 
amplitudes o f  S‘O’ correspond t o  the core-correlation 
cluster amplitudes, and S , , etc., successively 
introduce valence correlation and core-valence 
interaction effects containing one, two,.., Nv valence 
electrons. The model space for the n-valence problem 
is spanned by the set ( @ ! n ’ ) .  

There are two possibie ways to generate the CC- 

V 

( 4 ’  s ‘ 2 ’  
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equations from eq.(7.1.1). One way i s  t o  compute for 
the cluster amplitudes of S by solving the projected 
equations of the form 

<Xin’[ C2-‘HC2 I@:“’> = 0 V l,i and n (7.1.3) 

The energies are finally obtained from the equations 

(7.1.4) 

Another way is to start from the precursor of the 
Bloch equation, eq.(6.1.15), generalized to Fock 
space/69,76,93/ and use the Q and P projections for 
the n-valence sector. Writing the Fock space Bloch 
equation a s  

with Heff a valence-universal Fock space effective 
hamiltonian, the equations determining the cluster 
amplitudes can be obtained from 

i s  obtained from 
ef f 

and H 

when C2 satisfies ‘intermediate normalization’: 

Both methods have been tried, and each has it5 own 
operational advantages. We shall classify these 
methods into two categories: 
( a )  those utilizing eqs.(7.1.3) and (7.1.4) will be 
called ’similarity transformation-based Fock space 
theories‘ (See, Sec.7.2) and ( b )  those using eqs. 
(7.1.6) and (7.1.7) will be called Bloch equation- 
based Fock space theories(Sec. 7.3). It should, 
however, be observed that the starting equations for 
the two types of theories are eqs. (7.1.51, since a 
pre-multiplication by 0 followed by Q t n  and Pcr’’ 
projection furnishes eqs.(7.1.3) and (7.1.4) 
respectively. For truncated calculations, the two 
approaches will, however, differ and their convergence 
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behaviour will also be different. A variational 
strategy is also possible where the cluster amplitudes 
in C2 are determined by varying the energies with 
respect to the cluster amplitudes. This is covered in 
Sec .7.4. 

describe principally differ in their choice of the 
actual form of the cluster operator. Following the 
earlier analysis of Primas/29/, the form of $2 will be 
of exponential type, symbolically represented by 
eq.(7.1.1), but it may not strictly be exponential. 
There have been several choices for R , each having 
its own advantages. 

advantage of exploiting the fact that operators 
written in the occupation number representation are 
independent of electron number, so that all the 
manipulations involving H and R can be performed at 
the operator level first, which is somewhat simpler 
and more transparent than workin with the matrix- 
elements involving functions {I. (n?} and (Xin’}. 
Furthermore, since the same ope:atot-s appear in all 
the n-valence sectors of the Fock-space, the 
projections onto the wave-functions can be performed 
at the very end, and it is possible to treat systems 
with varyinq n (i.e., different degrees o f  
ionization) on the same footing, and in an explicitly 
size-extensive manner with respect to the valence 
electrons. A s  it has turned out, only the Fock-space 
approach has the potentiality to furnish explicitly 
connected size-extensive theories for a general 
incomplete model space/91-96/, which shows its 
flexibility and generality. 

The various Fock space methods that we shall 

The Fock space approach has the potential 

7.2  Similarity Transformation-Based Fock-Space 
Theories 

Mukherjee et a1/68-69/ formulated an explicitly 
connected CC theory for complete model space by 
invoking a valence universal cluster operator S> o f  the 
form 

0 = exp(S) (7.2.1) 

with S given as a sum over various SIm’ operators of 
valence rank m : 
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> = o  + = o  * * 
a. b. C.  d. 

Fig.6 (a),(b) L blocks for the zero-valence problem 
(c) F\ typical diagram for (a). (d) A typical 
diagram for (b). Note that a two-valence S can 
contribute t o  a zero-valence block, a s  in 6(d). 

(7.2.2) 

In their first exposition, Mukherjee et a1/67/ did 
not include in S C m '  operators with passive valence 
lines, which was rectified in the subsequent 
papers/68,69/. Actually it i s  the presence of passive 
valence lines with different valence labels attached 
t o  them that distinguishes the different scattering 
amplitudes that involve the same change in occupancy 
but connect different pairs of functions XCr" and !S(n) 

1 i 
To prove the connectivity of the cluster operator S , 
Mukherjee et al/68-69/ chose a hierarchical strategy 
of proceeding from the zero-valevce core problem and 
going upwards by successively considering one, two,.. 
valence problems, stopping finally at the desired Nv 
valence level. Since S contains both valence creation 
and destruction operators, the components of S d o  not 
commute among themselves and, a s  a result, in the 
expression of L = Q-*HR in eqs.(7.1.13) and (7.1.14) 
using eq.(7.2.1), we have many S-S contractions. The 
multi-commutator Hausdorff formula for the transformed 
hamiltonian L connected terms only, and it has 
operators of varying valence rank. Diagrammatically, 
each component of L can be depicted a s  a composite 
block of  a given shape with valence destruction 
operators entering from the right, and hole, valence 
and particle operators emanating from the left. The 
block consists of all the connected diagrams that can 
be obtained by joining H with various S vertices from 
left and right in a specfic manner : From the 
multi-commutator expansion, it follows that we should 
start out from H and begin connecting the H vertex 
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a. b. 

C .  

Fig.7 ( a )  One-valence two body block with n o  common 
valence orbitals before and after scattering. 
( b )  One-valence block with a common valence 
label. (c) Reduction of ( b )  due to a lower 
valence equation (Fig.6(a)). 

with S vertices on itsimmediate left or right and move 
out systematically connecting the next S neighbours 
and proceed without leaving any intermediate S 
uncontracted during the process. 

be diagrammatically depicted as in Figs.6(a) and (b) 
for illustration. FIlthough they look like the closed 
shell CC equations in shape, there is a major 
difference. Owing to the S-S contractions, many Stn’ 
operators of valence rank greater than zero will also 
contribute to eq.(7.1.3) for n=O. A few typical 
diagrams are shown in Figs.6(c) and (d). This shows 
that the cluster operators for the various m-valence 
Hilbert space sectors are all coupled together, and 
eqs.(7.1.3) for all n have to be simultaneouslv 
considered to get the cluster amplitudes. Proceeding 
to the one valence problem, eq.(7.1.3) generates 
diagrams which may be of two types. In one type, the 
valence orbitals in H. are vacated, t o  be replaced by 
another valence o r  pa:ticle orbital. The L diagrams in 
this case are just blocks of valence rank 1, with n o  
valence label on the entering lines from the right of 
the block ever appearing on the lines t o  the left. FI 
typical such diagram will look a 5  in Fig.7(a). For 
the others type, Xin’ and @!”’share some common 

For the zero-valence core problem, eq.(7.1.3) can 
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valence orbital. In this case, eq.(7.1.3) generates 
two types of blocks, whose sum vanishes. In one type, 
some valence lines actually enter the block, but they 
leave on the left carrying the same labels ('passive 
scattering'), as shown in the first block of Fig.7(b), 
and there is another type of block in which the 
valence lines do not enter the diagram at all 
('spectator scattering'), as shown for the second 
block of Fig.7(b) for the one-valence 5ituation.Since 
the spectator line does not contribute to the 
matrix-elements, the last block independently vanishes 
from Fig. b(a), corresponding to the equations for 
the core-problem. Thus, eq.(7.1.3) in this case also 
reduces to a block o f  valence rank 1 equated to zero, 
a5 shown in Fig.7(c). Thus irrespective of whether we 
have valence orbitals common to X 
resultant eq5.(7.1.3) are all one-valence L blocks 
equated to zero. Proceeding upwards, it easily follows 
that the eqs.(7.1.3) for an n-valence problem will 
look like a block of valence rank n, equated to zero. 
Since in eq.(7.1.3), the diagrams entering the block 
are all connected, and are of same shape, the S t m '  
operators are all connected. This is the first linked 
cluster theorem for an open shell CC theory of the 
type (a3) using similarity transformation. 

to the virtual space, the functions a;''' are generated 
in the intermediate normalization. The valence 
universal nonhermitian H can be diagrammatically 

ef f depicted as blocks with incoming and outgoing lines 
labelled by valence only. Typical one-valence and two 
valence blocks are shown in Figs. 8 ( a )  and (b), and 
some representative diagrams contributing to these-are 
shown in F i g s .  B ( c )  and (d). W e  note here that 5"' 
has appeared in the one-valence block, Fig. 8(c), and 
this indicates how the various m-valence blocks are 
coupled together. If we drop the constant closed 
zero-valence part of H whose value is equal to 
the correlated core engf;;, from eqs. (7.1.4), then we 
shall get energy differences with respect to the core 
AEL"' directly. 

Mukherjee et &/be/ utilized this strategy to 
calculate ground state energy, its  I P  and excitation 
energy for a model rr-electron problem by starting from 
the doubly charged molecular ground state a5 the core. 
Mukherjee et &/67/ also advocated a strategy whereby 
one may generate a hermitian H 
formulation, one needs a valence universal unitary 
cluster operator exp(cr), with u given by 

and @ !  " the (1' 

1 1 '  

Since the operator S and its powers always excite 

In this 
eff - 
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b. C .  d. a. 

Fig.8 (a),(b) One- and two-valence parts of H 
(c) ,(d) Typical terms contributing to (zff(b). 

(7.2.3) t n = S - S  

where S has the same form a5 in eqs.(7.2.1) and 
(7.2.2). Since CI is more compler than S, the 
corresponding equations will contain more terms. This 
approach was adopted in /120/ to generate a formal 
theory of a hermitain valence-shell hamiltonian, where 
the connectivity of the effective hamiltonian was also 
explicitly established. There is also a related work 
by Westhaus et al/l21/, where the valence universality 
of Sl is not mentioned and the logical basis of the 
connectivity remains somewhat obscure. A s  we have 
already discussed, in the formulation using the 
ansatz, eq.(7.TAf), the calculation of the energy 
differences AE remains coupled with the calculation 
of the correlaked core energy E . This contrasts with 
the situation of RS MBPT for open-shells/3-9/, where 
the core energy E can be determined without reference 
to the open-shelloproblems, which enter in the next 
stage. This decoupling was termed ’the core-valence 
separation’ by Brandow/3/. A generalization of the 
cluster ansatz for which allows such a core-valence 
separation was formulated later by Mukherjee et 
a&/121/. In this version, S> is written in the form 

0 

C-2 = exp(Tc)exp(Tv) (7.2.4) 

where T has the form of the closed-shell cluster 
operator, and T contains all the operators S‘”’ with 
15 n5 N . The cyosed-shell cluster amplitudes are 
first &lved from the closed-shell CC equations for 
the core @ : 

C 

0 

<Xi*’lexp(-Tc) H exp(Tc)lSo> = 0 ( 7 . 2 . 5 )  

The various m-valence problems are handled 
simultaneously, with the core cluster-amplitudes 
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frozen at their closed-shell values. Introducing the 
dressed hamiltonian H through the relation : 

fi = exp(-T ) H exp(T ) (7.2.6) 
C C 

and separating its vacuum part E explicitly, 
0 

f i = E  + H c  
0 

(7.2.7) 

we find that the equations for the various m-valence 
sectors can be written a5 

( m >  The energy difference AEk 
eigenvalue equations 

are obtained from the 

The calculation of the core cluster amplitudes, 
eq.(7.2.5), are thus completely decoupled from that of 
the valence cluster amplitudes, eq.(7.2.8). 

It is interesting to note that R in eq.(7.2.4) can 
be regarded a s  a valence universal wave-operator, 
i.e.,n is also the wave-operator for the core- 
problem/94(a)/. This assertion follows from the simple 
observation that all T operators have destruction 
operators and hence thgy annihilate S 

Mukhopadhyay et a1/122/ generalizgd the ansatz 
(7.2.4) still further. They suggested the use of a 
recursive procedure whereby the wave-operator at 
the n-valence lave1 is recursively generated from the 
lower valence R ’ 5 .  Thus, they define 

. 

‘n’ 

0‘ = n‘”-” e x p ( ~ ‘ ” ’  (7 .2.10a 

n‘O’ = exp(Tc) (7.2. lob) 

Clearly, with this choice, not only are the equations 
for the core cluster amplitudes decoupled from the 
rest, but also the equations for the T‘”’ cluater- 
amplitudes have only T‘”’amp1itudes with m<n frozen at 
their m-valence values. It should again be noted that 
0‘”’ acting on a P ‘ ~ ’  for m <n behaves a s  R SO 

that, formally speaking, one may still claim that this 
approach uses implicitly a valence-universal 
wave-operator. 

( m >  

A somewhat inconvenient feature of the ordinary 
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exponent ia l  ansatz i s  t h a t  t h e  components o f  t he  
c l u s t e r  operator  ( S  o r  T ) do n o t  commute among 
themselves. There are  thus c o n t r a c t i o n s  o f  t he  type 

( S  S )  o r  ( T v  T v ) ,  and t h i s  C O U ~ ~ ~ S  t h e  va r ious  

m-valence sec to rs  together .  C l e a r l y ,  i f  S S o r  T Tv 
con t rac t i ons  cou ld  be avoided, no S o r  T operayor o f  
valence rank >m can appear f o r  an m-valence problem, 
and a decoupling o f  the  va r ious  valence sec to rs  would 
be poss ib le .  

advocated t h e  use of  normal ordered exponent ia l  
ansatz, i n  the  manner o f  L indgren/71/ ,  t o  avoid the  S -  
S con t rac t i ons .  They showed t h a t  n is of  the  form 

V 

rl n 
n n 

V 

Mukherjee/69/ and Haque and Mukherjee/69/ 

w i t h  { . . I  i n d i c a t i n g  the  normal o rde r ing  w i t h  respect  
t o  Bo has t h e  i n t e r e s t i n g  p roper t y  t h a t  

w'"' = n("' P("' Q m  (7.2.12) 

where 0'"' i s  a normal ordered exponent ia l  con ta in ing  
S'"' opera tors  up t o  valence rank m on ly .  Moreover, 
eq.(7.2.11) i m p l i e s  t h a t  

0 = exp(S'O') exp(S1 ( 7  -2.131 

where s conta ins  a l l  the S'"' opera tors  except S . 
Eq.(7.2.12) shows t h a t  S>'O& exp(5 ) is t he  c l u s t e r  
expansion operator  f o r  t h e  c losed s h e l l  problem, and 
the  S'O' amplitudes can be found ou t  i n  a manner 
completely decoupled from the  r e s t  o f  the  S operators;.  
I n t roduc ing  the opera tor  H through eq.(7.2.7), t he  
equations determin ing the  S c l u s t e r  ampli tudes f o r  
1 m SN can be w r i t t e n  as 

( 0 )  

( 0 )  

c ( 0 )  

V 

Hc n'"' I*:"'> = 0, V 1, i, 1 5 r n S N  V 

(7.2.14 1 
4"' I n'"'-' 

I t  has been shown i n  /69/ (see a l s o  /123/) t h a t  the 
operator  c2("'-'HCc2("' is e x p l i c i t l y  connected, so 
t ha t ,  i nvok ing  the  same arguments as those used i n  
prov ing the  connected na tu re  o f  t he  S opera tors  i n  an 
ord inary  exponent ia l ,  t h e  connectedness o f  S operator  
can be proved. The b locks  represent ing  t h e  
matrix-elements o f  eq.(7.2.14) w i l l  now have diagrams 
i n  which S-S con t rac t i ons  d o  n o t  appear, and as a 
r e s u l t  a complete decoupl ing o f  t h e  va r ious  m-valence 
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sectors is possible. Haque and Mukherjee/69/ showed 
that the diagrams in the blocks of eq.(7.2.14) are all 
generated by contracting H with the S vertices on its 
right, avoiding S-S contractions, and joining the 
resultant composite with the S vertices on its left in 
the same way but allowing contractions between the S 
operators this time. 

advocated that the operator transformation L = fi-‘Hfi 
be performed in Fock spaceentirely, independent ofthe 
particular Nv-valence model space about which one is 
interested . By defining the ’closed’ operators a 5  
the ones with ’active‘ (valence) lines only, and 
’non-diagonal’ operators a s  the ones in which there 
are active lines on one side and there is at least one 
inactive line on the other, the Fock space 
decoupling conditions,equivalent t o  eq.(7.1.3), can be 
stated on an operator level. Kutzelnigg/76/ and 
Kutzelnigg and Koch/77/ classified the operators 
depending on the types of lines attached to them as 
follows: 

Kutzelnigg/76/ and Kutzelnigg and Koch/77/ 

( i )  X c  : a diagonal operator with active lines 
only 

outgoing lines are all active. 

incoming lines are all active 

lines on both sides. 

emphasized that the classification o f  the operators 
into the categories C, #, B and 0 is essentially a 
Fock space concept, so that the condition that 
vanishes will automativally generate operator 
equivalent of the eq.(7.1.3). Lc i s  then the 
Fock-space effective hamiltonian H ff, and appropriate 
n-valence energies E 
projection of L onto the P‘”’space and its 
subsequent diagonalization. Clearly, to ensure that 
the LB operators of all valence ranks ( n )  are zero, 
w e  need in the Fock-space wave-operator C2 cluster 
operators S, which are of the type SB, of all 
valence ranks 

(ii) Xfi : a non-diagonal operator in which the 

(iii) XB : an off-diagonal operator in which the 

(iv) X o  : an operator with active and inactive 

Kutzelnigg/76/ and Kutzelnigg and Koch/77/ 

LB 

can be ob7ained by a 
< n > 
k 

C 

s2 = exp(SB) (7.2.15) 

(7 -2.16) 

The equations determining the cluster amplitudes are 
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then given by 

= O ;  V n  LLr' (7.2.17) 

It should be noted that Mukherjee et aJ/67,60/ in 
their formulation did use a Fock-space wave-operator, 
although they expressed their decoupling conditions 
(7.1.3) in terms of explicit determinantal 
projections. A s  a result, when valence lines 
are present, eq.(7.1.3) leads to a sum of various 
blocks equated to zero, as in Fig.7(b), for example. 
The lower valence blocks with spectator lines, 
however, are individually zero as follows from the 
decoupling conditions for the lower valence blocks, 
and as a result each individual block appearing in the 
decoupling condition, eq.(7.1.3), is zero. These 
blocks are indeed the L operators of various ranks. B .  
Thus, operationally speaking, the Fock-space approach 
of Kutzelnigg/74/ and Kutzelnigg and Koch/77/ is 
entirely equivalent to the Fock-space formalism of 
Mukherjee et a1/67,60/. But conceptually speaking, 
there is a subtle difference : Kutzelnigg and Koch 
emphasize the decoupling condition, on the operator 
level, and as a result directly comes to eq.(7.2.17) 
without the intermediary of going through an 
expression of the type of Fig. 7(b) which is bound to 
arise when explicit projectors are used. 

Kutzelnigg and Koch/77/ also introduced a unitary 
Fock space cluster operator 52 = exp(cr) with an 
antihermitian Fock space u, as in eq.(7.2.3). In this 
case, the transformed Fock space hamiltonian L should 
be brought into a form such that 

(7.2. i a )  

so that there would be decoupling from both sides. 
Clearly cr should be of the form 

0 = SB - s; ( 7 -2.19 ) 

and S i  is an operator of the type A .  

of the exponential structure, the various valence 
sectors will be generally coupled. 

energy 
encouraging results for the unitary choice of $2. 

Since Kutzelnigg and Koch utilized a wave-operator 

Numerical applications/77,124/ on the low-lying 
levels of small molecules such as H2 produced 

It should be mentioned that an earlier work of 
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Reitz and Kutzelnigg/78/ was a forerunner of the 
Kutzelnigg-Koch strategy where IP of closed-shell 
molecules were sought by using a single unitary 
cluster transformation for both the ground state and 
the ionized states. The method has since been 
implemented to compute principal IP's of a series of  
small atoms and molecules/l25/. 

Haque and Mukherjee/l26/ developed a Fock-space 
method for generating hermitian H in which the 
cluster wave-operator n is not unitary, following a 
suggestion of Jorgensen/l27/, who chose C> to preserve 
the norm of the functions in the model space. Thus CI 
satisfies 

e f  

PR+W = P ( 7.2.20) 

and it follows that 

is hermitian. The condition (7.2.20) may be 
%ff.. 

i.e., 
called an isometry' condition. Haque and Mukherjee 
developed a Fock-space version of this approach, in 
which R is written in the form 

= {exp(S+X)} (7 -2.22) 

where S has the same form as in eq.(7.2.11), and X are 
'closed' operators inducing valence to valence 
scatterings. Using this 0, they derived a set of 
equations like eq.(7.2.14). The closed operator X is 
chosen in such a way that H becomes hermitian. In a 
straightforward extension fhe Jorgensen 
approach/l27/, Haque and Mukhejee/l26/, used a Fock- 
space equivalent of eq.(7.2.20), which reads 

(7.2.23) 

Since the first term in the expansion of C2 is the unit 
operator, eq. (7.2.20) indicates that all the n- 
valence conn+ected giagrams obtained by contracting 
powers of S and X operators with those of S and X 
will vanish. It can be shown that there is no loss of 
generality if X is chosen a s  hermitian. Haque and 
M kherjee /126/ explicitly used the condi()$on that 

TKere was also a related earlier work by Kvasnicka 
/72/, which hermitized the CC theory of  Lindgren/71/. 
For more discussions on hermitian H 

+ -  - Heff, for defining the operators X . 
f f  

see Sec.7.4. 
eff' 
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7.3 Bloch Equation Based Fock Space Theory: 

Offermann et a1 /70/ formulated an open-shell CC 
formalism in Nuclear Physics in which a Bloch wave- 
operator 0'"' 
recursively from those of the lower valence problems: 

for an n-valence problem is obtained 

( 0 )  
n ' O '  = e x p ( ~  P'O' (7.3.1) 

and so on, where e denotes an outer product between 
two operators ( i.e., n o  contractions between the 
operators are allowed). Defined this way, R'"' in 
their work embeds in it information about all the 
lower Valence sectors and defines a Fock space 
strategy. A similar idea was also pursued by Ey/70/. 
The cluster amplitudes are obtained recursively, by 
solving the zero valence problem first, starting with 
the Bloch equation for the zero valence problem , 
solving the one valence problem next, with 
S'"amp1itudes kept frozen, and so on- finally 
arriving at the desired N valence situation. It 
should be noted that the ansatz for n'" ' ,  obtained 
recursively following the chain (7.3.11, (7.3.2) .., 
is similar to the one used in eq.(7.2.10) with the 
difference that the outer product convention in 
eq.(7.3.3) eliminates contractions between S 
operators. 
n'  m '  of lower valence ranks, it might appear that 
there is n o  underlying assumption of valence 
universality in this formulation. However, 
interestingly enough, 0'"' defined in this scheme ha5 
the property that 

V 

Since 0"" is recursively generated from 

so that one may again formally claim that the method 
has a valence universal wave-operator. 

postulating an wave-operator R in normal order : 
Lindgren/71/ developed an open-shell CC theory by 

0 = texp(S)l (7.3.5) 

where the structure of the cluster operator 0 was 
inferred by an appeal to the open-shell MBPT/4/, 
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starting from Bloch equation/llb/. He called operators 
causing transitions within the model space a 5  'closed' 
and those c.ausing transition outside the model-space 
a s  'open'. Lindgren's starting equation was 

(NV) (NV) (Nv )  (NY) 
C Q  ,Hal P = vzlp - w  Vzlp (7.3.6) 

which originates from eq. (6.1.15), and the assumption 
of intermediate normalization.1nserting eq. (7.3.5) t o  
eq.(7.3.6) and expanding R (or equivalently S )  in 
orderof perturbation theory,Lindgren(Lf/ concluded 
that Smust be the sum over various S operators of 
rank 01. m IN . In the original formulation 
Lindgren/71/ confined himself t o  the particular 
N -valence model space, and consequently the cluster 
amplitudes of various valence ranks are not 
necessarily linearly independent. This situation i s  
entirely analogous to the one discussed in Sec. 7.1. 
Using Wick's theorem, eq. (7.3.6) with eq. (7.3.5), 
leads to 

V 

V 

(7 -3.7) 

n 
where the contractions VC2 etc mean the connected 
expressions of the form 

n m 
{ V n )  = C l/n! { V  S S. S..} (7.3.8) 

n 

(N") 
operators a one are sufficient to (rn > Since the S 

determine the eigenfunctions rY v , (7.3.7) are an 
under-determined set of couple8 equations for S'"' 
with 05 n I N . Lindgren thus needed some auxiliary 
conditions to Xetermine the lower valence cluster 
amplitudes. For this he appealed to MBPT, and demanded 
that the order by order expansion of S in powers of V 
should produce the wave-operator of the open shell 
MBPT. Since S has to be connected then, Lindgren 
postulated a set of sufficiency conditions which would 
guarantee the connectivity. Thus he demanded that the 
following relations must hold: 

(Nv) n (NV) n (Nv) 
(7.3.9) CS,Hol P = {VR}P - (Weff1P 

It should be noted that the validity of eq. 
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(7.3.9) implies the validity of eq. (7.3.71, but not 
vice-versa. Since V ff i s  closed, taking the closed 
part of eq.(7.3.9) feads to 

(7.3.10) 

The method has since been used to compute energies of 
quasi-degenerate Be iso-electronic sequence ground 
state/l31/. 

Superficially it might appear that Lindgren’s 
formulation is a Hilbert space approach involving 
redundant S operators, and the redundancy is 
eliminated by a set of augmented equations which at 

ff’ the same time ensures the connectedness of H 
However, a s  noted by Mukherjee, and Haque an8 
Mukherjee/69/, use of the sufficiency conditions 
(7.3.9) amounts in effect to assuming that Q is a 
valence-universal wave-operator. In fact Haque has 
explicitly demonstrated/l23/ that the use of a 
valence-universal n in the Fock-space Bloch equation 
leads automatically t o  eqn (7.3.9) with the ad-hoc 
sufficiency requirement. W e  give the sketch of a 
general proof here, since it shows that the extra 
information content of a Fock-space 0,  a s  opposed to a 
Hilbert space, can be used to advantage for ensuring 
the connectivity of the cluster amplitudes o f  S/93/. 
For a valence-universal 5 )  , the Fock-space Bloch 
equation (6.1.15) leads to 

(7.3.11) 

n n 
Calling the composites HQ and We as 2 and 8 
respectively, eq. (7-3.11) implies that 

where the superscript (yk,indicates operators of 
valence rank 0. Since R contains various nh-np 
excitations in S which are linearly independent, it 
follows that 

For the one-valence problem, similarly 
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and because of eq. (7.3.131, we have 

and it again follows that 

It thus follows generally, proceeding upwards in 
valence rank, that 

tk, {Z(k’} = (e } V k (7 -3.17) 

from which eq. (7.3.9) fOllOW5 easily on summing eq. 
(7.3.17) for the various ranks k, and using the 
partition of  H into H +V. 

(7.3.9) is restrictive, since eq. (7.3.17) shows that 
we may write a more general Fock-space equation 

The above analysig indicates that Lindgren’s eq. 

n n 
CS,Ho]P‘”’ = CV*)P‘”’ - (nVeff}P‘”’ Vn (7.3.18) 

Thus, with eq. (7.3.9) it will not be possible to 
compute energy differences AEk, such a s  IP etc. In 
contrast, the Haque-Mukherjee formulation/69/, 
however, uses eq. (7.3.181, and a s  a result IP,E&,EE 
etc., can be calculated. Lindgren, however, later 
generalized his equation suitably to compute IP 
etc.,/129,130/, which means that eqn (7.3.18) was 
implicitly used. 

Haque-Mukherjee formulation/69/ also indicates 
that there i s  an automatic decoupling of the equations 
for the various n-valence sectors. There are no Stm’ 
amplitudes with m>n for the n-valence problem. This 
decoupling, which is riqorous, has since been termed 
a s  the ’subsystem embeddinq condition‘ ( S E C ) / 6 9 / .  This 
leads to a computationally advantageous scheme. Haque 
and Kaldor/132/, and Kaldor/133/ made several 
applications of the formalism on small atoms and 
recently on molecules/l34/. In these applications, 
low-lying excited states of diatomic species, valence 
IP’s of closed shell ground states and loe-lying 
excitation energies of simple atoms and molecules are 
computed. It appears from these calculations that 
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three body cluster operators at the one and two 
valence levels may be important for a quantitative 
accuracy. Kaldor et a1/148/ have very recently also 
applied the formaiism for studying the potential 
surface of NH + H reaction. 

3 

formalism for IP calculations, but they envisaged a 
more general computational strategy where not only the 
principal IP values at the outer and inner valence 
region but also the satellite peaks with dominant 
shake-up effects were aimed at. For this, they 
included all the hole orbitals upto the inner valence 
region as active. Since the dimension of the model 
space for the one-hole valence problem is Just equal 
to the number of hole orbitals, it may at first appear 
surprising that satellite peaks can at all be obtained 
in this scheme in addition to the main peaks. We 
should, however, note that the CC equations are 
inherently non-linear in nature. In fact, at any n- 
valence level the eq. (7.3.18) involves quadratic 
powers of S . Sinha et a1/135/ exploited the non- 
linear nature of the equations to generate multiple 
solutions. The main peaks corresponded to those 
solution set5 which could be reached from the starting 
iterates obtained from the linearized equation. The 
satellite peaks are obtained when the starting 
iterates for the 5"' amplitudes are estimated from 
the eigenvectors of a small CI problem involving the 
model space and the dominant shake-up amplitudes. This 
finding bolsters the view that a CC-approach does 
transcend an MBPT in both compactness and information 
content. In a RS MBPT/3-9/ , the number of roots 
obtained will always be just M. The Bloch-Horowitz/Z/ 
theory, however, can furnish more than M roots but at 
the expense of the 1055 of size-extensivity with 
respect to N . 

shown that the CC-based LRT for IP is algebraically 
equivalent to the CC formalism of Haque and 
Mukherjee/69/ for one-hole valence problem. This 
indicates that the CC equations for determining the 
IP's can be cast into an equivalent eigenvalue 
equation. In fact Sinha et a1 /136/ have demonstrated 
that the relation between the CC-LRT for I P  and the 
crrresponding CC theory i5 the same as that between a 
CI problem and the associated partitioned problem as 
obtained by the Soliverez transformation/l37/. For 
open-shells containing more than one valence, the 
correspondence between the CC-LRT and the CC equations 
no longer holds, but Sinha et a1 showed the CC 

Sinha et a1/135/ also applied the Haque-Mukherjee 

( n ?  

V 

Very recently Sinha et &/136/ have analytically 
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equations can still be cast into an equivalent 
eigenvalue problem/l37/. This is computationally very 
useful, since the associated eigenvalue problems are 
usually numerically easier to solve and techniques 
exist which allow eigenvectors of a given structure to 
be reached by suitable root-homing procedures. Using 
this strategy, Sinha et a1 have computed the huger 
spectra of F H 0 and HF/135/, including satelite 
peaks/l36/ for t6e first. time using an open-shell CC 
theory. Main peaks for N , CO and H 0 have a150 been 
computed by Pal et a1/136,140/. 

the CC equations, the diagrams contributing to open 
parts of z'~', ZC2' in Figs. 9(a) to ( f )  . Those 
contributing to e'2'argPshown in Figs.9(g) to (h). The 
valence orbitals are particle type. The diagrams 
contributing t o  H'l'and Hi:: are shown in Figs.lO(a), 
( b )  respectively. 65 another example, the CC equations 
for S"'amp1itudes for IP are shown in Figs.11. 

2' 

2 

We have shown a s  typical examples of constructing 

e f  

7.4 Variational CC Theory In Fock Space : 

Pal et a1/73(a)/ formulated a variational CC 
theory for energy differences in Fock space, which 

eff * generates a hermitian H 
eq. (7.2.22) for <> : 

They employed the ansatz, 

0 = Cexp(S+X)} (7 -4.1) 

with S of the form of eq. (7.2.11), and X are closed 
operators causing scatterings with the model space. i3 
is assumed, a s  in eq.(7.2.23), to satisfy the 
'isometry' condition : 

a. b. c. d. 

e. f .  

t2) 
Fig.9 ( a ) - ( f ) ,  Diagrams for Z . 

OP 
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a. 

b. 

( 2 )  and Heff  . ( 1 )  
F i g . 1 0  Typical diagrams for Heff  

Fig.11 CC equations for '5''' f o r  the one hole problem. 
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Eq.(7.4.2) guarantees that Heff will be hermitian. 

In their formulation, Pal et a1 determined the 
M is a hermitian closed operator. 

closed-she1 1 cluster amplitudes S'O' by varying the 
expectation value of  the ground state energy E with 
respect to the cluster amplitudes/73(b)/ : 

0 

< @ o l . . . I H  >c stands for connected quantities. 

problems (IP or EFI )  were determined by minimizing the 
expectation values E : 

The cyuster-amplitudes of S"' for the one-valence 

I 

(7.4.5) 

Owin? to normal ordering,€ 
in S 
subject to the constraint eq. (7.4.2) for P"', leads 
to equations of the form 

is at the most quadratic 
and X"'and their adjoints.Minimization of E I . .  

I' 
1 )  

where A ' s  are the Lagrange's multipliers. 

c ond i ti on 
Solution of eq. (7.4.61, along with the isometry 

Mi:' - - 0, V J , K  (7.4.7) 

which is equivalent to eq. (7.4.2), furnishes u s  wif?, 
and X"' amplitudes. We now write energy E the 5'" 

for each ylk as 
k ( 1 )  
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where 

(7.4.9) 

Minimization of E"' with respect to CIk'5 
a set o f  equations of the form 

leads to 
k 

- < 1 >  (i' 

HIJ 'Jk = Ek 'Ik 
J 

(7.4.10) 

i s  given by * ( l >  

IJ 
where H 

I 

The matrix H ig hermitian. By dropping the vacuum 
diagrams from H, we may also obtain the energy 
differences AEk = Ek - Eo directly. 

similarly. In the two-valence sec tor ,  the o n e  valence 
amplitudes will be rigorously frozen. Pal ex ag1/73(a)/ 
discussed the general n-valence case in detail. 

Haque and Kaldor/l32(b)/ applied this formalism to 
compute IP's o f  N2 and H20. 

For the two-valence problem, one may proceed 

8. SIZE EXTENSIVE FORMULATIONS WITH INCOMPLETE 
MODEL SPPlCE : 

8.1 Preliminaries : 

There are mainly two inter-related reasons why one 
would like to formulate a size-extensive theory 
involving incomplete model spaces: ( i )  t o  bypass 
intruders, (ii) for calculating the low-lying E E ' s  o f  
a closed-shell ground state, o n e  feels that a set of  
hole-particle determinants would suffice a s  a choice 
for a reasonable model space, which involves valence 
holes a5 well a s  valence particles. This is an IMS. 

that the theories using IMS generate disconnected 
It came t o  be generally acknowledged /20,44,66,90/ 
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diagrams in H ff. In the quasi-complete model space 
theory of LinSgren/SO/, of which the h-p model space 
i s  a special case, disconnected diagrams appear in 

ff Hef . CIppearance of disconnected diagrams in H 
spells a breakdown of the size-extensivity of ?he 
calculated energies/146,147/. 

discovery of Mukherjee/91-?3/ that the real reason 
behind getting a disconnected Heff for an IMS lies in 
(i) not using a Fock-space valence-universal R and 
(ii) not abandoning the intermediate normalization 
(IN) for R, which i s  not size-extensive for INS. If 
the assumption of IN is abandoned, it i s  relatively 
straight-forward to prove the linked cluster theorem 
(LCT) for incomplete model space. Gbandoning IN, 
Mukherjee/Sl/ initially proved LCT for incomplete model 
spaces having n-hole n-particle determinants, showing 
also at the same time the validity of the core-valence 
separation. The corresponding open-shell perturbation 
theory of Brandow/20/ for such cases leads to unlinked 
terms and a breakdown of the core-valence separation, 
which used IN for R. Mukherjee emphasized that it is 
essential to have a valence-universal wave operator S.2 
within a Fock space formulation/91/ such that it also 
correlates the subduced valence sectors. Later on, 
the proof of LCT was shown for more general model 
spaces/92/. The Fock space approach is particularly 
importantfor this, with the additional conditions of 
abandonment of the conventional IN. Mukherjee used a 
normal ordered ansatz/91-93/for the wave operator Q in 
order that the solution for the different valence 
sectors will be decoupled (SEC, a s  in /69/ 1 .  This is 
particularly useful computationally and leads to 
significant saving of the computer time. 

This situation has changed very recently with the 

8.2 General Formulation 

In what follows, it will be useful to classify the 
parent n-valence INS belonging to the space P, the 
complernentary'active space, whose union with P forms 
the CMS, a s  R and the 'true' virtual space containing 
inactive labels a s  (3. The cluster operators inducing 
the transition P+R are all labelled by valence lines, 
and will henceforth be denoted a s  'quasi-open'. The 
operators making transitions P+Q will be called 
'open'. The operators connecting model spaces only 
will be called 'closed'. In general, for a valence- 
universal R, it so happens that products of quasi-open 
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operators are closed. Thus, for example, consider an 
IMS with h-p determinants. Since both the vacuum So 
and the doubly excited states are in the space R ,  
there will be both de-excitation and excitation types 
of quasi-open S operators in 0, a s  depicted in Figs. 
12(a) and (b). Their product, however, is a 
closed operator , as shown in Fig.lZ(c). 
a s  containing quasi-open and open operators only, a 
wave-operator of the form exp(S) o r  {exp(S)) will gen- 
erate closed operators stemming from the expansion 
involving products of quasi-open operators. T& 
intermediate normalization is thus incompatible 
with the above choice of S. 

connected H can be obtained using a Valence- 
eff. universal R which uses a normalization convention 

different from intermediate normalization. We start 
from the Fock-space Bloch Equation: 

Thus,although we may choose a cluster operator S 

We show below, following Mukherjee/92-94/, how a 

(8.2.1) p ' k '  v o l k l r , ,  HZIP'k '  = meff 

(8.2.3) 

Using the arguments similar t o  those used in 5ec 
7.3, we arrive at 

n 
= {weffi 

a. b. C .  

(8.2.4) 

(8.2.5a) 

(8.2.5b) 

Fig.12 (a) De-excitation and (b) excitation q-op 
operators in an IMS with h-p determinants . 
(c) Demonstration that their product i5 closed. 
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Since H is a closed operator, we have 
ef f 

(8.2 -6) 

(8.2.7) 

(8.2.8) 

The eqs. (8.2.6) and (8.2.7) are the defining 
equations for S and S and eq. (8.2.8) defines 
Heff. The strucfur"8 of thgPLquations shows that S is a 
connected opeartor, and so i s  H The most 
conspicuous difference be tween f&f; * and CMS 1 ies in the 
appearance of R in the former, a s  in eq. (8.2.8). 

Since eqs.(b.2.6) and (8.2.7) are quite similar in 
structure to those for a CMS, we need not discuss the- 
ir construction in detail. In fact, the left hand side 
of eqs.(8.2.6) and (8.2.7) are entirely analogous to 
those for a CMS. On their right hand side, they will 
have contractions of powers of S with H and since 
Heff, from eq. (8.2.81, has a different structure 
compared to that in a CMS, w e  shall discuss this part 
in some detail. 

e f' 

Writing a s  

Rcl = 1 + w 
cl 

t k ,  
ef f 

we may write H a s  

(8.2.9) 

(8.2.10) 

which shows 

As ff 
compl icaFion 

t k >  
Hegf 

a way to recursively generate 
is usually a small matrix, the ex ra 
of its structure in an IMS does not pose 

any computational disadvantage. 
Kutzelnigg et a1/95/ have discussed in detail the 

Fock-space classification of operators for quasi- 
complete model space. They dl50 introduced a new type 
od IMS, called the isolated incomplete model 
space(1IMS). In IIMS, products of q-open operators are 
all q-open, never closed. A s  a result R, = 1 , just 
a s  in a CMS. THe resulting CC equations $or IFhS have 
thus exacly the 5ame structure a s  in the CMS. 
Mukherjee et a1/96/ have discussed the Fock-space 



Cluster Expansion Methods in Open-Shell Correlation 357 

classification scheme of the operators for a general 
model space. They also considered the unitary cluster 
ansatz for <> 

(2 = exp(cv) , (8.2-11) 

u = s - s ,  t (8.2.12) 

s = s  + s  
q-='P OF 

(8.2.13) 

The choice (8.2.12) for (2 leads to a hermitian Heff. 
Mukherjee/YS/ has discussed the isometric 
normalization f o r  i-2 in IMS, which also leads to a 
hermitian H 

open-shell MBPT for IMS, abandoning intermediate 
normalization, by choosing 0 at each order in a way 
which ensures the connectedness of H /150/. 

eff' 
Chaudhuri et a1 have recently formulated an 

cl 
eff 

8.3 The Case of I l ls Having Valence-holes and 
-particles 

A s  ha5 been stressed in Sec. 8.1 the incomplete 
model space is both a computational and conceptual 
necessity for quasidegenerate systems. Since it is 
formally possible to have a completely connected 
cluster expansion theory based on a general incomplete 
model space it has been possible to apply such methods 
to the problem of excitation energies (EE). Because of 
the hierarchical generation of terms, the process of 
obtaining EE also leads to ionization potentials (IF) 
and electron affinities (EA). We will discuss the 
theory in relation to generating such quantities in 
this section. For the low-lying excited states of a 
closed-shell N-electron ground state one chooses the 
Hartree-Fock function Z as the vacuum and uses the 
particle-hole (p-h) excyted determinants as spanning 
the model space for excited states. The p-h excited 
determinants are a reasonable choice for the model 
space on the energetic consideration of the orbitals. 
One chooses a set of 'active' holes and 'active' 
particles to constitute the model space. This choice, 
according to our experience, avoids the intruder state 
problems for most cases o f  study if the active 
orbitals are chosen properly. A s  emphasized 
previously, the h-p excited determinants constitute an 
incomplete model space, even if we exhaust all the 
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active holes and active particles in forming the 
determinants. Sinha et a1 formulated the MRCC theory 
for EE assuming all holes and particles to be 
active/l38/. However, for the sake of computational 
convenience it is usual to treat only a few of the 
particle and hole orbitals a5 active, namely those 
near the Fermi level. Pal et al, arguing on similar 
lines a5 Sinha et a1/138/ developed a similar 
formulation for the case of active-inactive 
subdivision/l39-140/. Since the IMS under 
consideration has both valence holes and valence 
particles, it is better to classify the operators 
according to their p-h valence ranks. 

space of kp-lh determinants. In the present case k and 
1 range from 0 to 1. An operator A which can destroy 
m active particles and rnk active holes is denoted 

as . Each of these is a sum of several one, 
two ..body operators. 

universal wave operator S2 may be written as, 

ck.1, 
1 

In Fock space we designate by (9 .  } a model 

p ( m  , m >  

In the sprit of earlier discussions the valence 

~2 = {exp(S rk,li 1 1 ,  (8.3.1) 

(8.3.2) 

k ) l >  
Such a wave operator $3 is capable of correlating 7 
the lower valence model spaces.Thus,for the IMS !P. 
with k=l=l the lower valence model spaces are 

(A-1)-electron and Noelectron ground state problems. 
One can set up the equations for the k=l=l 

valence- problem in a hierarchical manner. The valence 
sectors are defined in terms of particle-hole rank. 
Thus the Fock space Bloch equation would be 

*“,O’ *( 0 * a’> ( O , O >  
.and \Er ,corresponding to (N+l)-electron, 

i 

Using arguments similar to those given in Sec 8.2, we 
find 

where 
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For the solution one starts from the lowest hole- 
particle 5ector (o,o) for s'*"' and then solves the 
(0,l) and (1,O) sectors finally reaching the target 
(1,l) sector. The equation for the(0,O)sector reduces 
to that for the closed shells. The model spaces for 
(0,l) and ( 1 , O )  sectors are always complete by 
definition. The energies of these two sectors are 
those of (N-1) electron states and (N+1) electron 
states respectively. If we collectively call the 
q-open and openifry;ators as external, 
equations for S are given by 

then the 

tk.1, . 
"eff - The model space projection yields 

For complete model spaces, since IN is valid, we have 

for k+l =1 (8.3.7) - l c l  

i.e.,eqs (8.3.5) and (8.3.6) yield the complete model 
space equations a5 in the case o f  (Nil) and (N-1) 
e 1 ec tron ,ef~;es. However, for the excited states 

eq.(8.3.7) is not valid. Using 
*lcl ' ("" may be defined recursively as 

O C  
k=l=l, 
eq. ( B . Z . ~ ] ,  

"ef f 

In recent calculations by Kaldor et a1 /133,134/, use 
was made of p-h excited determinants with IN for 0 
ignoring the fact that such a choice causes the 

What Kaldor generation of unlinked diagrams in H 
and co-workers did was essentially to ignore the de- 
excitation operators of the type shown in Fig. 12(a), 
and consequently impose IN on 0. At first sight, it 
then appears that their ignoring the disconnected 
terms in Hef is a result of the cancellation of erro- 
rs:(l) use of IN for < > ; ( 2 )  neglect of de-excitation s .  
However, Sinha et a1/138/ have shown that, when all 
the particles and holes are active, it is impossible 

eff' 
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(1.1) 
to connect ;y to get a connected H eff . The reason 
for this lieg'in the fact that the operator S 
Fig. 1 2 ( b )  has no lines on its right, and hence cannot 
be contracted to H on its right. Thus althou h IN 
does not hold good, f ,  
exactly as in a CMS theory with I N  for n.They gffo ' 
noted that the S ( " I '  operator,which can de-excite the 
p-h model space ?o Qi lying outside the model space, 
can contribute only Po the S("" determining 
equations only and the calcuf'ation of all other 
excitation operators S'i'l' as well as do not 
depend on the S'i'l' operator. Hence for computing the 
energy of the excited states one does not have to 
involve S" ' "  operators at all. If the vacuum 
diagrams are dropped in the construction of H ,the 
results are directly the difference energies.efAe same 
observation was found to be true even when only some 
holes and particles are active, as shown by Pal et a1 
/13?,140/. See /?4(a), 138-140/ for a more extensive 
treatment of this aspect. 

equally well to quasi-complete model spaces having m 
holes and n particles.When there are several p-h 
valence ranks in the parent model space, the situation 
is fairly complicated. The subduced model spaces in 
this case may belong to the parent model space itself. 
The valence-universality of 0 in such a situation 
implies that is the wave-operator for all the 
subduced model spaces, in addition to those which have 
same number of electrons as in the parent model space. 
It appears that a more convenient route to solve this 
problem is to redefine the core in such a way that 
hole5 for the problem become particles and treat it a5 
an IMS involving valence particles only. 

has recently been considered by Stolarczyk and 
Monkhorst 185,'. 

( 0 , O )  

2 9 of 

ef ( I , I >  ( 9 ,  i >  
is still equal to H 

ef f 
2 .  

2 

The above formulation is quite general and applies 

The general IMS containing Oh-Op, lh-lp, ..., nh-np 

8.4. Applications of IMS-based CC Theories 

The formalisms described in Secs. 8.2 and 8.3 have 
found several recent applications. Apart from the IP 
results /99,100,132/, there have also been 
calculations of some atomic electron affinities/l34/ 
all of which accompany EE computations. There are a 
few molecular EE results of N CO, CH N CH C0,CH by 
Pal et a1/139,140/, Rittby et a1/141/ ?n?'Mat?ie & 
a&/141/. The results so far have been obtained mostly 

2' 
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in the singles and doubles approximations. Kaldor has 
reported some IP results including approximate 
triples/134/. There have also been IP results with 
approximate triples in the group of Bartlett/l42/. 
According to the experience gained, it is 

exp(s'o'o' ) ,  which i s  a necessary building block, 
separately and store it a s  advocated by Mukhopadhyay 
et a1/99/. Most of the results for IP are reasonably 
good. However, there are certain third-order terms 
which can be accounted for by triples. Initial IP 
calculation with triples in a basis including 
polarization functions yield almost chemically 
accurate or near-chemically accurate results. The 
quality of EF\ results in the same basis is not usually 
a5 good because one needs to have a reasonably large 
basis set for EA calculations. The low-lying EE 
calculations with modest basis sets of systems like 
N2,C0, CH CO etc., yield results comparable with 
experimenzs and those obtained by other methods. fit 
double zeta and one polarization function basis level 
the discrepancies of some of the EE's for the systems 
studied from the experimental results are usually much 
less than 0.1 eV. The discrepancy for most others is 
from 0.1-0.5eV and are often lesser than other 
methods. Koch used the IMS-based CC theory to cF2pute 
the _+P states of He and the excited states of C to 
F+d/ 149 / . 
far been able to get rid of the intruder state 
problem. However, it is still not established that in 
studying potential surfaces even such a general 
incomplete model space-based MRCC i s  capable of 
handling intruder state problems. elthough, in a very 
recent pilot potential energy calculation, Koch and 
Mukherjee/l43/ could get most regions of the potential 
curves for He+', and Kaldor/144/ and Ben-Shlomo and 
Kaldor/l45/ got curves for LiH, further studies are 
clearly needed. 

computationally convenient to construct exp(-~'~'*' H 

In low-lying excited state calculations one has so 

2 

8.5 Size-extensivity of Energies with IMS 

is 
eff 

It may appear that the connectedness of H 
not by itself a guarantee for the size-extensivity of 
energies, since disconnected terms may appear during 
the diagonalization. Chaudhuri et a1 11461 
have demonstrated recently that such is not the case 
because of the special structure of H 

eff' 
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One may follow the diagonalization process in 
orders of perturbation. In a general CI matrix with 
IMS, the disconnected terms arising from the norm- 
correction may be cast a s  products of closed diagrams, 
with intermediates belonging to the P space or to the 
R space. There are n o  compensating diagrams with R 
space intermediates coming from the general sum, since 
R space functions are not present in the CI matrix. 
This is the reason why there are disconnected diagrams 
in a CI with IMS. In the H f f  matrix, however, the 
intermediates in the norm 'ierm can never have R space 
denominators, since all quasi open L operators leading 
to P - R transitions are by construction zero. The 
disconnected terms with P space intermediates 
are exactly cancelled by the contributions from the 
general sum with P space intermediates. 

The situation can be illustrated using, as an 
ex mple, an IMS with B and singly excite9 states 
{a a B 1. The operatorg of the type A a a are 
qugsP-8pen type. Thus L 
a result @ does not coub?e with €a a H I(Fig.l3(a)). 
The ground state energy is then jugt" O<l0) H 
and is size-extensive. It can also be shown tRa$ the 
other roots are also size-extensive. In a CI matrix 
with the same functions, however, the situation is 
qualitatively different. Here H is not zero 
(Fiq.l3(b)), and a s  a result wePf?ave disconnected 
terms in the ground state energy from the 
norm-correction having doubly, triply ... R space 
intermediates which remain uncancelled. This is shown 
in Figs.l4(a),(b). For more extensive discussions see 
e.g. /146/. 

It is tempting to force IN on fl, once a connected 
formalism is developed.-Thus, it may appear that one 
can define a differe ?&,f satisfying IN for the 
parent model space P 

P 
matrix-e+em&tsPa?e zero. A s  

I S o > ,  

n = mi; (8.5.1) 

related to H ff by a ef f 
which will define an & 
similarity transformation and thus wily generate a 
size-extensive theory.This is not so in practice, 
since for a Sruncated calculation it is impossible t o  
find out an 0-with an exponential structure which 
generates an H similar to an H f f -  A simple wayto 
look at-the transformation (8.5.17 is to include in 
&Cexp(S)) some closed operator Xc , such that fl = 1. 
For the h-p model space, for exampfe, a two-bodyCA can 
be used to eliminate the disconnected closed terms, a s  
shown in Fig. 15. This, however, generates a 

ef f 
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1 
Fig.13 ( a )  The structure of H matrix. Note the 

null-block in the loweFffdiagonal. 
( b )  The structure of H-matrix in the same IMS.  

b. a. 

Fig.14 ( a )  The norm-correction term from Fig.l3(b) at 
second order.(b) This can be converted t o  
diagrams with doubly excited intermediates. 

Fig.15 Generation of a disconnected X c l  after the 
imposition of IN on R. 
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disconnected X operator which will yield a 
disconnected from the expression 

cl 
"ef f 

(8.5.2) 

For an extensive discussion of this aspect, see 
the recent paper by Chaudhuri et a1/146/, who also 
demonstrate the explicit break-down of size- 
extensivity of energy if IN is enforced on 0. 

9 .  CONCLUDING REMARKS : 

We may summarize our conclusions a s  follows: 
(a) For a size-extensive theory for both core- and 

valence-electrons, a Fock space formulation offers the 
best insight a 5  regards the connectivity of the 
cluster operator S and H 
the Fock space strategy can be used to generate energy 
differences with respect to a closed shell ground 
state. 

be proved only in Fock space. This requires the use of 
normalization for a valence universal Q that is 
size-extensive. 

core-extensive theories using semi-cluster expansion 
may be a viable strategy. The quality of  calculation 
will be increasingly poorer with the increase in N . 

(d) From the initial trends of producing accurate 
results, rigorous maintenance of size-extensivity and 
the potentiality to obviate the intruder-state 
problem, it appears that the formulation covered in 
Sec. 8 will turn out to be one of the most versatile 
and viable tools in the current status of energy 
difference calculations (such a 5  IP, Efi and EE ) in 
particular, and electronic structure calculations in 
general. 

for a CMS. In particular, 
ef f 

(b) For an INS, the connectivity of S and H can 

( c )  When N >>NV,.and N is kept fixed, C V 

V 
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1. INTRODUCTION 

Some time ago, we started / 1 /  the development of the 
Elementary Jacobi Rotation (EJR) algorithms which were known 
from old times /2, 3, 41. As a consequence of this development 
some intermediate work has been published /5,6/. The present 
paper corresponds, essentially, to the application of our EJR 
experience to multiconfigurational calculations. 

The current work presented here must be necessarily 
considered as a new step towards an easy, comprehensive 
and cheap way to obtain atomic and molecular wavefunctions. 
In the same path we are attempting here to show that the 
Jacobi Rotation techniques may be considered viable alternative 
procedures to the usual SCF and Unitary Transformation 
algorithms. 

We present here some developments which can compete 
with other procedures found in the current literature and 
program lore. In this sense, we deal with t h e  current state of 
the art in the calculation of the minimal rotation steps 
leading to the optimal energy and wavefunction. 

After this, perhaps, the reader will be indulgent with the 
structure of this paper. First we will present a broad survey of 
the ideas which are necessary to build up the  Jacobi Rotation 
techniques. A second part will study various energy 
forms, mono- and multiconfigurational, and some results will 
be given to i l lustrate t h e  way optimal orthonormality 
constrained energies are obtained. A final part describes some 
a lgo r i thms  used,  which a r e  impor t an t  f o r  e f f i c i en t  
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implementation of the rotations as well as some relationships 
between energy optimization and localization procedures. 

2. ELEMENTARY JACOB1 ROTATIONS 

1) An Elementary Jacobi Rotation (EJR) over n-dimensional 
space can be constructed, in order to fulfill the needs of the 
present work, as an orthogonal matrix Jij(a)= (Jij,pq(a)) with 

the following prescription: 
a) Chosen an active mi r  of indices ( i j )  and a rotation angle, 

then: 

b) Jij,ii(a)= Jijjj(a)= cos 

It is easy to find that 

iii) Jij (a) =Jij+ (a) 

2) The action of Jij over a n-dimensional column vector 
produces a new vector such as 

c = (  cp)  
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whose components are: 

ri = Ci cos a- Cj  sin a 
rj = Ci sin a+ cj cos 

rp = cp V p  + i j  

379 

(2.1) 

This is sufficient to ensure norm invariance for the involved 
vectors : 

3) From a set of orthormalized column vectors 
that is 

C = ( c i  ,c2 ,... C m ) ,  

c + c  = I  (2.4) 

any EJR over C leaves the induced metric over the set invariant, 
that is, if: 

(2.5) R = J i jc  

then 

The same property is obtained if R=C Jij. 

4) I t  is well known that the product of a set of unitary 
matrices gives as a result a unitary matrix. Therefore, if S={i,j) 
is some set of active index pairs, and % = (  Jij) and attached set 

of EJR matrices, the product 
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(2.7) 

is a unitary matrix. 
5) A usual representation of a unitary matrix is the 
exponential form: 

where A is hermitean that is A + = A .  But one can also write 

ei* = cos A + i sin A (2.9) 

or using the well known representation of complex matrices, it 
can be written: 

cos A - s i n  A [ sin A cos A] 
cos A + i sin A = 

(2.10) 

Thus the EJR can be viewed as the simplest form of an 
exponential unitary transformation matrix, expressed in a real 
space. 

3. VARIATION OF QUANTUM MECHANICAL OBJECTS IN THE 
MO FRAMEWORK VIA ELEMENTARY JACOB1 ROTATIONS 

The use of EJR as a tool for Quantum Chemical purposes 

be based on the simple transformation of a couple of MO may 
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functions. 
Let us suppose that (11>,12>, ..., In>) are a set of monoelectronic 

functions, then choosing an active pair of indices (i.j) there can 
be defined an EJR of the MO pair (li>,lj>) as: 

li> -------> c li> - s Ij> 
Ij> -------> s li> + c Ij> 

taking into account that c2+s* =l .  

MO pair, rewriting simply: 
The above transformation can be put as a variation of the 

61i> = (c-1) li> - s Ij> 
6lj> = s li> + (c-1) Ij> 

Practical use of this transformation or variation scheme can 
be greatly simplified i f  i n  the MO framework one redefines the 
functions and integrals involved as quantum mechanical 
obiects  of first-, second-, ... n-th order following that they 
depend on one, two, ..., n active indices prone to be transformed 
through an EJR. 

Suppose that one is facing the transformation of any 
object bearing the active index pair ( i j ) .  Then, for example, 
the MO's (li>, Ij>) behave as  first-order objects, the 
monoelectronic integrals (h i i  ,hjj ,hij ) or the projectors (li><il, 
l ixjl ,  Ijxil,  Ij><jl) as second-order objects and so on. 

The interesting fact about this idea appears to be included 
in  the transformation mechanics under EJR of objects of any 
order, which can be deduced from recursive transformation of 
lower order ones, without any further need to derive a 
new expression for each MO structure. 

The general transformation algorithm can therefore be 
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described in the following form: 

a set of first order objects {[p]), then 
a) Given an active index pair ( i j )  and an EJR sine s, as well as 

b) First order objects transformation is defined as: 

[i] -----> c [i] - s ti] 
U] -----> s [i] + c u] (3.3) 

c) Second order objects transform by means of the algorithm: 

[iil = [ i l  @ [il ----> (c [i] - s ti]) @ (c  [il - s GI)  (3.4) 

that is 

(3.5) 

which can be written as a variation: 

and taking into account the relationships between sine and 
cosine, the expression is further simplified: 

Now, calling: 

A = uj] - [ii] 
B = [ij] + Gi] (3.8) 

one arrives, using the same procedure, at 
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S[ijJ = Slji] = - (s2 B + cs A) 
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(3.9) 

and also: 

Suj] = -s2 A + cs B (3.10) 

d)  Any other n-th-order object can be manipulated in the 
same way, as, for example, if an object is written as [81,82, ..., e n ] ,  

with e,=(i or j ) ,  then the EJR transformation can be deduced 

from any one of the direct products 

4. SOME APPLICATION EXAMPLES 

As application examples of the EJR algorithm let us first 
show t h e  variation of functions of second order objects as 
Density matrices and CI energy expressions. 

4.1. EJR on Monoconfigurational Density Matrices 

Using the expression 

D = w Ip> <pl 
P 

P 

for the first order density matrix it is easy to prepare the 
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expression for the EJR over an active pair ( i j ) ,  

D = C w 1p><p1 + wi li><i I + w. Ij><j I 
P J 

P + i j  (4.2) 

and using the previous results, for the variation of second- 
order objects to find that: 

2 G D = ( C I + - ~ ~ ) ( S  A - C S B )  
(4.3) 

where A and B are defined as in  the formulae (3 .8 )  
substituting the  second order objects by the appropriate 
projectors. 

4.2. EJR on CI Energy 

Another application example can be described in respect of 
the CI energy expression 

(4.4) 

where ( C p )  are variational coefficients and { H ~ Q )  the 
hamiltonian matrix representation over the configuration 
state functions. EJR here can be performed in  the active index 
pair { I ,J )  on the set (Cp) .  This is a case of mixed first- and 
second-order objects, as one can write, supposing real 
coefficients and symmetric matrix elements: 
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Then, after some manipulation 

2 
6E = (c-1) El, + s E, + s c El, + s Em 

(4.6) 

w h e r e  

if the gradient of 6E with respect to the rotation sine i s  found 

there is obtained 

- - -  - t EIo+Eol + c E l l  - s t E,, + 2 s Em= 
a Z~E 
a s  

= E,, + c El, + 2 s E,- t (El,- s El,  ) 

where t=s/c. So, if s-->O, c-->l  and thus t-->O 
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then at the extremum 

E, + Ell = 0 

This is the same as to obtain 

[ C ' H ] , C , - [  C'HIIC,=O 

(4.10) 

(4.1 1) 

which can be considered as a CI form of Brillouin theorem. 
Furthermore, this development is sufficiently general as to 

be considered a way to obtain the minimal eigenvalue and 
eigenvector of a symmetric matrix. 

4.3. EJR on Two-electron Molecular Integrals 

Two-electron integrals of the form 

transform under EJR as first, second, third, and fourth-order 
objects / l / .  Formulae for these transformations were deduced 
and published some time ago / 1 /  and will not be repeated 
here, but some properties may be useful to the interested 
reader in order to implement the present formalism. 
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4.3.1. Coulomb and Exchange integrals. 
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4.3.1.1: Considering the usual Coulomb and exchange integrals 

Jpi, Jpj, Kpi and Kpj it is interesting to note that 

6 Jpj = - 6 J . 
P 

a n d  

6 K  A . = - 6 K .  P 

(4.13) 

(4.14) 

4.3.1.2: Considering the integrals J i i ,  Jjj, Kii and Kjj then it  is 
easy to show, since J i i =  Kii and Jjj = Kjj, that 6Jii= GKii  and 

Concerning also Jij and Kij one can obtain a similar 

GJjj=GKjj. 

relationship, that is 

6 J . . = 6 K . .  
'J 'J (4.15) 

4.3.2. Invariants and relationships 

4.3.2.1 : The following integral expressions are invariant under 
an EJR: 

a) 6( J i i  + J . .  + 2 J. . )  = 0 

b) 6 (J i i+  J . . -  2 J . .  + 4 K. . )  = 0 

JJ  '1 (4.16) 

JJ 'J  1J (4.17) 
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4.3.2.2: Calling 

P =  J . . -  J . .  
11 J J  

Q = (i i I i j) + (ij  I j j) 

and using 

4 4  y = c  - s  

Q = s c  + s  c 3 3  

then 

P ---> y P  - Q Q 

Q ---> yQ + Q P 

4.3.2.3: If  now 

P = J i i +  J . .  - 2 J. . -  4 K . .  
LJ J J  1J 

Q = 4  [ (i i I i j) - ( i  j I j j ) ]  

a n d  

4 4 
y = c  - 6 s 2 c 2 + s  

2 2  
0 = 4 c s ( c  - s )  

(4.1 8) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

then 
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P ---> y P  - CJ Q 

Q ---> CJ P + Y Q  
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(4.23) 

The theoretical framework to obtain EJR variation formulae 
from any MO expression has been developed so far, the 
following sections will deal with useful computational cases. 

5. MONOCONFIGURATIONAL ENERGY EXPRESSIONS 

5.1. General Variation Structure 

Let us write the monoconfigurational energy in terms of the 
MO integrals as 

(5.1) 

where (op). (apq) and ( P p q )  are parameters depending on the 

state under consideration, ( h p q )  the monoelectronic hamiltonian 
integrals, ( Jpq)  the two-electron Coulomb integrals and { Kpq)  the 
exchange ones. 

Upon choosing an active orbital index pair ( i j )  and a rotation 
sine, variation of the energy through a EJR can be obtained 
from the preceding section. The net result is a fourth order sine 
polynomial 

G E = s c E l + s  2 E 2 + s  3 c E 3 + s  4 E4 
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for the energy variation, with the additional complication of 
the presence of a cosine factor in the odd terms. The 
polynomial coefficients (Ek) are complicated functions of the MO 
integrals and can be written using 

a . .  = a i i  - 2 a . . + a . .  
'J I J  JJ  

b . .  = p i i  - 2 p . .  +p. .  
I J  'J JJ  (5.3) 

a s  

E, = 4 4 I F. - Fi I j > 

E2=2 ( <i I F.-  Fil i > -  <j IF. -  FiI j > + 2 a . . K . . -  b. . (  J . .  + K.  . )  ] 

E, = 4 <i I Ji - J .  I j > (a, .  - b. .)  

E , = ( J i i + J . . - 2 J . . - 4  K . . ) ( a . . - b . . )  

J 

J J I 1  11 ' J  1J 1 J  

J 11  11 

(5.4) JJ  1 J  1J I J  1J 

where (Fi, Fj} are the Fock operators for the orbitals ( i j } ,  that is, 
for example: 

1 
Fi = ? m i h i +  ( a i p J p -  pipKp) 

P (5.5) 

being ( J p ]  and ( K p )  the usual Coulomb and exchange 
operators respectively. 

The interesting features of these coefficients can be 
summarized in the following points: 

a) El is no more than the Brillouin matrix element for 
orbitals ( i j ) .  Thus, at convergence, one must have El=(). This 
feature will be further discussed when describing sine 
optimization proceduresjn section 7.1.4. 
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b) E4 contains an invariant integral structure as has been 
previously obtained. 

c) E3, E4 are related by a quadruple rotation as described 
in section 4.3.2. 

d) E2 is the term which drives the sign of the hessian of 
the energy with respect to the sine, thus governing the 
structure of the energy minimum. 

Finally, Fock operators have been used in order to obtain 
compact expressions for the coefficients but they are not 
necessary, obviously, to the implementation of the algorithm, 
which can be entirely written over MO integrals. 

Application examples to various molecular structures will 
be shown in the multiconfigurational section, where 
the monoconfigurational MO space has been used as starting 
point for every calculation reported. 

5.2. The Roothaan-Bagus Atomic Energy as a Particular Case 

According to Roothaan and Bagus /7/, the energy of some 
atomic states can be written as a variational functional of 
two density matrices: the usual total density matrix 
containing all the occupied orbitals with their corresponding 
well known occupation numbers, and a second one, in which 
the occupation numbers for the doubly occupied orbitals are 
set to zero, namely, the open shell density matrix. 

In this way, two different sets of occupation numbers may 
be defined: OT , the classical ones, and the open shell 
occupation numbers: 0 0  which fulfill 
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The particular electronic state being computed is defined 
through a set of parameters which are included in the 
construction of the two-electron contribution hypermatrices 
called P and Q. These hypermatrices correspond to the total 
and open shell density matrices, respectively, and are built up 
in such a way that they behave as Coulomb terms in front of 
MO variation. 

In this way, the energy expression is written as 

where DT and Dg are the density matrices above mentioned, and 
H, P and Q are the one-electron hamiltonian and two- 
electron integral contribution h ypermatrices. 

Any Jacobi rotation between two MO's will simply modify 
both density matrices in the way described in section 4.1. 
Once these density variation expressions, see formula (4.3), are 
applied on the Roothaan-Bagus energy and after collecting 
terms of similar order the usual four-parameter expression for 
the energy increment (5.2) is obtained. The parameters are 
now defined by the formulae: 

E I = F : B  

1 
2 

E,= F : A + - Y B 

E 3 = X : B  

1 
4 2  

E = - ( X : A - Y : B )  

where F is the Fock matrix: 



Jacobi Rotations 

F = A- H + A- D, P - Amo Do: Q 

and X, Y two auxiliary matrices defined by: 

2 2 X = ( Ao,P - Ao,Q): A 

393 

(5.9) 

(5.10) 

being A, B, and A O T ,  A o o  defined as in formulae (3.8) and 

(4.3). 
When symmetry relationships are introduced in the 

calculation, it is important to realize that only the  submatrices 
corresponding to the rotating orbital symmetry have to be 
computed for both sets of matrices A, B and X, Y. 

the variational 
terms are the  integrals instead of the  density matrices, which 
become diagonal and their values equal to the occupation 
numbers. The Roothaan-Bagus energy expression can therefore 
be written as: 

If optimization is carried out in the MO basis, 

(5.1 1) 

with the same definitions as above for the a, h, P and Q, but 

now, these last three must be considered calculated on the MO 
basis. 
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The variation of the integrals under a single Jacobi rotation 
over an active pair of orbitals ( i j )  has already been defined 
in  section 4.3, and noting that both P and Q hypermatrices 
transform in the same way, these expressions alone will 
suffice, through substitution in the energy expression, to obtain 
the formulae for the definition of the  energy variation 
parameters : 

E , = 2  A T  [ h i j +  okP(i j I kk)] - 2Awe c opQ(i j  I pp) 
k F O  

E2=2A% [ ( h i i -  hjj)  + C ok( P(i i I kk) - P(i j I kk)) + 
k 

+ 2 A 4  P( i j I i j) - 2Aoe[ c op(Q(i i I pp) - Q(i j Ipp) )I - 
PEO 

2 - 2 Ao,Q( i j 

E, = 2A% [ P(i 
2 

. n  

i j) 

I i j) - P(i j I j j)] - 2Aoi[Q(i i I i j ) -  Q(ij I j j)] 

E,= ‘A< [ P(i i I i i) + P( j j I j j) - 2P( i i I j j) - 4 P(i j I i j) ] - 

--Am:[ Q(i i I i i )  +Q(i j I j j) ~ 2Q(i i I j j) - 4 Q ( i j  I ij)] 

2 

1 
2 

(5.12) 

This expression toghether with the ones that perform the 
rotation of the h, P and Q integral sets , provide the  algorithm 
to implement the Jacobi rotation method on the MO basis using 
the Roothaan-Bagus energy expression. 

Both algorithms were implemented on a highly modified 
version of Roos, Salez, Veillard and Clementi atomic program 
/8/ and tested for a very large number of the calculations 
reported by Clementi and Roetti /9/. 
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6. MULTICONFIGURATIONAL ENERGY EXPRESSION 

In the initial work 111 a general review on SCF methodology 
was presented, but as time has passed by we think 
meccesary an updating of the state of the art in this field. For 
this purpose i t  will be presented a broad analysis of the 
development of multiconfigurational techniques covering the 
1980-1 987 period. 

During this years some reviews have appeared. The first one 
is due to Hinze 1101. Inside a report edited by Dupuis 1111 one 
can find some other revision articles, as the one due to Dietrich 
and Wahl. Another excellent review is due to Olsen et al. 1121. 
Finally, Almlof and Taylor reviwed t h e  implementation on 
vector-oriented hardware, while some of the chapters in the two 
volume series 

Other contributions in this field deal on some especific 
subjects as follows: 

Unitary transformations had been studied by Polezzo and 
Fantucci 115, 16, 171, Matsen and Nelling 1181, and Fantucci et 

al. 1191. 
Stability and initial vectors had been discussed by Levy 1201, 

general theoretical and optimization problems had been 
studied by Mukherjee 1211, McCullough 1221, Igawa et al. 
1231, Lengsfield 1241, Polezzo and Fantucci 1251, Lengsfield 
and Liu 1261, Polezzo 1271, Werner and Meyer 1281, 
Ishikawa 1291, Siegbahn et al. 1301, Brooks et al. 1311. 

General convergence problems and other aspects had been 
treated by Yurtsever 1321, Das 1331, Camp and King 1341, 

were dedicated to the MCSCF methodology. 
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Baushlicher et al. 1351, and Werner and Knowles 1361. 
During this period, Joergensen's group has made a large 

contribution to this subject, as the interested reader can find 
in references 1371 to 1471. 

After facing the cumbersome but simple problem of integral 
energy transformation in EJR techniques, and having solved 
and used i t  in atomic and molecular monoconfigurational 
frameworks, we managed to construct a multiconfigurational 
code, ARIADNE, which has been evolved through the various 
hardware facilities available to us. The following 
theoretical discussion was tested and results were obtained by 
means of a VAX-11 version of the ARIADNE program. 

6.1. Variational Structure 

The use of unitary transformations in MCSCF procedures is 
a common practice in  Quantum Chemistry today. The most 
extended type of unitary transformations are the exponential 
ones, introduced by Levy /48/ ,  defined using the following 
equation: 

The implementation of this type of transformation in 
the multiconfigurational problem has been very successful 
when associated with energy direct minimization. Newton- 
Raphson or related techniques have been used for this task 
1441. The problem in these implementations is the 
truncation normally done on the exponential transformation 
during the computational process, either by the use of the 
Taylor expansion of the exponential 



Jacobi Rotations 

U= exp(X) = 1 + X + (1/2) X*X + ... 

397 

(6.2) 

or by the use of the Haussdorf transformation 

H'= exp(-X) H exp(X) = H+[H,X]+ 0.5* [[H,Xl,Xl+ ... (6.3) 

In both cases, the energy increment in each transformation is 
given by the approximate formula truncated at the second order 

El- E G g*X + 0.5 * X* G *X (6.4) 

where g is the gradient and G the hessian matrix of the 
energy with respect to the variational parameters X. The direct 
consequence of such a truncation is that these methods are n o  
longer exact and, therefore, one needs to use a Newton- 
Raphson iterative procedure in order to find the solution. 
Very efficient techniques have been described in the literature 
in order to optimize the performances of the process. An  
excellent review of some of these techniques be found in 
the work of Olsen, Yeager, and Joergensen /14/. 

The Elementary Jacobi Rotations can be taken as an 
alternative form for the unitary matrix transformation of the 
multiconfiguration energy. The exponential and the EJR forms 
of the unitary matrix can be related through the 
expressions,already discussed in section 2.5, because the EJR 
are the minimal parts in  which the exponential 
transformations can be divided . 

Based on the EJR technique it is possible to develop a 
new procedure for MC energy optimization with no truncation 
in the energy increment expressions. Therefore, this formalism 
may be more powerful than those based on the exponential 

can 
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transformations. In the following sections we will study the 
general properties of the MC method based on EJR, comparing 
some of our results with those obtained from t h e  exponential 
tran s f or ma t i on s . 

6.2. Structure of MC Elementary Jacobi Rotations 

Using the same conventions previously introduced one 
can distinguish between two types of rotations: The MO 
rotations and the CI coefficients rotations of the MC vector, 
which appear in a CI wavefunction 

Y = C G I K >  
K 

where IK> are the chosen polyelectronic basis functions. 
Each MO EJR transformation is defined as in the 

monoconfigurational case, see formulae (3.1). whilst the CI 
rotations are similarly defined on the coefficients of the MC 
vector as in formulae (2.2). 

Application of such transformations to the electronic 
energy expression: 

-1 = oij 4 I h I j > +  C y i j k l < i  j I r21 k 1 > 
i j  ijkl 

generates the energy increment for each rotation. In order 
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to simplify the problem one can suppose that the CI and MO 
rotations are mutually independent. Thus, a two-step iteration 
MC formalism is obtained, which can be resumed in the 
equations: 

where 6, y are the CI rotation sine and cosine respectively. 

2 3 
AE = El, (c-1) + (Eel + Ell C)S + (Ea +E,, C) s + (Ea + El, C)S + 

4 + EWs 

where s,c are the MO rotation sine and cosine respectively. 
Both polynomials define completely the structure of the EJR 

MC procedure by means of the values of the coefficients 
t a b  and Eab. The equations used to compute the MO coefficients 

can be found in Appendix 1 .  
In  order to find the optimal rotation one only needs to 

compute the absolute minimum of each polynomial with 
respect to the MO and CI rotational sines. This can be done 
using a Newton-Raphson or any related technique, in  a 
very simple way, as will be shown in the section 7. Once the 
computed optimal sines are known, one can obtain the value 
of the electronic energy increment for each rotation and 
compute a new set of values for MO and CI coefficients. 
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The CI-MO Computation Algorithms 

Jsing the equations described in section 6.2, it is possit le to 
compute the optimal rotation for each pair of MO or CI 
coefficients until convergence. As in the monoconfigurational 
case, the process can be simplified for the MO rotations if one 
takes into account the fact that rotations between orbitals of the 
same shell or of different symmetry species keep invariant the 
electronic energy. Similarly one can apply the same symmetry 
considerations to the CI rotations. A scheme of the whole 
MC computational process is described in Appendix 2. 

converge i n  
one iteration if no coupling between the MO's and CI 
coefficients is present, and the MO rotations are f u l l y  
independent one from the other. However, this is an ideal 
situation, because in  practice the rotation of a pair of MO's 
changes the remaining orbital structure. This is not 
surprising if one considers that each MO rotation is a step 
forward in the diagonalization of the generalized Brillouin 
matrix, F a b  

are generalized Fock operators, and i t  is well known that i n  
Jacobi matrix diagonalization each off-diagonal element 
anihilation produces some changes i n  the remaining matrix 
elements. The considerations made above are a direct 
consequence of the structure of the coefficients of the MO 
energy increment polynomial, as it  is shown i n  Appendix 1, 

where i t  can be seen that the molecular integrals are 
present everywhere. 

Due to the MO coupling, the procedure given in  Appendix 2 
has an iterative form in which the rotations in the MO space 
are repeated until  convergence. 

The MC procedure, as given in Appendix 2, will 

whose elements are defined as: 41 Fij-Fji Ij>; where 
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Because of the couplings within the CI coefficients rotation 
scheme, a similar iterative procedure is necessary for this part. 

Finally, the coupling between MO and CI coefficients, 
although small, as can be seen in Tables I11 and IV, forces 
repetition of the two MO and CI rotation schemes. 

Depending on the case and precission, each partial 
process converges in few iterations. 

A n  alternative procedure, hereafter identified as algorithm 
MC-B in order to distinguish it  from the previous one which will 
be called algorithm MC-A, can be constructed from the one 
described in  Appendix 2. It  will be sufficient for this 
purpose to skip the MO and CI internal iterative steps, keeping 
the external loop, until convergence is reached. 

6.4. Results and Discussion 

6.4.1. Global convergence tests 

In  order to study the behaviour of the EJR algorithms 
the computations of Wood and Veillard on the H2 molecule 
/49/ have been repeated, owing to the fact this is one of the 
tests normally used in the exponential MC methods. The 
results are included in Table I .  

As can be seen in Table I ,  algorithm MC-A does not converge 
in  one iteration but almost quadratically in the same 
number of iterations as the fu l l  Newton-Raphson exponential 
technique. This is due, as it is shown in Table 11, to the 
existence of a small coupling between the MO and CI rotations 
after the first iteration which is significative at the degree of 
precission used (1.0~10-8 a.u.). It must be noticed that for this 
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TABLE I. Total energy (a.u.) computed by different MC 
methods for the H2 molecule in its ground state. The basis set 
and geometry are those of Wood and Veillard /49/. 

METHOD 

Exact Algorithm MC-A 
ITERATION exDonentiala (this work) 
0 -1.1341 1C - 1.13268666d 
1 - 1.15089 - 1.15 129 176 
2 - 1.15 130 - 1.15 130474 
3 -1.15131 - 1.15 130503 
4 
5 
6 
7 
8 

Algorithm MC-B First order 
(this work) MC methodh 

-1.13268788d -1.1341OC 
- 1.15 121 878 - 1.13956 
-1.15130498 -1.14883 
- 1.15 130503 -1.15087 

- 1.15 122 
- 1.15 129 
- 1. I51 30 
- 1.15130 
-1.15131 

(a) Results taken from reference 61. 
(b) Results from 

SCF value. 

reference 49. A good starting point or level 
shifting used. Otherwise the process converges to the 

(c) After a CI computation (see ref. 49). 
(d) After the SCF result. The result obtained in  a complete CI 

with this basis set is -1.16838 a,u. , the exact energy being 
-1.1745 a.u. /49/. 

molecule algorithms MC-A and MC-B give the same final 
result in the same number of global iterations. 
Furthermore, the results of both algorithms are invariant upon 
the choice of starting CI and MO coefficients. 

In order to complete the study we have also tested the 
convergence of both algorithms for the Li2 system ground 
state,taking as reference the MC results of Lengsfield /50/. The 
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TABLE 11. Structure of the electronic energy increment 
(a.u.) using algorithm MC-A on the H 2  molecule in its ground 
state and at the equilibrium geometry (r(H-H)=l.4 a.u.). The 
basis set used is the uncontracted 5s of Huzinaga (ref. 59) 
plus a set of p orbitals with exponents 0.9 . 

ELECTRONIC ENERGY INCREMENT . 
ITERATION ENERGY CI MO . 

0 -1.84697237 -0.01297389 -0.005631 18 
1 -1.86557746 -0.00001 132 -0.00000166 
2 -1.86559045 -0.00000024 -0.00000003 
3 - 1.86559072 -0.00000001 -0.00000000 
4 - 1.8655907 3 

TOTAL ENERGY = - 1.15 130503 

TABLE 111. Variation of the electronic energy (a.u.) during 
the MC computation using the algorithm MC-A on the ground 
state of the Li2 molecule. The internuclear distance is set to 2.5 
a.u. and the basis set is given in  reference 50. 

ELECTRONIC ENERGY INCREMENT. 
ITERATION ENERGY CI MO . 

0 -18.31803889 -0.00281 133 -0.00252618 
1 -1 8.32337641 -0.00643254 -0.00053385 
2 -1 8.33034282 -0.00006846 -0.00000526 
3 -18.33041655 -0.00000021 -0.00000012 
4 -18.33041688 

TOTAL EJR ENERGY = - 14.7304 1687 
TOTAL ENERGY a = -14.73041770 

(a) Result obtained by Lengsfield (ref. 50) using a Full  MC 
exponential method after 4 iterations. 
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TABLE IV. Variation of the electronic energy (a.u.) during 
the MC computation using algorithm MC-B on the ground 
state of the Li2 molecule. The internuclear distance is set to 2.5 
a.u. and the basis set is given in reference 50. 

ELECTRONIC ENERGY INCREMENT . 
ITERATIONS ENERGY CI MO 

0 -1.831818370 -0.00275609 -0.00223826 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 1  

-1  332317806 
-1.833038739 
- 1.83304 1 347 
-1.833041529 
-1.833041615 
- 1  333041656 
- 1 A33041676 
- 1.83304 1685 
- 1.833041689 
- 1 33304 1692 
-1.833041693 

-0.00666303 
-0.oooO2246 
-0.00000000 
-0.00000000 
-0.00000000 
-0.00000000 
-0.00000000 
-0.00000000 
-0.OOO00000 
-0.00000000 
-0.000oooo0 

-0.00054629 
-0.0000036 1 
-0.OOOOO 182 
-0.00000086 
-0.0000004 1 
-0.00ooOO 19 
-0.00000009 
-0.00000004 
-0.00000002 
-0.0000000 1 
-0.00000000 

TOTAL ENERGY = -14.73041693 

results for this molecule, which are s h o w n ~  in Table 111 and 
Table IV for algorithms MC-A and MC-B respectively, are 
similar to those reported for the H2 molecule; namely, the 
convergence when using algorithm MC-A is found in 4 iterations 
and not in only  one, due to the  existence of a coupling 
between MO's and CI coefficients. Algorithm MC-B needs more 
iterations in order to reach the same final result, and has after 
t h e  first three iterations a linear convergence behaviour 
instead of the quadratic shown by the algorithm MC-A. 
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6.4.2. Structure of each EJR rotation. 

As was stated before, the structure of each EJR rotation is 
fully defined by the values of the  characteristic parameters 
c a b  and Eat, for t h e  CI and MO rotations, respectively. The 

energy parameters seem arbitrary but, in practice, their 
values present some relationships wich simplify notably the 
form of the polynomial. The values of those parameters for 
the first iteration, included in the Table V for the Li2 molecule 
computation, are a good example of this fact. The values found 
show that, for the MO rotations, the Eo3, E12, E o l ,  and El 0 

coefficients are nul l .  Therefore, the energy variation polynomial 
shape is defined by the  remaining four parameters, and, in 
particular, by the dominant one, the E02 parameter. Only when 
this parameter is small enough the optimal sine has a value 
which is significatively different from zero. 

Some systematic study has shown that the polynomial shape 
is only affected by the relative weight of the E04 term against 
the E02 one. I n  the polynomial structure, one can appreciate 
three different parts: when E02 > 0 where only one minimum 
at s=O is present, next when E02 < 0 then two minima at values 
of the sine +1 appear, and finally when E02 = 0 in which 
case the situation depends on the particular problem and there 
can be more than one minima. Therefore, one needs good 
optimization algorithms in order to locate the absolute minimal 
energy sine value. 

Finally, again for Li2, Table V also illustrates that at the end 
of the iterative process, at sweep 7, the sum of El1 and E o l  
must be n u l l ,  a consequence of the Generalized Brillouin 
theorem. 

In the case of the CI rotations, as seen in Table VI the 

and -1 



406 Ramon Carbi, Joan Miro, Lloreng Domingo, and Juan J. Novoa 

TABLE V. Values (in a.u.) of the non-null Eij coefficients of 
the MO energy increment for the first MC iteration of the 
Li2 molecule given in Table IV. The optimum sine (s) and the 
computed energy increment with this sine (in a.u.) are also 
given for the first two and the last EJR sweep whose number is 
also indicated. Only those rotations giving energy increments 
greater than 1 . 0 ~ 1 0 - ~ ~  a.u. are included in the table. 

ROTATING 
SWEEP MO' 

1 3 - 1 '  0.%5%&- 
4 - 2 0.3162 0.4902 
5 - 1 -0.1258 -0.4356 
5 - 3 -0.0209 -0.1655 
6 - 2 0.6857 -0.2948 
6 - 4  0.0004 0.0007 
7 - 1 0.0896 0.3382 
7 -  3 0.0041 0.0783 
8 - 2 -0.1898 -0.3898 
8 - 4  

2 3 - 1  
4 - 2  
5 - 1  
5 - 3  
6 - 2  
6 - 4  
7 -  1 
7 - 3  
8 - 2  
8 - 4  

0.0008 
0.0054 
0.6998 
-0.1226 
-0.0127 
0.3289 

0.0935 
0.01 14 

0.0013 

-0.0004 

-0.2337 

-0.00 19 
0.0036 
0.2366 

-0.4529 
-0.1588 
-0.4692 
-0.oOoo 
0.348 1 
0.0752 

-0.3889 
-0.001 8 

A2 
0.043 1 
0.0526 
6.7793 
2.1898 
5.439 1 
0.008 1 
7.9691 
3.31 17 
9.2903 

-0.0036 
0.0012 
0.0141 

-0.0000 
-0.0 172 
0.0003 
0.0131 

-0.0009 

E l  1 s  
-0.OT20 0.1348 

0.0003 
-0.0001 
-0.0032 
-0.oooO 
0.5285 
-0.oooO 
-0.0020 
0.0001 

0.0528 -0.01 28 
0.0562 0.0037 
4.6245 0.0019 
6.7888 0.0001 
2.1915 -0.0046 
6.0079 -0.0022 
0.0201 0.0046 
7.9747 0.0006 

9.3618 0.0003 
3.3067 -0.0023 

0.0548 -0.0046 

0.1195 
-0.0333 

ENERGY 
INCREMENT 

-0.00082209 
-0.00000064 
-0.00000006 
-0.oooO2294 
-0.00000000 
-0.00533516 
-0.00000000 
-0.oooO1296 
-0.00000002 

-0.0002 
-0.oooO 
0.00 10 
0.0002 

-0.1 127 
-0.000 1 
0.0003 

-0.oooO 
0.042 1 

-0.00000019 
-0.00000000 
-0.00000244 
-0.00000020 
-0.00026236 
-0.00000001 
-0.00000040 
-0.00000000 
O.oooO9747 

7 3 - 1 0.0058 0.0029 0.0557 -0.0000 0.oooO -0.OOOoooOO 
4 -  2 -0.0125 -0.1588 4.6468 -0.0000 0.oooO -0.00000000 
5 - 3 -0.0125 -0.1588 2.1916 0.0007 -0.0002 -0.00000005 
6 - 4 -0.OOO1 0.0002 0.0205 0.0000 -0.0007 -0.00000001 
7 - 3 0.0112 0.0754 3.3071 0.0007 -0.0001 -0.000oooO3 
8 - 4 0.0015 -0.0017 0.0549 -0.0000 0.0003 -0.00000000 
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TABLE VI. Values (in a.u.) of the non-null €,ij coefficients of 
the CI energy increment for the first MC iteration of the Li2 
molecule computed with the same basis set as in Table IV 
with a CI space of 20 configurations. The optimum computed 
energy increment (in a.u.) is also given. For the first two sweeps 
all t he  rotations giving energy increments greater than 
1 .Ox1 0-6  a.u. are included. Only the 5-1 rotation is shown in the 
last sweeps. 

ROTATING CI 
SWEEP COEFFICIENTS 
- -_______- ..................... 

1 4- 1 
5- 1 
6- 1 
6-4 
6-5 

13-1 
15-1 
16-1 
16-5 
17-1 

510 501 
-------- -------- 

0. 0. 
0. -0.004 
0. -0.007 
0.006 -0.001 
0.006 -0.001 
0.006 0.006 
0.006 0. 
0.008 -0.016 
0.006 -0.002 
0.010 0.017 

511 502 
-__----- -------- 
-0.015 4.970 
-0.017 2.967 
-0.100 0.910 

-0.007 0.008 
0.002 0.014 

0. 7.142 
0.204 9.069 
0.185 7.365 
0.002 0.001 

-0.089 5.601 

ENERGY 
INCREMENT 

-0.oooo12 
-0.oooO35 
-0.003 14 1 
-0.000002 
-0.00 1274 
-0.000001 
-0.001 149 
-0.000964 
-0.OoooO3 
-0.000234 

20- 1 0.010 0.017 0. 9.735 -0.OoooO7 
2 5- 1 0.013 -0.137 0.110 2.956 -0.oooO62 

5-4 0.003 0.001 0. 0.002 -0.OoooO5 
6- 1 0.008 -0.057 -0.001 0.915 -0.000893 
6-5 0.009 0. -0.006 0.024 -0.00034 1 

15-4 0.002 0. -0.001 O.OO0 -0.000013 
15-5 0.009 0.004 -0.003 0.007 -0.000003 
20- 1 0.014 0.025 -0.017 9.690 -0.OooOo2 

3 5- 1 0.020 -0.206 0.188 2.940 -0.000026 
4 5- 1 0.025 -0.244 0.234 2.928 -0.OooOo9 
5 5- 1 0.028 -0.266 0.260 2.921 -0.OoooO3 
6 5- 1 0.029 -0.278 0.275 2.916 -0.000001 

.... 
11 5- 1 0.032 -0.293 0.293 2.910 - 0 . ~ 6 0 0 0  
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structure of the EJR rotations is very simple. At convergence, 
Generalized Brillouin Theorem holds and therefore imposes that 
the sum 5 0  1 + 5  1 1  becomes cero. As a consequ,ence, the 
magnitude of the rotation sine will be strongly related with the 
evolving values of 501 and 51 1 .  The convergence is normally 
achieved in few iterations, when the number of configurations 
is small. 

6.4.3. Extension to other molecular systems 

In  order to test the general validity of the previous results, 
first we have applied algorithm MC-A to a set of diatomic 
systems, shown in  Table VII. In all the cases, we have used SCF 
MO's as starting point. The "split valence" basis set of Dunning 
and Hay /51/ was used for each atom and the interatomic 
distances were taken from the work of Snyder and Basch /52/ 
or, i f  not quoted there, as the experimental reported value. 
Almost quadratic convergence is obtained in all cases. The 
number of MO iterations needed in  each global iteration varies 
w i t h  the number of orbitals present, as expected. 
Furthermore, we have also verified the invariance of the final 
result from the starting point. 

Results for some polyatomic molecules, given in Table VIII 
using Algorithm MC-B, show a similar behaviour. 

6.4.4. On choosing the CI space. 

In order to obtain information on the best CI space we 
have carried out a systematic search with a different 
number of configurations on the  helium atom using a STO 
triple zeta quality basis set. The results are given in Table IX 
and show that the best convergence with optimum correlation 
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TABLE VII .  Total energy for the ground state of various 
diatomic molecular structures studied using the Algorithm 
MC-A 

num.num. E(SCF) num. E(MC) num. 
MOLECULE orb. el. (a.u.) conf. (a.u.) iter. C(SCF) 
---------------- ----- ___--- ____-----______--__ __---- ___------__------- ----- -__------ 
H2 16 2 -1.13268787 2 -1.15130503 3 0.994 
LiH 11 4 -7.98243979 2 -7.98349017 6 0.999 
Liz 8 6 -14.71814758 2 -14.73041693 3 0.968 
BeH 11 5 -15.14360491 2 -15.15449758 3 0.996 
CH+ 11 6 -37.88516611 2 -37.90448079 4 0.994 
CH 11 7 -38.25735724 2 -38.27569839 5 0.994 
NH 11 8 -54.94899181 2 -54.97034529 4 0.993 
OH+ 
OH 
OH- 
c2 
Be0 
CN 
FLi 

1 8 -74.96433590 
1 9 -75.38088047 
1 10 -75.34782807 
8 12 -75.35644086 
8 12 -89.39400793 
8 13 -92.14880317 
8 12 -106.96395611 
8 13 -108.29770309 

2 -74.98674456 
2 -75.40549505 
2 -75.37201 130 
3 -75.41475156 
2 -89.40884632 
3 -92.2 124291 8 
2 - 106.9765 1066 
3 -108.30286184 

0.994 
0.993 
0.992 
0.964 
0.995 
0.965 
0.997 
0.999 N2+ 

N2 18 14 -108.87813657 3 -108.94795882 4 0.966 
co 18 14 -112.68483960 3 -112.73475610 5 0.979 
BF 18 14 -124.08140340 3 -124.10727997 4 0.997 
NO 18 15 -129.19383614 2 -129.23964110 4 0.975 
oz 18 16 -149.57112871 3 -149.60159868 4 0.992 
F2 18 18 -198.70749705 2 -198.78989444 5 0.960 
F2- 18 19 -198.81385465 2 -198.81689740 4 0.999 
A H  20 14 -242.42947043 2 -242.44235399 4 0.999 
SiH 20 15 -289.23178590 2 -289.38999376 4 0.999 
PH 20 16 -341.24176813 2 -341.25451937 4 0.999 
SH 20 17 -398.03741786 2 -398.05039714 4 0.999 
HC1 20 18 -460.03030032 2 -460.04303296 4 0.999 
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T A B L E  V I I I .  Total energy (in a.u.) with the selected 
configurations for the ground state of some polyatomic 
molecules. Snyder and Basch geometry (ref. 52), the basis set 
given by Dunning and Hay (ref. 51), and Algorithm MC-B are 
used. 

Number of 
Molecule Svmmetrv &-& mte functions Total Energy Iterations 
CH2 C2v 'A1 1 -38.848867 

95 -38.901893 8 

N2H2 C2h 'Ag 1 - 109.697 17 1 
8 -109.713451 8 

H2CO C2" 'A' 1 - 1 13.827063 
12 - 1 13.877026 4 

CH3OH Clh 'A' 1 - 1 15.004535 
12 - 1 15.033926 6 

energy is obtained when the CI space is formed by the 
reference configuration plus all the double excitations from that 
one, or, alternatively, using a complete active space for the 
selected AO's. The conclusion that for a two electron system the 
best MCSCF function consists of the reference function and all 
the double excited ones, is a reformulation of the fact that, 
using natural orbitals, the f u l l  CI function may be written i n  
terms of configurations consisting of a doubly occupied 
orbital only /53, 54/. In the cases where the configurational 
space was highly insuficiently described the process failed to 
converge in a reasonable number of iterations using either 
Algorithms MC-A or MC-B. 
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TABLE IX. Total energy (in xu.) computed by different 
configurational spaces for the Helium atom using a STO of 
triple zeta quality basis set. The configurations included in each 
case are indicated by the values of the coefficients when the 
process converges, otherwise are not shown. The criterion of 
convergence is set toI.Ox10-6 a.u. 

Configurations selected 
__--____________________________________----------- 

( I S , ] ~ )  (ls,2s) (2s,2s) (ls,3s) (2s,3s) (3s,3s) ----- -_--- __--_ __--_ _____ -___- ----- ----_ ___-_ _____ _____ _____ 
0.9708 -0.2367 -0.0358 -0.0066 -0.0067 -0.0048 
0.9705 -0.2384 -0.0360 -0.0059 -0.0002 
0.9706 -0.2377 -0.0362 -0.0069 -0.0043 
0.9706 -0.238 1 -0.0356 -0.0072 -0.0048 
0.9396 -0.3413 -0.0176 -0.01 86 -0.0088 
0.9979 -0.0623 -0.01 34 -0.01 15 -0.0054 

0.3573 -0.9330 -0.0080 0.0415 0,0035 
0.9705 -0.2382 -0.0361 -0.0072 
0.9703 -0.2393 -0.0358 -0.0017 
0.9349 -0.3547 0.0035 -0.002 1 
0.9978 -0.0634 -0.0166 -0.0oO8 
0.9703 -0.239 1 -0.0359 -0.0043 
0.9979 -0.0634 -0.0138 -0.0043 

0.9380 -0.3460 -0.0184 -0.0072 
0.9979 -0.0622 -0.0 12 1 -0.0056 

0.9980 -0.0084 -0.001 1 -0.0633 
0.9977 -0.0012 -0.0232 -0.0632 

0.9702 -0.2396 -0.0357 
0.9978 -0.0634 -0.0 145 

0.3573 -0.9340 -0.0006 
0.9351 -0.3544 -0.0017 
0.9980 -0.0635 -0.00 12 

0.3576 -0.9339 0.0070 
0.9702 -0.1712 0.1713 

0.9351 -0.0019 -0.3545 
0.9980 -0.0634 -0.0043 

0.3575 -0.9338 -0.0030 0.0044 

0.3576 -0.9338 0.0066 0.0044 

0.3578 -0.9338 0.0043 

Total 
Energy --__-_-_ __-___-_ 

-2.8784 17 
-2.877850 
-2.878417 
-2.878417 
-2.878417 
-2.8784 17 
-2.8784 17 
-2.877846 
-2.877846 
-2.877846 
-2.877882 
-2.878417 
-2.878417 
-2.8784 17 
-2.8784 17 
-2.8784 17 
-2.8784 17 
-2.877846 
-2.877846 
-2.877846 
-2.877885 
-2.877846 
-2.877846 
-2.877846 
-2.877846 
-1.349630 
-2.877846 
-2.878417 
-2.87841 7 

Global 
Iterations _--_-- _--___ 

1 
27 

2 
2 

22 
2 

24 
2 

16 
23 
20 
3 
3 

26 
23 
2 

24 
27 
20 

3 
3 

26 
24 
17 
24 
49 
53 
4 

25 
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TABLE IX (Continued) 

Configurations selected 
................................................... Total Global 

0.9979 -0.0128 -0.0633 
0.9994 -0.0333 -0.0026 

0.9980 -0.0012 -0.0635 
0.9980 -0.0012 -0.0633 

0.9998 -0.0177 -0.0025 
0.9978 -0.0155 -0.0633 

0.3168 -0.1664 -0.9338 
0.9980 -0.0634 

0.3578 -0.9337 
0.9994 -0.0333 

0.9999 -0.0097 
0.9999 -0.0097 

0.9998 -0.01 82 
0.9352 -0.3539 

0.9232 -0.3843 
0.9980 -0.0634 

0.9999 -0.0025 
0.9979 -0.0634 

0.3577 -0.9338 
0.3576 -0.9338 

1 .m 
1 .m 

-2.877846 
- 1.3019 15 

-2.877846 
- 1.3019 15 
-2.877846 
-2.877846 
-2.877846 
-2.877846 
-1.301722 
-2.863280 
-2.863280 
- 1.301722 
-2.877846 
- 1.301722 
-2.877846 

-2.877846 

-1.301908 
-2.877846 
-2.877846 
-2.877846 
-2.861671 
- 1.301 585 

5 
3 

21 
27 
3 
5 

22 
3 

25 
2 
3 
2 
2 

86 
2 
5 
3 
5 

25 
25 

1 
1 

6.4.5. On choosing the active orbital space. 

In light of the previous results on helium, in  the 
construction of state functions we used a limited number of 
active MO, and on them we performed a complete set of 
excitations. The procedure is related to a similarity measure 
between density functions attached to the occupied MO. The 
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algorithm can be described with the following scheme: 
a) A set of occupied MO's is chosen (lil>,li2>, ... lin>). 
b) A set of virtual MO's is chosen ( I v ~ > , I v ~ > ,  ... hn>) in such a 

way as the pairs (li1>,lvl>), (li2>,lv2>), ... (lin>,lVn>) are 
most similar according to the measure 

where (iilvv) are Coulomb integrals involving the 
occupied-virtual MO pair (li>,lv>). The similarity measure 

r(i,v) is nothing more than a correlation coefficient between 
the  density functions of the MO pair. 

The meaning of r(i,v) is such as li> is more similar to Iv> 
then r(i,v) --->1. Therefore, given any occupied MO li>, the 
virtual pair Iv> is chosen as to fulf i l l  max[v'](r(i,v')). 

c) A complete excitation set of state functions is built 
from (lil>,li2> ,... lin>) and (Ivl>,lv2> ,... Ivn>]. 
The underlying idea of this kind of virtual MO selection 

consists of maintaining as constant as possible the density 
of the  basic configuration when substituting the MO li> by the 
most similar virtual Iv>, in an attempt to provide in this 
manner t h e  highest  interaction between t h e  or iginal  
determinant and the new ones. 

Following the previous procedure, we have performed 
some computations on the ground state of the water molecule, 
which can be found in Table X,  in order to have some 
information on how many and which symmetry type the 
occupied MO, selected as active, must have. Optimal results 
were obtained when every symmetry species was 
represented in  the occupied active space. 
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TABLE X. Dependence of the total energy (in a.u.) with the 
selected configurations for the ground state of water. Snyder 
and Basch geometry (ref. 52),the basis set given by Dunning 
and Hay (ref. 51), and algorithm MC-B are used. The selected 
configurations are a complete active space defined by the active 
orbitals whose ordinal numbers are shown. The SCF reference 
energy, is -76.000945 a.u. 

Active orbitals 

la1 2al lbl 3a1 2b2 state functions energy Iterations 
Number of Total ........................ 

---- ---- ---- ---- ---- ----------______- -------------- ----------- 
1 3 -76.003430 17 

2 3 -76.014813 6 
3 3 -76.011140 2 

4 3 -76.014813 19 
5 3 -76.016043 3 

1 2  12 -76.017983 7 
1 3 8 -76.0 13830 2 1 
1 4 12 -76.017982 15 
1 5 12 -76.054142 7 

2 3  12 -76.040079 8 
2 4 20 -76.029336 4 
2 5 12 -76.054142 6 

3 4  12 -76.040784 20 
3 5 12 -76.040649 3 

4 5  12 -76.054142 11 
1 2  4 100 -76.032476 4 
1 3 5 55 -76.088017 8 

2 3  5 55 -76.088017 7 
2 4 5  95 -76.078172 5 

3 4  5 55 -76.088017 14 



Jacobi Rotations 415 

TABLE XI. Total energy (in a.u.) and optimum geometry (bohrs 
and degrees) computed using mono- and multiconfigurational 
EJR methods for various molecules in the given state. The 
number of state functions used as basis set is also given. 

Geometry 
State Total 

functions Energy 
--------___ ____---------- 

1 -25.739455 
23 -25.753884 

1 -38.810618 
59 -38.830790 

1 -38.909755 
28 -38.929805 

1 -38.891992 
10 -38.906385 

1 -38.859876 
33 -38.901 139 
37 -38.905188 

1 -38.552996 
23 -38.57 1390 

1 -38.545720 
14 -38.563882 

1 -55.479463 
56 -55.531094 

1 -55.498149 
59 -55.522335 

1 -55.539397 
49 -55.592828 

1 -55.492833 
75 -55.510087 

_______________----- 
r(A-H) @(HAH) 

2.27 128 
2.28 128 
2.07 132 
2.08 133 
2.05 130 
2.07 128 
2.03 180 
2.04 180 
2.11 106 
2.13 103 
2.14 105 
2.08 139 
2.10 138 
2.07 180 
2.09 180 
1.98 103 
2.05 101 
1.89 143 
1.91 143 
1.95 108 
2.01 106 
1.88 180 
1.90 180 

_________- ---------- 
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TABLE XI (Continued) 

State Total 
Molecule State functions Energy 
-------____ __---- ------_____ __------------ 

NH2+ 3Cg- 1 -55.191655 
3 -55.209092 

"41 1 -55.111118 
* 37 -55.161953 

I420  'A1 1 -76.002172 
55 -76.09063 1 
56 -76.061319 

H20+ 2B1 1 -75.600820 
49 -75.659075 

2n 1 -75.579178 
27 -75.604880 

2A I 1 -75.578866 

FH2+ ] A  1 1 -99.829222 
56 -99.888494 

59 -75.605722 

Geometry 
_________--------___ 
r(A-H) O W )  

1.96 180 
1.97 180 
1.99 115 
2.02 114 
1.82 111 
1.88 107 
1.88 108 
1.90 119 
1.96 115 
1.89 180 
1.92 180 
1.89 167 
1.91 180 
1.85 125 
1.90 119 

_______--- ---------- 

6.4.6. Applications on the geometry optimization of 
AH2 systems 

With the above described techniques, a general mono- 
and multiconfigurational geometry optimization procedure 
has been implemeted. The Optimization algorithm is the 

numerical Newton-Raphson procedure described by Payne / 5 5 / .  
Results on triatomic AH2 systems are presented in Table XI for 
various states of the  neutral molecules and ions. As 
expected, the  inclusion of correlation gives rise to some 
modif icat ions in the geometry computed  a t  the 
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monoconfigurational level. In all the cases reported in Table 
XI, no convergence problems were found. 

6.5.- Comparison with the exponential MCSCF methodology. 

A comparison of the present algorithm with every one of the 
various MCSCF procedures used at present in literature is a task 
beyond the scope of this paper. But some kind of test must be 
done at least with one of the best procedures described so far. 
According to Werner /14/ the Augmented Hessian (AH) 
procedure of Lengsfield /62/ constitutes one of the best 
algorithms available today. Therefore, we have compared the 
present EJR procedure with the AH using t h e  version 
programmed by Brooks, Laidig and Saxe contained in HOND07 
/63/. B u t  before making the comparison one must discuss some 
details concerning the exponential MCSCF methodology. 

I t  must be taken into account that second order MCSCF 
procedures, as the AH and other exact or approximate second 
order methods, converge quadratically when close to the final 
solution, but with a very small radius of convergence. More 
than this, when the MO-CI coupling is not included one finds 
linear convergence even with second order methods. For 
example, see Table I1 of Werner's paper /14/. 

A possible way to solve the convergence problems consists in  
using high order energy derivatives in t h e  Taylor energy 
expansion. The drawback is that a higher derivative calculation 
is really expensive. Consequently some authors had included 
these terms in some approximate way / 12,l 4, 28/. This, 
combined, for instance, with the Direct CI method of Knowles 
and Handy, using Slater determinants instead of CSF's, 
overcomes some problems. 
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The advantage of the EJR procedure can be based on the fact 
that the present method includes all the energy derivatives up 
to any order in the energy expansion through the MO 
transformation, making the convergence radius infinite, as 
numerous computations had shown up to date /65/. These 
computations range from very simple molecules and basis sets, 
like some of those discussed in this paper, to large transition 
metal clusters. Consequently, the Jacobi Rotation procedure is 
truly independent of the starting MO's and opens the way to the 
construction of a Black Box MCSCF procedure. 

The claim of independent convergence is not a common 
feature of the usual MCSCF methodology. Indeed, MCSCF 
quadratic procedures may fail to converge even in  simple cases. 
Let us take, for example, the case of the CH2 molecule computed 
with an STO-3G basis set and a CI space formed by the l A  1 

ground state configuration and the first biexcitation. Table XI1 
shows the results for MCSCF computations using the f u l l y  
quadratic A H  method including MO-CI couplings, the two-step 
AH method (where the MO-CI coupling is not considered) and 
the EJR procedure, where MO-CI coupling is not, at present, 
explicitly taken into account. The starting orbitals for all the 
computations are the SCF MO's. It  is evident from these results 
that the fully quadratic AH procedure does not converge and 
one has to switch to the two-step AH which presents linear 
convergence. EJR converge in a similar number of iterations like 
the two-step A H  method. It is possible to see that the linear 
convergence of the EJR procedure is due to the non inclusion of 
the MO-CI coupling in the energy variation of the MO 
transformations, as the convergence is achieved by optimizing 
only the MO rotations when the CI vector is set equal to the final 
CI values. 

The previous behaviour does not depend on the number of 
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configurations in the CI expansion as can be inferred from 
TABLE XI11 results, where the final MCSCF energy and the 
number of iterations for various CI spaces of the CAS (Complete 
Active Space) type is presented. In all the cases the two-step AH 
method gives the same energy and converges in a similar 
number of iterations than the EJR. For non-CAS CI spaces, see 
the results shown in Table IX where one can see how EJR 
convergence is fulfilled even in cases where noconvergence is 
found with the two-step or f u l l  quadratic procedures. 

TABLE XII .  Total energy (in a.u.) for a biconfigurational MCSCF 
computation of CH2 in the ' A 1  state with various algorithms. The 
STO-3G basis set was employed at the following geometry (in 
a.u.): C (O., O., 0.); HI (-1.8411892, O., 1.0531792); H2 
(1.841 1892, O., 1.053 1792). 

----------_____---__------------------------------ 
Aumented Hessian method 

Elementary ........................................................... 
With MO-CI coupling Without MO-CI coupling Jacobi Rotations 
-_-_-----------___________ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ___________- -________________ 

-36.85564239 -36.85564239 -36.85564239 
-38.2 1989305 -38.22 103444 -38.28935957 
-38.3769287 1 -38.37701 02 1 -38.3769461 1 
-38.3673348 3 -38.37750608 -38.37750796 
-38.37036663 -38.37756460 -38.37756543 
-38.63733740 -38.37757648 -38.37757663 
-37.51216343 -38.37757222 -38.37757927 
-37.46986509 -38.37757988 -38.37757983 
-37.46993122 -38.37758005 -38.37757006 
-35.901 I0428 -38.37758009 -38.37758009 
-33.62845154 -38.37758010 -38.37758010 
-23.7 1655960 
-20.3 1578866 
- 15.86 176625 
- 16.8754241 5 
- 1 3.16446563 
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TABLE XIII. Total energy (in a.u.) for a MCSCF computation of 
C H 2  in the 1A 1 state with a STO-3G basis set for various CAS 
expansions. The geometry (in a.u.) used was the following: C (O., 

1.0531792). In all cases the initial orbitals feed into the MCSCF 
program were SCF orbitals. 

O., 0.); H1 (-1.8411892, O., 1.0531792); H2 (1.8411892, O., 

Similar results have been obtained for the AIH, the A10, or A102 
systems and, therefore, will not be presented here. 

Previous results show that the EJR method is very promising 
to solve the convergence problem in MCSCF computations. The 
only snag is the number of integral transformations to be done 
in  the exact formulation. However, this problem can be obviated 
if instead of the "exact" EJR algorithm outlined before, some kind 
of accumulated EJR is used /l/ ,  where the integrals are only 
transformed after the f u l l  set of rotations is done, in  the way 
this problem is treated i n  the exponential transformations. 
Preliminary work in  this direction shows that the efficiency of 
the method is kept while the amount of time in t h e  intregral 
transformations is lowered. 
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7. OPTIMIZATION OF ROTATION SINE 

7.1. An Exact Solution 

Finding the sine of the angle that minimizes the energy when 
two orbitals are transformed according to EJR is a univariate 
minimization problem and as such may be solved using any of 
the classical methods available /56/ .  

However, in this particular case a straightforward solution 
may be obtained after a close inspection of t h e  equations 
attached to each EJR particular case. 

7.1.1. A simple procedure 

In most usual situations, when the  energy variation 
polynomial coefficients are computed, those multiplying the 
higher powers of the sine may considered negligible in front of 
the one multiplying the lower terms. Therefore the energy 
may be approximated by the expression: 

E = E o +  E ~ s c + E ~ s *  (7.1) 

which will be very useful to start our analysis about t h e  
behaviour of the family of polynomial functions associated 
with the EJR variation problem. 

The derivatives with respect to the  sine of t h e  
approximate polynomial may be written: 
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aE/as = - c (El t - 2 E2 t - El)  

where t=s/c is the tangent of the rotation angle. 
Being quadratic in nature, the first derivative may have two 

real solutions which produces a vanishing value, that is: the 
energy extremal. These two solutions may be compactly written 
that: 

(7.3) 

where a=E 1 /E2. 

the previously written equations, in  such a manner that: 
The single parameter a may be used to further simplify all 

E = Eo + E2 (a s c + s2 ) 

d2E/as2 =E2 (2 - a t (3+t2 )) 
(7.4) 

Introducing the energy extrema previously found into these 
latter equations, i t  is easy to see, that the sign of the root 
that corresponds to a minimum depends on the sign of E2, 
namely if E2 > 0 then the root has to be taken as negative, and 
viceversa. 

Furthermore, the solutions found in this way always 
correspond to energy decreasing steps. 

When E2 > 0, it is convenient, in order to avoid roundoff 
errors, to use a modification of the classical quadratic equation 
solution, such as: 
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which prevents substractions between magnitudes of similar 
order . 

The results, obtained with this simplified formula, can be 
used as points to solve the cases that arise from both 
mono- and multiconfigurational energy variation. 

starting 

7.1.2. Monoconfigurational energy 

The first derivarive of the monoconfigurational energy 
variation (5.2) can be written as 

aE/& = -c [ (EI+E~ s2)t2 -2(E2 +2E2 ~2)-(E1+3E3 s2 )] (7.6) 

where t is again the tangent of the rotation angle. 
One can see that, although having its parameters dependent 

on the sine, this first derivative is again quadratic i n  the 
tangent. 

A very simple, and fast convergent, recursive method may 
be devised from this formula, leaving the rotation sine as a 
constant and finding, at each iteration step, the optimal tangent 
value, which will lead to a new sine value for the next iteration. 

Therefore, calling 

A=E1 + E3 s 
B= E2 + 2E4 s 

C= El + 3E3 s 
(7.7) 

the solution has the form 
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where the sign of the square root was taken according to 
the considerations made in the previous section. 

The expression on the left is used when B>O, while the one on 
the right for the case B<O to avoid roundoff errors. 

These formulae normally lead to small angle values, and this 
is going to be the most usual case, as one expects to obtain 
rotation values significantly far from zero only in the initial 
iterations. 

7.1.3 Multiconfigurational energy 

A very similar reasoning may be used for the 
multiconfigurational case where the energy is written as in  
(6.8). 

The expression for the first derivative is: 

which leads again to a quadratic form when using 

(7.10) 
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FIGURE 1.- Form adopted by the energy increment curve and 
its most important components for a particular case in a 

helium atom computation. 

In  this case the convergence surely will be a little worse as 
the  multiconfigurational coefficients depend on smaller powers 
of the sine and will have a larger contribution. Figure 1 shows 
the value of energy increment versus the rotation sine 
(solid line) for a particularly complicated case found when 
optimizing the helium atom, together with the weight of the 
most important terms, identified by its Eij component. In any 
case, the convergence is still fast make the algorithm 
suitable but one has to be careful with the two or more than two 

enough to 
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minima cases. 

7.1.4. Brillouin theorems 

Brillouin theorems (see for example, reference /57/ ) can be 
deduced in  both mono- or multiconfigurational cases using the 
same technique as in the CI expression of section Then 
making s=O in the first derivative formulae and forcing the 
gradient to nulli ty one easily obtains: 

4.2. 

a) Monoconfigurational  

This general expression takes the form 

4 I A% h + A 9  D, : P - AmOD,: Q I j  > = O  

(7.1 1) 

(7.12) 

for the Roothaan-Bagus energy expression given in section 5.2. 

b) M u 1 t i c on f i g u ration a I 

(7.13) 

It seems in this way that throughout EJR formalism one is 
able to find some sort of generalized Brillouin theorem for 
any arbitrary expression involving Quantum Mechanical objects. 

In fact, any Quantum Mechanical object may be written in 
a general way as: 
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Z = f(li>,lj>) (7.14) 

Then, a EJR of indices (i,j) will give rise to some structure which 
at least will contain terms in either s or sc, or both, 

a z = ZOl s + Z l l  s c + O(s2) (7.15) 

thus, the first derivative may be written as: 

a 6Z / 3s = ZOl + Z l l  c + O(s2) (7.16) 

and the extremum condition at s=O gives 

( a s z / a s ) , = o = z ( ) l + Z l l  = o  (7.17) 

which constitutes a Brillouin Theorem valid for any Quantum 
Mechanical object expression. 

7.2. Performance Improving Procedures 

I t  was mentioned before that as soon as the EJR iterative 
process is settled and has begun to converge, the rotations 
will be fairly small, - i n  fact, computational experience shows 
that this happens after the fourth sweep, as in classical 
Jacobi diagonalization - so that approximate solutions of the 
energy polynomial, which discard terms with high powers of 
t h e  rotation sine, may be accurate enough to guarantee the total 
process convergence. 

I t  is also quite usual that from the whole set of active 
rotations, very few of them have energy decreasing 
contributions several orders in magnitude higher than t h e  
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remaining ones. These rotations that lay behind in the 
iterative process should be done more often than the others, if 
one wants the process to converge in a reasonable number 
of rotations. 

These considerations are important for an efficient 
implementation of a Jacobi Rotation Procedure. 

7.2.1. Approximate optimal solutions 

When only the terms up to second order in the sine are 
considered in  the EJR energy variation expressions, simple 
and non-iterative expressions are found for the optimal 
rotation angle and its corresponding energy variation. 

I n  the monoconfigurational case, one obtains an 
expression similar to the one described in  section 7.1.1., 

E = Eo + El s + E2 ~2 (7.18) 

which has trivial solutions: 

and  

The multiconfigurational energy can be approximated to 

where the  well known approximation to the cosine c=l-s/2 
has been used. The solutions are therefore: 
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7.2.2. Rotation selection and filtering 

Between the collection of computational details which may 
be commented here, the strategy of performing the minor 
number of possible rotations,  through a given energy 
minimization process, can help to cut the necessary computer 
time by a significant amount. 

The selection of rotations which can produce an energy 
lowering within a given precision range, avoiding the 
remaining meaningless ones,can be performed using energy 
increments estimated by means of the formulae given in 
the  previous section,comparing the obtained results with a 
predetermined precision value. Although this precision 
threshold may be arbitrarily set, computational experience 
suggests that the best order of magnitude will be given by the 
arithmetic mean of the estimated energy lowerings for all the 
active rotations. 

Such a strategy requires the computation of the  low order 
energy parameters for all the active orbital pairs before each 
sweep, but a significant amount of time is spent in this previous 
filtering. 

The alternative of estimating the energy decrements based 
upon the  ones obtained in t h e  previous sweep, although 
saving filtering time, do  not give as good results as using t h e  
whole set of avalaible rotations. 

Furthermore, a significant performance improvement is 
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found if, at each sweep, the  rotation that leads to the largest 
energy lowering is performed first, followed by a normal sweep; 
this sweep may even include the rotation already performed 
if its newly estimated energy decrement happens to be larger 
than the average value. 

s t ra tegy  
are  : 

The main steps in each iteration for the best actual 

a) Compute the estimated energy lowerings for every 
active index pair rotation: A E i j .  

corresponding rotation. 
b) Find the minimum of AEij and perform the 

c) Compute a threshold value as: 

T = - X  1 AEij 

"nt (7.23) 
where nrOt is the number of rotations. 

and perform the rotation if 
d) For each rotation: estimate the energy lowering A E i j  

AEij < T. 

7.3. Localization Procedures and Jacobi Rotations 

EJR can be used for purposes other than energy minimization. 
As an example of the present scheme flexibility a short 
discussion on OM localization follows. 

The Edmiston-Ruedenberg localization procedure / 5 8 /  
consists of an intrashell transformation of selfrepulsion energy 
until the sum 

(7.24) 



Jacobi Rotations 431 

attains its maximal value. 
Let us consider this expression more generally as a sum of 

norms of the density functions (pp=lp><pl} attached to a given 

MO set { Ip>}. 
A generalized norm can then be defined as 

(7.25) 

where 0 must be some positive definite operator. In the  case 
of repulsion integrals 0 = l /r12. Thus, a general localization 
function may be defined as 

P (7.26) 

The localization function Le may be considered from t h e  point 
of view of EJR as a sum of fourth-order objects. Thus given an 
active pair { i j }  and a rotation sine one obtains 

GC=G[(iiIOIii)+(jjIOIjj)l= 

= - 2 s c [  ( i i l @ l i j ) - ( i j t O l j j ) ] -  

- (1/2) s t  (i i~ 0 1  i i )  + (  j j I o I j j ) - 2(i i I o I j j) -4(i j I 0 1  i j) 1 

(7.27) 

where S=sin2a, C=cos2a. 
But the interesting fact is that the  above expression becomes 

the same as the variation of the square euclidean distance 
between functions pi  and pj: 
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2 

(7.28) D =(iil@lii)+(jjl@ljj)-2(iii@ljj) 

which properly varied produces 

6 D2= 2 6 C 
(7.29) 

Thus, maximization of Le in a general Edmiston-Ruedenberg 
scheme becomes the same as maximization of distances 
between pairs of intrashell orbitals. 

Another interesting feature is the possibility of using exactly 
the EJR scheme to obtain localized functions. That is, 
localized orbitals can be produced in the same general 
procedure as the  energy minimization one, providing the way 
to obtain simultaneously with the best orbitals some orbitals 
which bear some kind of canonical localized form with 
respect to a positive definite operator. 

The best operator which fits both minimization and 
localization schemes is, of course, the electron repulsion l / r i  2. 

In  this manner as optimal energy gives a minimal non- 
definite measure between orbitals belonging to different shells, 
localization provides a maximal distance between orbitals 
belonging to the same shell. 

Brillouin theorem here looks as 

that is, at the maximal distance one will have the relationship 

( i i l i j ) = ( i j i j j )  (7.3 1) 
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between repulsion integrals if this measure has been chosen. 
Let us finally say that maximizing a distance measure 

becomes something analogous to  minimize the similarity 
measure r(i,j) defined in section 6.4.5. Thus localization in this 
context becomes the same as to obtain within a shell the least 
similar set of functions. 
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APPENDIX I 

43 7 

Expression of MO multiconfigurational energy 
variational coefficients 

The multiconfigurational energy may be written in a general 
way as: 

E = w . .  h. . +  yijk,  ( i  j I k l )  
r J  ‘1 

i j  ijkl 

where the sums run over the indices wit.. the following 
constraints: j I i, I I k I i and I 2 j when i=k, or, with packed 
indices, this is the same as to consider [kl] I [iJ]. 

The energy variation is given by the formula (6.8) in the 
text where the parameters are defined by: 
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APPENDIX 11 

Computational procedure followed in Algorithm MC-A 

a) Compute A 0  integrals 
b) Compute initial molecular orbitals 

c) 
d) Define initial CI vector 

e )  
f )  Jacobi rotations: 

Transform atomic to molecular integrals 

Compute first and second order density matrices 

global-iterations = 0 
do while energy-increment > global-precision 

MO rotations: 
MO-sweep = 0 

do while MO-energy-increment > MO-precision 
loop over ( i j )  active MO pairs 

* compute optimum sine 

* compute the MO-energy polynomial coefficients 

rotate the MO's, and the molecular integrals * 
end loop ( i j )  
MO-sweep = MO-sweep + 1 

enddo MO-energy 

CI rotations: 
CI-sweep = 0 

do while CI-energy-increment > CI-precision 
loop over { 1,J) active CI coefficient pairs 
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* compute the energy polynomial coefficients 
* compute optimum sine 
* rotate CI vector 

end loop (1 ,J)  
CI-sweep = CI-sweep + 1 

enddo CI-energy 

* update the first and second order density matrices 

global-iterations = global-iterations + 1 
enddo energy-increment 

g)End algorithm MC-A 
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D 
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Dilatation operator, 189, 217-218 
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procedure, 430-432 
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Electronic energy 

Electronic spectroscopy, surface structure, 36 
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Electron scattering 

structure, 54 
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structure 
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application. 85-89 
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binding energies, 85 
chemisorption of hydrocarbon molecules, 87 
CO chemisorption, 85-87 

electron delocalization energies, 84 

87-90 

molecular orbital theory, 84 

CO-Pt, 86 
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phase shifts, 69 
surface structure, 31-32, 49 

Extended x-ray energy loss fine structure, 
surface structure, 55 

F 

Field ion microscopy, surface structure, 33 
Fine-structure techniques, see also specific 
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range of multiple scattering, 77 
surface structure, 29-32 
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Fock-Dirac density operators, 206 
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Bloch equation based theory, 345-350 
flexibility in wave operator, 333 
generating coupled-cluster 
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cluster operators, 324 
cluster structure, 324-325 
effective Hamiltonian, 328 
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Silverstone-Sinanoglu strategy, 327 
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Full-valence model space, 297 

G 

GaAs, zincblende structure, 108, 110-111 
Generalized valence bond theory, 106-108 

via configuration interaction, 108-110 
Geometry optimization, see also NH, 

AH, systems, multiconfigurational energy 

hydrogen peroxide, 271 
expression, 415-417 

Global convergence tests, multiconfigura- 
tional energy expression, 401-404 

Golden-rule expression, 72 
Greenstadt method, optimization of NH,, 279 

H 

Hamiltonian, see also Many-particle 
Hamiltonian 

dressed molecular, 318 
effective, 328 

disconnected, 364 
energy-dependent, 303 
generating hermitian, 344 
hermitian, 350 
matrix, 362-363 
one-particle, 208 
valence universal, 355 
valence universal nonhermitian, 338 

hermitian valence-shell, 339 
interaction, 321 
many-electron, transformed, 187-188 
skeletons, 310 
transformed Fock space, 343 

Hartree-Fock equations 
canonical, 197, 213 
coupled perturbed, 255-258 
solving, 215 

canonical, 208, 215 
closed shell single determinant, 295 
ground state, 313 
transformation, 231 

Hartree-Fock function, 357 

Hartree-Fock method, see also Complex 
scaling method; lkrfala theorem 

application to many-particle 

bi-variational expression, 195-196 
canonical Hartree-Fock equations, 197 
complex conjugation, 211 
complex symmetric, 189, 215-216, 231 

Hamiltonian, 221 

operator, 205-209 
real operator, 209-211 
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dilated SCF equations, 231 
effective one-electron operator, 196 
effective one-particle Hamiltonian, 208 
Fock-Dirac density matrix, 196 
Fock-Dirac density operators, 206 
iterative SCF-procedure, 210-211 
one-particle projector, 206, 208-209 
purpose, 198 
restricted, 210 
self-consistent, 101-102 
similarity transformations, 201-205 
Slater determinants, 195 
stability problem of adjoint operators, 

symmetry dilemma, 210 

chemisorption on Ni surface 

195-198 

Hartree-Fock-Slater method, 94, 98-101 

carbon monoxide, 99 
chalcogen atoms, 100 

determination of energetically favorable 

discrete variational linear combinations 

discrete variation self-consistent charge, 98 
molecular ionization energies, 99 
total energy calculations, 100-101 

adsorption site, 99-100 

of atomic orbitals, 98 

Hartree-Fock theory, coupled perturbed, 

Hartree-Fock total energy, 84 
Haussdorf transformation, 397 
HCN, augmented Hessian, 285 
HKO, exact Hessian optimization, 273-274 
Helium 

255-258, 287 

energy increment curve, 425 
total energy, configurational spaces, 410-412 

Hermitian matrices, 313-314 
Hessian matrix, 243-245, see also Quasi- 

Newton methods 
approximate, 282-283 
BFGS optimization cycles required, 281-282 
estimating, coupled perturbed Hartree- 

Fock equations, 287 
HzCO, 273-274 
inverse, 252-254 

resolving for analysis, 263 

approximate analytic, 255-258 
augmented, 260-262, 284-285 

High-resolution electron energy loss 

NH,, 273-274 

Hessian method 

spectroscopy, 119 
surface structure, 37, 54 

Hilbert space, see QLTO Full cluster 
expansion theories 

H E E L S ,  scattering, 74-75 
Hydrocarbon, chemisorption systems, 87 
Hydrogen, chemisorption, 106 
Hydrogen peroxide 

one-electron, 189 

coordinates and gradients, 267-268 
energy descent, 270 
geometry optimization, 271 
Newton iterations, 267, 269 

I 

Impact scattering, 74 
Incomplete model space, see Size extensive 

formulations, incomplete model space 
Inelastic electron-electron scattering, 72-73 
Inelastic low-energy electron diffraction, 

surface structure, 54 
Infra-red reflectance-adsorption spectro- 

scopy, surface structure, 37 
Insulators, surface structure, 160-163 
Invariance theorem, 214 
Ion scattering, surface structure, 35 

J 

Jordan blocks, 192-193 

L 

Langmuir-Hinshelwood mechanism, 87 
Lattice-gas chemisorption systems, 28 
LEED 

beam-set neglect, 67, 79 
Bragg peaks, 17 
defects, 78-79 
diffuse theory, 66 
disorder effects, 80 
inverse, 65 
long- versus short-range order, 78-79 
range of multiple scattering, 77-78 
renormalized forward scattering, 66 
reverse scattering perturbation. 66 
two-dimensional surface periodicity, 65 

Level-shift function approach, 306 
Liz molecule 

electronic energy variation, 402-404 
non-null tij coefficients, 405-408 

Linear response theory, 306 
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approximate analytic Hessians, 255-258 
augmented Hessian method, 260-262 
conjugate gradients, 262-263 
cosine test, 248 
coupled perturbed Hartree-Fock 

equations, 255-258 
descent condition, 246-247 
downhill search, 260 
extrapolation formula, 250 
interpolation formula, 250 
Newton’s method, 251-252 
quadratics surface, 259 
quasi-Newton methods, 252-255 
restricted step methods, 258-260 
search direction methods analysis, 

steepest descent, 251 
tests for right and left extremes, 248 

incomplete model space, 354 

263-265 

Linked cluster theorem, 301, 313-314 

Localization procedures, elementary Jacobi 

Low energy electron diffraction 
advantage, 26 
high Miller-index surfaces, 26 
surface structure, 3, 25-27, 53-54 

rotations, 430-433 

M 

Many-body perturbation theory 
core-extensive open-shell, 302-303 
incomplete model space version, 308 
open-shell, 292, 326, 354 
Rayleigh-Schrodinger, 303-304 

Many-particle Hamiltonian 
under complex scaling, 217-221 

application of Hartree-Fock method, 221 
Born-Oppenheimer approximation, 220 
dilatation operator, 217-218 
matrix property, 219 

Coulombic, 218-220 
stability problem, 188 
symmetry property, 188 

Many-particle operator, 187 
similarity transformation, 199-216 

associated kernels, 203 
eigenfunction, 200-201 
Hilbert space, 199 
invariance of complex symmetry, 211-216 

invariance property, 201 
invariance theorem, 214 
many-particle projector, 202-203 
operator is self-adjoint and real, 214 
real complex symmetric operator, 

209-211 
restricted, 211-216 
Tarfala theorem, 201-205 
transformation formula, 203 
unbounded operator, 199 

Many-particle projector, 202-203 
MCSCF method 

biconfigurational, total energy of CH,, 

comparison with elementary Jacobi 
418-420 

rotations, 417-420 
Medium-energy electron diffraction, surface 

MEED, chain method, 67 
Method of complex scaling, see Complex 

scaling method 
Minima, characterization, 243-245 
MO energy increment, non-null Eij 

MO functions, elementary Jacobi rotations, 

MO integrals, monoconfigurational energy 

Molecular adsorption, 119-121 
surface structure, 168-171 

Molecular conformation, prediction through 

Molecular integrals, two-electron, ele- 

Monoconfigurational density matrix, ele- 

Monoconfigurational energy expressions, 

structure, 53 

coefficients, 405-406 

380-383 

expressions, in terms of, 389 

models, 241 

mentary Jacobi rotations, 386-389 

mentary Jacobi rotations, 383-384 

389-394 
energy variation parameters, 394 
Fock matrix, 393 
Fock operators, 390-391 
polynomial coefficients, 390 
Roothaan-Bagus atomic energy, 391-394 
rotation sine optimization, 423-424 
sets of occupation numbers, 391 
two-electron contribution 

hypermatrices, 392 
variation structure, 389-391 

MO pair, elementary Jacobi rotations, 381 
MO rotations, multiconfigurational energy 

expression, 398-399 
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Muffin-tin model, 58 
multiple electron scattering, 62 

Mulliken population analysis, 98-99 
Multi-commutator Haussdorff formula, 336 
Multiconfigurational energy, 395-420 

choosing active orbital space, 412-414 
choosing CI space, 408, 410-412 
CI-MO computation algorithms, 400-401 
CI wave function, 398 
computational procedure, 440-441 
electronic energy increment structure, 

electronic energy variation, 402-404 
elementary Jacobi rotation, 387 
extension to other molecular systems, 

geometry optimization of AH, systems, 

global convergence tests, 401-404 
Haussdorf transformation, 397 
MO rotations, 398-399 
rotation sine optimization, 424-426 
total energy, 401-402 

401,403 

408-410 

415-417 

ground state, 408-409 
selected configurations, 408, 410 

unitary transformations, 3%-397 
variational coefficients, 437-439 
variational structure, 396-398 

Multiple electron scattering, 61-65 
approximations, 66-69 
forward, 76 
high-energy fine-structure techniques, 

at higher energies, 62 
higher-order events, 79 
incident electron beam, 65 
intensity modulation, 68 
at low energies, 61-62 
matrix dimension, 64 
muffin-tin model, 62 
plane-wave expansion, 64-65 
point-group symmetries, 64 
range, 77-78 
scattering amplitude, 63 
versus single, 76-71 

67-68 

Multiple-scattering method, 89 
Multireference CI approach, 325-326 
Multi-root Hilbert space formalisms, 

Murtagh-Sargent method, compared with 
331-332 

BFGS, 280 

N 

Near-edge fine structure techniques, surface 

Near-edge x-ray absorption fine structure, 

Newton iterations, hydrogen peroxide, 267,269 
Newton’s method 

structure, 30 

surface structure, 30, 50 

line search strategy, 251-252 
optimizations, 271-274 

Hessian eigenvalues, 273-274 
number of cycles required, 272 

NH, 
BFGS optimization, 275, 277, 282-283 
DFP update optimization, 275, 278 
exact Hessian optimization, 273-274 
Greenstadt update in optimization, 279 
Rank 1 update optimization, 275-276 

Ni,O cluster, 99, 102 
Ni,,O, cluster, 102-103 
Nitric oxide, chemisorption on metals, 

surface structure, 157-158 

0 

One-particle subspaces, stable under 
complex conjugation, 233-236 

Open-shell coupled cluster theory, wave- 
operator, 345 

Open-shell cluster expansion approach, 301, 
305-309 

core-excitation, 306-307 
Fock-space strategy, 305-397 
Hilbert space, 305-306 
intermediate normalization, 308-309 
occupation number representation, 307 
quasi-complete model space, 308 
virtual space determinants, 308 

Open-shell many body formalism, 292, 
302-310, 328 

arrow conventions, 310-311 
classification of orbitals into holes and 

particles, 310-311 
earlier perturbative developments, 

energydependent effective Hamiltonian, 303 
Hugenholtz convention, 309-310 
linked valence expansion, 303-304 
open-shell cluster expansion approach, 

propagator methods, 304-305 

302-304 

305-309 
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Open-shell many-body perturbation theory, 

Optical techniques, surface structure, 37 
Optimization algorithms, 245 
Oxygen 

292, 326, 354 

binding site on Si (loo), 103-104 
chemisorption 

GaAs (110), 108, 110-111 
metals, 136-138 
Ni(100), ordering, 114 

molecular ionization energies, 99 

P 

Pair-correlation model, 299 
Phase shifts, 59 
EXAFS, 69 
temperature-dependent, 60-61 

Photoelectron diffraction, surface structure, 

Photoelectron emission, 69 
Photoemission matrix elements, 70-71 
Photon propagation, 69-70 
Physisorption, 115 
T-back-bonding, 97 
Plane waves, 57-58 
Potential energy searches, 241-242 

computational procedures, 266-267 
summary of optimizations, 284 

characterization of minima, 243-245 
line search strategy, see Line search strategy 
optimization algorithms, 245 

Projection operator, antisymmetric, 201-202 
Propagator methods, 304-305 
Pseudo-selection rule, 73 

28-29 

Potential energy surface 

Q 

Quantum mechanical objects, elementary 

Quasi-complete model space, 308 
classification of operators, 356-357 

Quasi-complete model space theory, 354 
Quasi-Newton methods 

Jacobi rotations, 381 

line search strategy, 252-255 
with non-unit starting Hessians, 281-283 
optimization cycles required, 272 
optimization of hydrogen peroxide, 271 
with unit Hessian, 274-281 

BFGS optimization, 275, 277 

comparison of MS and BFGS 

DFP update optimization, 275, 278 
Rank 1 update optimization, 275-276 

procedures, 280 

R 

Rayleigh-Schrodinger many-body perturba- 

Reconstructed metals, surface structure, 

Reflection high-energy electron diffraction, 

Resonant orbital energy, 223-226, 229 
Restricted Hartree-Fock scheme, 210 
Restricted step methods, line search 

strategy, 258-260 
RHEED, chain method, 67 
Roothaan-Bagus atomic energy, 391-394 
Rotation angle, 219 
Rotation sine optimization, 421-433 

tion theory, 303-304 

131-134 

surface structure, 53 

derivatives, 421-422 
exact solution, 421-427 

Brillouin theorems, 426-427 
monoconfigurational energy, 423-424 
multiconfigurational energy, 424-426 
simple procedure, 421-423 

modification of quah t i c  equation, 422-423 
performance improving procedures, 427-430 

approximate optimal solutions, 428-429 
rotation selection and filtering, 429-430 

S 

s-band, hybridization with d-band, 97 
Scale factor, 217, 219, 221 
Scanning tunneling microscopy, surface 

Scattered wave, 60 
Scattering amplitude, 60 
Schrodinger equations, 327 
Secondary-ion mass spectrometry, 36 
Second harmonic generation, surface 

Segr6 characteristics, 192 
Selenium, chemisorption on metals, 139 
Self-consistent field Hartree-Fock method, 

Self-consistent-field-Xa-scattered wave 

adsorption of ethylene on Ni, 96-97 

structure, 34 

structure, 37 

101-102 

method, 89, 92 
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advantages and disadvantages, 94, 98 
calculations, 92-95 
carbon monoxide 

adsorbate bonding geometries, 95 
bonding to platinum (100) surface, 97 

core and valence photoemission spectra, 

core-level satellite structure, 96 
electronic wave functions, 92 
exchange potential, 92 
molecular orbital study, 96 
muffin-tin approximation to potential, 98 
orbital energies, 94 
r-bonded model, 96-97 
potentials, 93-94 

method, 89, 92 

95-96 

Self-consistent-field-Xwscattered wave 

results, 95-98 
Semiconductors 

atomic adsorption on, 165 
surface structure, 149-155 

Semi-cluster expansion theories, 310-323 
anonymous parentage approximation 

scheme, 325 
CC-LRT, 315-319 
computation of transition moments, 323 
core-correlation, 311-312 
eigenvalue equation, 319 
excitation operator, 312 
hermitian matrices, 313-314 
h-h matrix elements, 319-320 
IP and EE computations, 319-321 
linked cluster theorem, 313-314 
non-variational methods, 315-323 
physical considerations, 310-313 
spin-adapted version, 323 
time-dependent version, 321-323 
vacuum term, 322 
variational methods, 313-315 

Shape resonance, 222 
Similarity transformation-based Fock-space 

theories, 335-344 
classification of operators, 342 
closed-shell cluster amplitudes, 339-340 
cluster wave-operator, 344 
correlated core energy, 338 
decoupling conditions, 342-343 
eigenvalue equations, 340 
hermitian valence-shell Hamiltonian, 339 
multi-commutator expansion, 336-337 
one-valence block, 337-338 

passive scattering, 337-338 
passive valence lines, 336 
S operators, 341 
spectator scattering, 337-338 
two valence blocks, 338-339 
unitary cluster operator, 343 
valence universal cluster operator, 335 
valence universal wave-operator, 339-340 
zero-valence core problem, 334, 336-338 

Single root Hilbert space formalisms, 328-331 
core excitations, 330 
energy, 330 
excitation operator, 329 
wave operator, 329 

Size extensive formulations, 301-302 
incomplete model space, 353-364 

applications, 360-361 
Bloch equation, 358 
complementary active space, 354 
construction zero, 362 
defining equations for S operators, 356 
disconnected effective Hamiltonian, 

effective Hamiltonian matrix, 362-363 
electron affinities, 357 
excitation energies, 357 
general formulation, 354-357 
having valence-holes and -particles, 

IP calculations, 361 
linked cluster theorem, 354 
model space projection, 359 
parent model space, 362 
p-h excited determinants, 357-359 
products of quasi-open operators, 

quasi-open S operators, 355 
size-extensivity of energies, 361-364 
valence-universal effective 

Hamiltonian, 355 
valence universal wave operator, 358 

quasi-complete model space, classification 

354, 364 

357-360 

354-355 

of operators, 356-357 
Slater’s transition-state theory, 94 
Slater type orbitals, 98 
Small-angle inelastic scattering, 74 
S operators, 341 

defining equations, 356 
quasi-open, 355 

Spherical-wave, 58 
outgoing, amplitude, 71 
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Substrates, atomic penetration into, 118-119 
Subsystem embedding condition, 348 
Sulfur, chemisorption on metals, 138-139 
Superlattice, 116 
Surface chemistry, 81-82, see also Ab initio 

quantum chemical methods; Self- 
consistent- field-Xwscattered wave 
method 

extended Hiickel theory, 83-89 
Hartree-Fock-Slater method, 98-101 
multiple-scattering method, 89 

adsorbate surface coverage, 114 
Miller indices, 115 
mutual atomic interaction, 113-114 
notation for surface lattices, 115-116 
ordering principles, 113-115 
Wood notation, 116 

inner potential, 76-77 
surface structure, 32, 49-50 

Surface crystallography, 112-121 

Surface EXAFS 

Surface extended energy loss fine structure, 

Surface strain, 110 
Surface structure, 2-4, see also Multiple 

scattering 

surface structure, 55 

angle integrated mode, 41 
angle-resolved auger electron 

spectroscopy, 56 
angle resolved mode, 41 
angle-resolved photoelectron emission 

spectroscopy, 51 
angle-resolved photoemission fine- 

structure, 28-29, 52 
angle-resolved ultraviolet photoemission 

spectroscopy, 51 
angle-resolved x-ray photoelectron 

spectroscopy, 51-52 
angle-resolved x-ray photoemission, 51 
atomic adsorbates on metal surfaces, 

atomic beam diffraction, 33-34 
atomic penetration into substrates, 118-119 
bond angles versus bond directions, 81 
bond length contractions and 

chalcogen chemisorption on metals, 

chemical composition, 36 
clean metal structures, 122-126 
cluster model, 82 

144-146 

reconstructions, 11 7-118 

136-139 

CO, di-nitrogen and nitric oxide 

complementary techniques, 35-38 
determination, 4-5 
diffuse low energy electron diffraction, 

electron diffraction, 5, 25-29, 39-41 
electron energy loss near-edge structure, 

electronic spectroscopy, 36 
electron loss spectroscopy, 54 
electron microscopy, 53 
electron-stimulated desorption, 37-38 
energy versus time diagrams, 42-46 
extended appearance potential fine 

extended fine-structure techniques, 31 
extended-surface model, 82 
extended x-ray absorption fine structure, 49 
extended x-ray energy loss fine structure, 55 
field ion microscopy, 33 
fine structure techniques, 29-32 
forms of disorder, 79-80 
future needs and directions, 173 
high-resolution electron loss spectroscopy, 

inelastic low-energy electron diffraction, 54 
insulators, 160-163 
ion scattering, 35 
layer spacing versus bond lengths, 80-81 
low energy electron diffraction, 3, 25-27, 

medium-energy electron diffraction, 53 
molecular adsorption, 119-121, 168-171 
multiple scattering, 47 
near-edge fine structure techniques, 30 
near-edge x-ray absorption fine structure, 50 
numbers and types, 117 
optical techniques, 37 
ordering, 113 
photoelectron diffraction, 28-29 
process formalisms. 56-57 
reconstructed metals, 131-134 
reflection high-energy electron 

diffraction, 53 
scanning tunneling microscopy, 34 
semiconductors. 149-155 

single versus multiple scattering, 76-77 
structural information, 41, 47 

electron propagation, 58-59 

chemisorption on metals, 157-158 

27-28 

55-56 

structure, 52-53 

54, 119 

53-54 

S E W S ,  32, 49-50 
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surface extended energy loss fine 
structure, 55 

surface topography techniques, 32-35 
techniques, 6-24 
unsaturated hydrocarbons, 120-121 
vibrational spectroscopy, 37 
x-ray absorption near-edge structure, 50 

Surface topography techniques, surface 
structure, 32-35 

Symmetry dilemma, 210 

T 

Tarfala theorem, 189, 221, 231 

Tellurium, chemisorption on metals, 139 
Theoretical model, 293-298 

many-particle operator, 201-205 

all-electron extensive models, 296 
core-extensive models, 2% 
core-valence extensive models, 296-297 
criteria, 294-296 
size-consistent, 295, 297 
size-extensivity, 294, 297 

Thermal desorption spectroscopy, 36 
Two-electron molecular integrals, elementary 

Jacobi rotations, 386-389 

U 

Unitary transformations, 396-397 
Unsaturated hydrocarbons, surface 

structure, 120-121 

V 

Valence lines, passive, 336 
Valence universal cluster operator, 335 
Valence universal wave-operator, 333, 335, 

347, 358 
Bloch, 345 

Variable metric methods, line search 

Vibrational spectroscopy, surface structure, 37 
strategy, 252-255 

W 

Water, ground state, total energy, 413-414 
Wick's theorem, 346 
Wolfsberg-Helmholz formula, 83 

X 

X-ray absorption near-edge structure, 
surface structure, 30, 50 
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